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Algorithm s is the maximal size of a pin-permutation in B and k is the
A}ltomaton _ number of pin-permutations in B.
Pin-permutation © 2014 Elsevier Inc. All rights reserved.

1. Introduction

Since the definition of the pattern relation among permutations by Knuth in the
1970s [17], the study of permutation patterns and permutation classes in combinatorics
has been a quickly growing research field, and is now well-established. Most of the re-
search done in this domain concerns enumeration questions on permutation classes.
Another line of research on permutation classes has been emerging for about a decade: it
is interested in properties or results that are less precise but apply to families of permu-
tation classes. Examples of such general results may regard enumeration of permutation
classes that fall into general frameworks, properties of the corresponding generating
functions, growth rates of permutation classes, order-theoretic properties of permuta-
tion classes .... This second point of view is not purely combinatorial but instead is
intimately linked with algorithms. Indeed, when stating general structural results on
families of permutation classes, it is natural to associate to an existential theorem an
algorithm that tests whether a class given in input falls into the family of classes covered
by the theorem, and in this case to compute the result whose existence is assessed by
the theorem.

Certainly the best illustration of this paradigm that can be found in the literature is
the result of Albert and Atkinson [3], stating that every permutation class containing
a finite number of simple permutations has a finite basis and an algebraic generating
function, and its developments by Brignall et al. in [9-11]. A possible interpretation
of this result is that the simple permutations that are contained in a class somehow
determine how structured the class is. Indeed, the algebraicity of the generating function
is an echo of a deep structure of the class that appears in the proof of the theorem of [3]:
the permutations of the class (or rather their decomposition trees) can be described by a
context-free grammar. In this theorem, as well as in other results obtained in this field, it
appears that simple permutations play a crucial role. They can be seen as encapsulating
most of the difficulties in the study of permutation classes considered in their generality,
both in algorithms and combinatorics.

Our work is about these general results that can be obtained for large families of
permutation classes, and is resolutely turned towards algorithmic considerations. It takes
its root in the theorem of Albert and Atkinson that we already mentioned, and follows
its developments in [11] and [6].

In [11], Brignall, Ruskuc and Vatter provide a criterion on a finite basis B for deciding
whether a permutation class C = Av(B) contains a finite number of simple permutations.
We have seen from [3] that this is a sufficient condition for the class to be well-structured.
To this criterion, [11] associates a decision procedure testing from a finite basis B whether
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C = Av(B) contains a finite number of simple permutations. Both in the criterion and
in the procedure, the set of proper pin-permutations introduced in [11] plays a crucial
part. The procedure is based on the construction of automata that accept languages of
words on a finite alphabet (that are called pin words) that encode such permutations
that do not belong to the class. This procedure is however not fully algorithmic, and its
complexity is a double exponential, as we explain in Subsection 4.1.

Our goal is to solve the decision problem of [11] with an actual algorithm, whose
complexity should be kept as low as possible. For this purpose, we heavily rely on [6]
where we perform a detailed study of the class of pin-permutations, which contains the
proper pin-permutations of [11]. These results allow us to precisely characterize the
pin words corresponding to any given pin-permutation, and to subsequently modify the
automata construction of [11], leading to our algorithm deciding whether a permutation
class given by a finite basis B contains a finite number of simple permutations. Fig. 1
gives an overview of the general structure of our algorithm (the notations it uses will
however be defined later, in Sections 3 and 4).

1. Check if C contains finitely many parallel alternations and wedge simple permutations.
2. Check if C contains finitely many proper pin-permutations:
(a) Determine the set PB of pin-permutations of B;
(b) For each m in PB, build an automaton A, recognizing the language Z',-,r (or a variant of this
language);
(c) From the automata A, build an automaton Ac recognizing the language M\ U, cp Lx;
(d) Check if the language recognized by Ac is finite.

Fig. 1. Our algorithm testing if the number of simple permutations in C = Av(B) is finite.

As can be seen in Theorem 5.1 (p. 147), the resulting algorithm is efficient: it is poly-
nomial w.r.t. the sizes of the patterns in B and simply exponential w.r.t. their number,
which is a significant improvement to the first decidability procedure of [11]. Notice that
we described in [5] an algorithm solving the same problem on substitution-closed permu-
tation classes, that is to say the classes of permutations whose bases contain only simple
permutations. The complexity of our algorithm in this special framework is O(nlogn)
where n is the sum of the size of the patterns in B.

The article is organized as follows. Section 2 starts with a reminder of previous defini-
tions and results about permutation patterns, decomposition trees and pin-permutations.
It also recalls from [11] the characterization of classes with a finite number of simple
permutations, where proper pin-permutations enter into play. Section 3 establishes our
criterion for deciding whether a permutation class contains a finite number of proper
pin-permutations: this is the condition tested by the second step of the algorithm of
Fig. 1. Stating this criterion requires that we review the encoding of pin-permutations
by pin words used by [11] and that we go further into the interpretation of the pattern
order between pin-permutations in terms of words and languages. In Section 4, we de-
scribe and compare two methods for testing whether a class contains finitely many proper
pin-permutations. We start with the procedure of [11], and proceed with our method.
Then we outline in Subsection 4.3 the most technical part of our algorithm: building an
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automaton A, associated to every pin-permutation m of the basis of the class. Details
and proofs for this step can be found in appendices. Finally, Section 5 describes and
gives the complexity of our whole algorithm to decide, given a finite basis B, whether
the class C = Av(B) contains a finite number of simple permutations. To conclude, we
put this result in the context of previous and future research in Section 6.

2. Preliminaries on permutations

We recall in this section a few definitions and results about permutation classes,
substitution decomposition and decomposition trees, pin representations and pin-
permutations. We also recall the characterization of classes with finitely many simple
permutations. More details can be found in [3,6,9,11].

2.1. Permutation classes and simple permutations

The topic of this paper is to answer algorithmically the question of whether a per-
mutation class contains finitely many simple permutations, thereby ensuring that the
generating function of the class is algebraic [3]. We naturally start by the definitions of
this terminology.

A permutation o € S, is a bijective function from {1,...,n} onto {1,...,n}. We
represent a permutation o either by the word o102 ...0, where o; = o(i) for every
i € {1,...,n}, or by its diagram consisting in the set of points at coordinates (i,0;)
drawn in the plane. Fig. 3 (p. 130) shows for example the diagram of c =4726315.

A permutation m = mmy ... T IS a pattern of a permutation ¢ = 0105 ...0, and we
write 7 < ¢ if and only if there exist 1 < i; < i3 < ... < i < n such that 7 is isomorphic
to oy, ...0y, (see an example in Fig. 3). We also say that o involves or contains w. If ©
is not a pattern of o we say that o avoids 7.

Let B be a finite or infinite antichain of permutations — i.e., a set of permutations
that are pairwise incomparable for <. The permutation class of basis B denoted Av(B)
is the set of all permutations avoiding every element of B.

The reader familiar with the permutation patterns literature will notice that we do
not adopt the (equivalent) point of view of defining permutation classes as downward
closed sets for <. Indeed, in this article, permutation classes are always given by their
bases. We will further restrict our attention to classes having finite bases, since otherwise
from [3], they contain infinitely many simple permutations.

A block (or interval) of a permutation o of size n is a subset {i,...,(i + ¢ — 1)}
of consecutive integers of {1,...,n} whose images under o also form an interval of
{1,...,n}. A permutation o is simple when it is of size at least 4 and it contains no
block, except the trivial ones: those of size 1 (the singletons) or of size n (o itself). The
only permutations of size smaller than 4 that have only trivial blocks are 1, 12 and 21,
nevertheless they are not considered to be simple in this article.
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2.2. Substitution decomposition and decomposition trees

Let o be a permutation of S and 71, ..., 7, be k permutations of S, , ..., S, respec-
tively. The substitution o[my, ma, ..., 7] of w1, T, ..., 7 in o (also called inflation in [3])
is defined as the permutation whose diagram is obtained from the one of ¢ by replacing
each point o; by a block containing the diagram of m;. Alternatively, o[my, 7o, ..., 7]
is the permutation of size > ¢; which is obtained as the concatenation pips...py of
sequences p; of integers such that each p; is isomorphic to 7; and all integers in p; are
smaller than those in p; as soon as 0; < ¢;. For example 132[21,132,1] =21465 3.

Permutations can be decomposed using substitutions, as described in Theorem 2.2 be-
low. For this purpose, we now introduce some definitions and notations. For any k > 2, let
Ij; be the permutation 1 2...k and Dy be k (k—1)...1. Denote by ® and © respectively
I}, and Dy. Notice that in inflations of the form &[my, 7o, ..., 7] = Ig[m1, 72, ..., 7] or
Olm, w2, ..., k| = Dglmy, 7o, ..., 7], the integer k is determined without ambiguity by
the number of permutations 7; of the inflation.

Definition 2.1. A permutation o is ®-decomposable (resp. ©-decomposable) if it can be
written as @[my,mo, ..., ] (resp. S[m, ™, ..., mk]), for some k > 2. Otherwise, it is
@-indecomposable (resp. &-indecomposable).

Theorem 2.2. For any n > 2, every permutation o € S, can be uniquely decomposed as

either:
o Pm,may ..., k], with k > 2 and my, 7o, ..., ®-indecomposable,
o Omy, T, ..., ], with k > 2 and m,ma, ..., T O-indecomposable,
o almy,..., ] with a a simple permutation and k = |a| (so that k > 4).

Theorem 2.2 appears in [3] under a form that is trivially equivalent. The reader can
also refer to [14] for a historical reference, or to [15] for a reference in an algorithmic
context.

Remark 2.3. Any block of o0 = afny,..., 7] (with a a simple permutation) is either o
itself, or is included in one of the ;.

Theorem 2.2 can be applied recursively on each m; leading to a complete decomposition
where each permutation is either Iy, Dy (denoted by @,O respectively) or a simple
permutation. This complete decomposition is called the substitution decomposition of a
permutation. It is accounted for by a tree, called the substitution decomposition tree,
where a substitution afmr,..., ;] is represented by a node labeled o with k ordered
children representing the ;.

Definition 2.4. The substitution decomposition tree T of the permutation ¢ is the unique
labeled ordered tree encoding the substitution decomposition of ¢, where each internal
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Fig. 2. The diagram and the substitution decomposition tree 7T of the permutation o =
101312111411819202117161548329567. The internal nodes of T correspond to the blocks of o marked
by rectangles.

node is either labeled by &, © — those nodes are called linear — or by a simple permutation
a — prime nodes. Each node labeled by « has || children. See Fig. 2 for an example.

Notice that in substitution decomposition trees, there are no edges between two nodes
labeled by @, nor between two nodes labeled by ©, since the 7; are @-indecomposable
(resp. ©-indecomposable) in the first (resp. second) item of Theorem 2.2.

Remark 2.5. Permutations are bijectively characterized by their substitution decompo-
sition trees.

In the sequel, when writing a child of a node V we mean the permutation correspond-
ing to the subtree rooted at this child of node V.

2.8. Pin-permutations and pin representations

In this article, the pin-permutations (and their decomposition trees) play a central
role. The remaining of this preliminary section recalls their definition and explains how
they are related to our problem of testing whether a permutation class contains finitely
many simple permutations.

A pin is a point in the plane. A pin p separates — horizontally or vertically — the
set of pins P from the set of pins @ if and only if a horizontal — resp. vertical — line
drawn across p separates the plane into two parts, one containing P and the other one
containing (). The bounding box (also known as the rectangular hull) of a set of points P
is the smallest axis-parallel rectangle containing the set P. A pin sequence is a sequence
(p1,-..,px) of pins in the plane such that no two points are horizontally or vertically
aligned and for all ¢ > 2, p; lies outside the bounding box of {p1,...,p;—1} and satisfies
one of the following conditions:

o separation condition: p; separates p;—1 from {p1,...,pi—2};
o independence condition: p; is independent from {p1,...,p;—1}, i.e., it does not sep-
arate this set into two non-empty sets.
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Fig. 3. The permutation 0 = 4726315, its pattern m = 462315, a pin representation p of 7, and the
bounding box of {p1,p2} with its sides shaded.

A pin sequence represents a permutation o if and only if it is isomorphic to its diagram.
We say that a permutation o is a pin-permutation if it can be represented by a pin
sequence, which is then called a pin representation of o (see Fig. 3). Not all permutations
are pin-permutations (see for example the permutation o of Fig. 3).

Lemma 2.17 of [6] is used several times in our proofs, and we state it here:

Lemma 2.6. Let (p1,...,pn) be a pin representation of o € S,. Then for each i €
{2,...,n—1}, if there exists a point x of o on the sides of the bounding box of {p1,...,p:i},
then it is unique and x = p;11.

A proper pin representation is a pin representation in which every pin p;, for ¢ > 3,
separates p;—1 from {p1,...,pi—2}. A proper pin-permutation is a permutation that
admits a proper pin representation.

Remark 2.7. A pin representation of a simple pin-permutation is always proper as any
independent pin p; with i > 3 creates a block corresponding to {p1,...,pi—1}-

2.4. Characterization of classes with finitely many simple permutations

In [11], Brignall et al. provide a criterion characterizing when a class contains a finite
number of simple permutations. They show that it is equivalent to the class containing a
finite number of permutations of three simpler kinds, which they define. Among the three
new kinds of permutations that they introduce are the proper pin-permutations that we
have already seen, but also the parallel alternations and the wedge simple permutations.
The definition of these families of permutations is not crucial to our work, hence we refer
the reader to [11] for more details, and to Fig. 4 for examples.

Theorem 2.8. (See [9,11].) A permutation class Av(B) contains a finite number of simple
permutations if and only if it contains:

e a finite number of wedge simple permutations, and
e a finite number of parallel alternations, and
o a finite number of proper pin-permutations.
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Fig. 4. From left to right: a parallel alternation, and two wedge simple permutations (of type 1 and 2
respectively).

Notice also that in Theorem 2.8 above, the proper pin sequences of [11] have been
replaced by proper pin-permutations. But containing a finite number of proper pin-
permutations is equivalent to containing a finite number of proper pin sequences. Indeed,
the encoding of proper pin-permutations by proper pin sequences provides a finite-to-one
correspondence.

Whereas the exact definitions of the wedge simple permutations and the parallel
alternations have been omitted here, it is however essential for our purpose to be able to
test whether a class given by a finite basis contains a finite number of parallel alternations
and wedge simple permutations. Parallel alternations and wedge simple permutations,
that can be of type 1 or 2, are well characterized in [11]. This characterization leads to
the following lemmas:

Lemma 2.9. (See [11].) The permutation class Av(B) contains only finitely many par-
allel alternations if and only if B contains an element of every symmetry of the class
Av(123,2413,3412).

Lemma 2.10. (See [11].) The permutation class Av(B) contains only finitely many wedge
simple permutations of type 1 if and only if B contains an element of every symmetry
of the class Av(1243,1324,1423,1432,2431,3124, 4123, 4132, 4231, 4312).

Lemma 2.11. (See [11].) The permutation class Av(B) contains only finitely many wedge
simple permutations of type 2 if and only if B contains an element of every symmetry

of the class Av(2134,2143,3124,3142, 3241, 3412, 4123, 4132, 4231, 4312).
Using these lemmas together with a result of [2] we have:

Lemma 2.12. Testing whether a finitely based class Av(B) contains a finite number of
wedge simple permutations and parallel alternations can be done in O(nlogn) time,
where n =3 g7l

Proof. From Lemmas 2.9 to 2.11, deciding if Av(B) contains a finite number of wedge
simple permutations and parallel alternations is equivalent to checking if elements of its

basis B involve patterns of size at most 4. From [2] checking whether a permutation 7
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involves a fixed set of patterns of size at most 4 can be done in O(|n|log|x|). As we
check for each permutation of B the involvement of fixed sets of permutations of size at
most 4, this leads to an O(nlogn) algorithm for deciding whether the number of parallel
alternations and of wedge simple permutations in the class is finite. O

In [11] Brignall et al. also proved that it is decidable whether C = Av(B) contains
a finite number of proper pin-permutations. Their proof heavily relies on an encoding
of proper pin-permutations by words over a finite alphabet (called pin words), and on
language theoretic arguments. In the next section, we review and further develop the
theory of pin words. Then, in Section 4 we will review the decision procedure of [11],
and explain how we could modify it into an efficient algorithm.

3. Characterization of classes with finitely many proper pin-permutations

Our goal in this section is to provide a criterion (that can be tested algorithmically,
in the next sections) for a permutation class C = Av(B) given by its finite basis B to
contain finitely many proper pin-permutations. The encoding of pin-permutations by
their pin words — to be reviewed in Subsection 3.1 — has an essential property that can
be used in establishing such a criterion: it allows to interpret the pattern order < on
pin-permutations as an order relation < on their pin words.

This property is already at the core of [11], and we recall it below as Lemma 3.8.
In [11], it is used to derive a first criterion on C to contain a finite number of proper
pin-permutations:

C contains finitely many proper pin-permutations if and only if the language SP \
(J{strict pin word w | u < w} is finite, where the union is taken over all pin words u
that encode a permutation 7 € B and SP denote the language of all strict pin words
(see Definition 3.4).

This criterion may then be decided using automata theory, as explained in [11] and
reviewed in Subsection 4.1.

In what follows, we go further into the encoding of pin-permutations by words, and
into the interpretation of the pattern order < in terms of words and languages. This
allows us to associate a language L, to every pin-permutation 7 in such a way that if
m < o then L, C L. Subsequently, these languages £, can be used to characterize when
C contains a finite number of proper pin-permutations — see Theorem 3.18:

C contains finitely many proper pin-permutations if and only if the language
M\ UL, is finite, where the union is taken over all pin-permutations = € B
and M denotes the set of words on the alphabet {L, R,U, D} with no factor in
{UU,UD,DU,DD,LL,LR,RL, RR} (see p. 135).
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As we shall see in Section 4, this new criterion can be tested by an algorithm, far more
efficiently than the first criterion above.

3.1. Pin words

Pin representations can be encoded on the alphabet {1,2,3,4,U, D, L, R} by words
called pin words. Consider a pin representation (p1, ..., p,) and choose an origin pg in the
plane such that (po,p1,...,pn) is a pin sequence. Then every pin py,...,p, is encoded
by a letter according to the following rules:

e The letter associated with p; is U — resp. D, L, R — if p; separates p;—; and
{po,p1,-..,pi—2} from the top — resp. bottom, left, right.

e The letter associated with p; is 1 — resp. 2, 3, 4 — if p; is independent from
{po,p1,...,pi—1} and is located in the up-right — resp. up-left, bottom-left, bottom-
right — corner of the bounding box of {po, p1,...,pi-1}

This encoding is summarized by Fig. 5. The region encoded by 1 is called the first
quadrant with respect to the box M. The same goes for 2, 3, 4. The letters U, D, L, R
are called directions, while 1, 2, 3 and 4 are numerals.

4R | 3R P2
2 U 1
41 | 31 | 3U
11 | 21 | 2U
3 D 4
Fig. 6. The two letters in each cell indicate the first two letters of
Fig. 5. Encoding of pins by letters. the pin word encoding (p1, ..., pn) when pg is taken in this cell.

Example 3.1. 14L2UR (if po is between p3 and p;) and 3DL2UR (if pg is horizontally
between p; and p4 and vertically between ps and pg) are pin words corresponding to the
pin representation of 7 = 462315 shown in Fig. 3 (p. 130).

Example 3.1 shows in particular that several pin words encode the same pin represen-
tation, depending on the choice of the origin pg. We may actually describe the number
of these pin words:

Remark 3.2. Because of the choice of the origin pg, each pin-permutation of size greater
than 1 has at least 6 pin words. More precisely each pin representation p is encoded by
6 pin words if ps is a separating pin and 8 pin words otherwise (see Fig. 6). Indeed, once
a pin representation p is fixed, the letters encoding p; for ¢ > 3 in a pin word encoding
p are uniquely determined.
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Conversely, pin words indeed encode pin-permutations since to each pin word corre-
sponds a unique pin representation, hence a unique permutation.

Remark 3.3. The definition of pin sequences implies that pin words do not contain any
of the factors UU, UD, DU, DD, LL, LR, RL and RR.

Definition 3.4. A strict (resp. quasi-strict) pin word is a pin word that begins with a
numeral (resp. two numerals) followed only by directions. We denote by SP the set of
all strict pin words.

Remark 3.5 (Proper pin representations, strict and quasi-strict pin words). Every pin
word encoding a proper pin representation is either strict or quasi-strict. Conversely if a
pin word is strict or quasi-strict, then the pin representation it encodes is proper. Finally
a pin-permutation is proper if and only if it admits a strict pin word.

3.2. Pattern containment and piecewise factor relation
Recall the definition of the partial order < on pin words introduced in [11].

Definition 3.6. Let u and w be two pin words. We decompose w in terms of its
strong numeral-led factors as u = u® ... w9, @ strong numeral-led factor being a
strict pin word. We then write u < w if w can be chopped into a sequence of factors
w = vMw® v yU+) such that for all i € {1,...,5}:

e if w® begins with a numeral then w(? = w9 and

o if w® begins with a direction, then v(* is non-empty, the first letter of w(* cor-
responds to a point lying in the quadrant — w.r.t. the origin of the encoding w —
specified by the first letter of u(?), and all other letters in (¥ and w(® agree.

Example 3.7. The strong numeral-led factor decomposition of v = 14L2UR is u =
1-4L - 2UR. Moreover, u < w = 2RU4LULURDA4L, because w may be decomposed
as w = 2RU - 4L - ULUR - DAL, where the factors w(?) satisfying the conditions of
Definition 3.6 are emphasized by bold letters.

As we mentioned already, the essential property of this order is that it is closely related
to the pattern containment order < on permutations.

Lemma 3.8. (See [11].) If the pin word w encodes the permutation o and m < o then
there is a pin word u encoding ™ with u < w. Conversely if u X w then the permutation
corresponding to u is contained in the one corresponding to w.

The relation v < w on pin words is nearly a piecewise factor relation, the factors
being determined by the strong numeral-led factors of u. Our purpose in the following
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is to adapt the relation < into an actual piecewise factor relation. This is achieved in
Theorem 3.13, using a further encoding of pin words that we introduced in [5] and recall
hereafter.

Recall that SP denotes the set of strict pin words, and let SP>2 = SP\{1,2,3,4} be
the set of strict pin words of length at least 2. Further denote by M (resp. M>3) the set
of words of length at least 2 (resp. at least 3) over the alphabet {L, R,U, D} such that
L, R is followed by U, D and conversely. We define below a bijection that sends strict pin
words to words of M. It consists of replacing the only numeral in a strict pin word by
two directions. Intuitively, given a numeral ¢ and a box B, inserting two pins in the two
directions prescribed by the bijection ends up in a pin lying in quadrant ¢ with respect
to the box W

Definition 3.9. We define a bijection ¢ from SP>2 to M>3 as follows. For any strict pin

"

word u € SP>2 such that u = w'u” with |u'| = 2, we set ¢(u) = p(u')u” where ¢ is

given by:

1R — RUR 2R— LUR 3R — LDR 4R — RDR
1L — RUL 2L — LUL 3L — LDL 4L — RDL
1U — URU 2U — ULU 3U — DLU 4U — DRU
1D — URD 2D — ULD 3D — DLD 4D — DRD

For any n > 2, the map ¢ is a bijection from the set SP,, of strict pin words of length
n to the set M, 1 of words of M of length n + 1. Furthermore, it satisfies, for any
U=ulz... € SP>2, u; = ¢(u);y1 for any i > 2.

In the above table, we can notice that, for any v € SP>q, the first two letters of ¢(u)
are sufficient to determine the first letter of w (which is a numeral). Thus it is natural
to extend the definition of ¢ to SP by setting for words of length 1: ¢(1) = {UR, RU},
¢(2) ={UL,LU}, ¢$(3) = {DL, LD} and ¢(4) = {RD, DR}, and by defining consistently
¢~ 1(v) € {1,2,3,4} for any v in {LU, LD, RU, RD, UL, UR, DL, DR}.

Lemma 3.10 below shows that for each pin word w, we know in which quadrant
(w.r.t. the origin of the encoding) lies every pin of the pin representation p corresponding
to w. More precisely for each i < |w|, knowing only w; and w;_1, we can determine in
which quadrant p; lies.

Lemma 3.10. Let w be a pin word and p be the pin representation corresponding to w.
For any v > 2, the numeral indicating the quadrant in which p; lies with respect to

{po, ... ,pi—2} is

w; if w; is a numeral;
¢ Hwi—1w;)
¢~ 1(BC)

if wi—1 and w; are directions;
otherwise, with ¢(w;_1w;) = ABC.

Notice that in the third case w;_; is a numeral and w; is a direction; consequently,
ABC € M3 is given by the table of Definition 3.9.
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Proof. Similar to the proof of Lemma 3.4 of [5], adapted to the case where w is any pin
word, i.e., is not necessarily strict. O

Lemma 3.10 is used in the proofs of Lemma 3.12 and Theorem 3.13. Their statement
also requires that we extend some definitions from SP to M.

Remark 3.11. Words of M may also be seen as encodings of pin sequences (as in Sub-
section 3.1), taking the origin py to be a box instead of a point. Moreover, the relation
u < w can be extended to w € M, and the map ¢ can be defined on words of M as
the identity map (although this extension of ¢ to the domain SP UM is not a bijection
anymore).

By definition, strong numeral-led factors of any pin word u are strict pin words.
Therefore we first study how the relation v < w is mapped on ¢(u), (w) when u is a
strict pin word.

Lemma 3.12. Let u be a strict pin word and w be a word of SP U M. If |u| > 2 then
u < w if and only if ¢(u) s a factor of p(w). If |u| = 1 then u < w if and only ¢p(w) has
a factor in ¢(u).

Proof. Note that if |u| > 2 then ¢(u) is a word but if |u| = 1 then ¢(u) is a set of
two words. The case where |u| > 2 and w is a strict pin word corresponds exactly to
Lemma 3.5 of [5]. Other cases are proved in a similar way, using, instead of Lemma 3.4
of [5], its generalization provided by our current Lemma 3.10. O

In the statement of Lemma 3.12, we have distinguished the cases |u| > 2 and |u| =1
since ¢(u) is a word or a set of two words in these respective cases. However, to avoid
such uselessly heavy statements, we do not make this distinction in the sequel, and we
write indifferently “¢(u) is a factor of w” or “w has a factor in ¢(u)” meaning that

if lu] =1, w has a factor in ¢(u)
if |[u| > 2, é(u) is a factor of w.

When the pin word w is not strict, Lemma 3.12 can be extended formalizing the idea
of piecewise factors mentioned at the beginning of this section.

Theorem 3.13. Let u and w be two pin words and u = u?) ... u9) be the strong numeral-
led factors decomposition of u. Then u < w if and only if w can be chopped into a sequence
of factors w = vWw® . vWDwWDyU+tD such that for alli € {1,...,5}, w® € SPUM
and ¢p(w™) has a factor in Gp(u?).

Proof. We prove that u < w if and only if w can be chopped into a sequence of factors
w = vWw® @ yp@y+D) guch that for all ¢ € {1,...,5}, w® € SP UM and
u) 5 w®. Then the result follows using Lemma 3.12.
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If u < w, then w can be chopped into w = tMwM .. 5@ FEHY as in Defini-
tion 3.6. We set w® = @™ if @ begins with a numeral, and we take w(? to be the
suffix of W w® of length ||+ 1 otherwise. Then for alli € {1,...,5}, w® € SPUM
and we have u® < w®. Indeed, if W@ begins with a direction, by Lemma 3.10 the point
corresponding to the first letter of @w(*) lies in the quadrant determined by the last letter
of 8 and the first letter of @w(® (w.r.t. the origin of the encoding w and also of the
encoding w(®).

Conversely if w can be chopped into w = vMw® . vDw@yU+D) guch that for
all i € {1,...,5}, u® < w® then from Definition 3.6 we can decompose w® as
y D@2 and thanks to Lemma 3.10 it is sufficient to set () = 20~y y() to have
w=oWap® 5D+ as in Definition 3.6. O

3.8. Pattern containment and set inclusion

Recall that our goal is to characterize when there are finitely many proper pin-
permutations in a class. By Remark 3.5, for any proper pin-permutation o, there exists
a strict pin word w, that encodes 0. And from Lemma 3.8, checking whether a permu-
tation 7 is a pattern of o is equivalent to checking whether there exists a pin word u
corresponding to m with u < w,. Consequently, to study the proper pin-permutations
not in C = Av(B), i.e. those containing some pattern 7 in B, it is enough to study the
strict pin words containing some pin word u encoding 7, for 7 in B. This is the reason
why we introduce the languages £(u) and L, below.

Definition 3.14. Let u be a pin word and v = u") ... u() be its strong numeral-led factor
decomposition. We set

L(u) = A*¢(uM) A*p(u®) ... A*¢(uP)A*  where A= {U,D, L, R}.

Let 7 be a permutation, and P(n) be the set of pin words that encode m. We set

Lr= |J L(u

u€P(7)

As we shall see in Lemma 3.17, the languages L, allow to describe the strict pin words
of proper pin-permutations that contain 7 (or rather their image by ¢). Note however
that not all words of L, are in the image by ¢ of the strict pin words of proper pin-
permutations containing 7. For instance, there are words starting with LLLLL¢(u(")
that belong to L., and these are not even in M (i.e., are not the image of a strict pin
word by ¢). But Lemma 3.17 proves that such trivial “bad words” not belonging to
M are the only ones that we should exclude from L. Indeed £, N M is in one-to-one
correspondence with strict pin words encoding proper pin-permutations that contain 7,
via ¢~ 1.
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These languages L, further have the interesting property of somehow translating
the pattern involvement between pin-permutations into set inclusion, as expressed by
Theorem 3.15.

Note that £, is non-empty if and only if P(7) is non-empty or equivalently 7 is
a pin-permutation. So when 7 is not a pin-permutation, the results of Theorem 3.15
and Lemma 3.17 follow easily from the following statement (see for instance Lemma 3.3
of [6]): if # < o and o is a pin-permutation, then 7 is a pin-permutation.

Theorem 3.15. Let m and o be permutations, such that m < o. Then L, C L.

In the following, we write m = vM(u )o@ d(u?) .. v G(u))pU+D) for m € A*,
meaning that m = v(MwMy@w®) 9wy with w® € ¢(u®) if u® has length
1 and w® = ¢(u?) otherwise.

Proof. Suppose that 7 < o. If £, is empty, the statement trivially holds. Other-
wise, let m € L,. We want to show that m € L,. By definition of L., there exists
w € P(o) such that m = vMp(w®)v® ... p(w®)v+D) where w = wMw® .. w® is
the strong numeral-led factor decomposition of w. From Lemma 3.8 there is u € P(7)
such that v < w. Let w = u™ ... uU) be the strong numeral-led factor decomposition
of w. From Theorem 3.13, w = 9Ww® . W p@Wp0+) where for all k € {1,...,5},
w®) € SPUM and ¢(w™) has a factor in ¢(u®). But wMw® .. w is the strong
numeral-led factor decomposition of w = oM w® .. 5w U+Y) | Therefore the fac-
tors wM, @@, ... w0 appear in this order in wMw® .. w® being non-overlapping
and each inside one w®, since each w® begins with a numeral and each w®*) is in
SPUM. Thus by definition of ¢, the factors ¢(w™), p(w?), ..., p(w"?)) appear in this
order in ¢p(w™M)p(w?) ... p(w?), being non-overlapping and each inside one ¢(w?). So
m = oW p(wM) o@D p(w@) .. oD p(w®)p+D) ¢ A*p(wM)A*p(wP) ... A*p(w))A*.
But for all k € {1,...,5}, (™) has a factor in ¢(u®)), thus m € L(u) = A*p(uV))A*
p(u?) ... A*p(u))A* and som € L,. O

Remark 3.16. Although it is not necessary for our purpose, we would find interesting
to have a stronger version of Theorem 3.15 which would state the equivalence between
m < o and L, C L, when m and o are pin-permutations. We do not know if this
equivalence holds. However, we do know that, with a small modification of £(u) to allow
for an extra symbol in A (which plays the role of a separator), then we have, for all
pin-permutations 7 and o, w < ¢ if and only if £, C L.

3.4. Characterizing when a class has a finite number of proper pin-permutations
We conclude Section 3 by putting together the above definitions and results to answer

to our original problem: providing a criterion that characterizes when a permutation
class contains finitely many proper pin-permutations.
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Lemma 3.17. Let o be a proper pin-permutation, ™ be a permutation and w be a strict
pin word encoding o. Then ™ < o if and only if p(w) € L.

Proof. Assume that 7 < o, then from Theorem 3.15 £, C L. As w is a strict pin word,
d(w) € L(w) thus ¢(w) € L, and so ¢(w) € L.

Conversely, assume that ¢(w) € L,. Then there exists a pin word u encoding
such that ¢(w) € L(u). Let us denote by u = v ... 4\ the strong numeral-led factor
decomposition of u. By definition of £(u), ¢(w) can be decomposed into t(1) .. ¢+,
with t0) € A*¢(u™) N M for i € {1,...,5}. By definition of ¢ and since w is a strict
pin word, there exists a strict pin word ¢ such that w = t¢(?) .. tU+TD Then o(t) = t
and ¢(uM) is a factor of ¢(t). Furthermore, for i € {2,...,j}, ¢(u?) is a factor of
(@) =t (this equality holds because t() € M). Consequently, from Theorem 3.13,
u < w. Finally from Lemma 3.8, we conclude that 7 <o. O

By ¢!, each word of M is turned into a strict pin word and hence into a proper
pin-permutation. As a consequence of Lemma 3.17, £, N M is the image by ¢ of the
language of strict pin words encoding proper pin-permutations o that contain = as a
pattern: L,NM = {¢(w) | Jo such that 7 < o and w € SPNP(c)}. With the same idea
we have the following theorem, which provides the criterion announced at the beginning
of Section 3:

Theorem 3.18. A permutation class Av(B) contains a finite number of proper pin-
permutations if and only if the set M\ U, cp Lr is finite.

Proof. Let Sp be the set of strict pin words encoding permutations of size at least
2 in Av(B). Then ¢ is a bijection from Sp to M>3\ U, cp
pin word w of length at least 2, let ¢ be the permutation encoded by w. Then o is a

L. Indeed for any strict

proper pin-permutation and Lemma 3.17 implies that ¢ € Av(B) if and only if ¢(w) ¢
Uxrep L£x- We conclude the proof observing that every proper pin-permutation o of size
n is associated to at least 1 and (very loosely) at most 8" strict pin words, as any pin
word encoding o is a word of length n over an 8-letter alphabet. O

4. Algorithm(s) testing if a class contains a finite number of proper pin-permutations

Section 3 (and specifically Theorem 3.18) provides us with a characterization of classes
Av(B) which contain finitely many proper pin-permutations: they are those such that
M\ U, ep L is finite. Our goal is now to find an algorithm, as efficient as possible,
checking this condition.

The general structure of this algorithm will be explained in Subsection 4.2. It involves
the use of some automata A, recognizing L, for any pin-permutation m € B. The
construction of these automata is rather technical. Subsection 4.3 will give an overview
of it, while the technical details are postponed to Appendices B and C.
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Before we get to our algorithm, we first review the decision procedure of [11], which
also answers the question of whether a class Av(B) contains finitely many proper pin-
permutations. This review will serve two purposes: one is to help the reader see the
common aspects and the differences between this procedure and our algorithm; the other
is to be able to compare their complexities.

4.1. The decision procedure of Brignall, Ruskuc and Vatter

As reviewed at the beginning of Section 3, Brignall et al. provided in [11] a first
characterization of classes containing finitely many proper pin-permutations. Namely,
they proved that C = Avw(B) contains a finite number of proper pin-permutations if
and only if the set £ = SP \ U,cp(p {strict pin word w | v < w} is finite, where
P(B) denotes the set of pin words encoding a permutation of B. The main point of the
procedure of [11] (which will be similar in our algorithm) is then to decide the finiteness
of the language £ using automata theory.

Given a pin word wu, the authors of [11] explain how to build an automaton A
recognizing a language £(*) such that SP N L™ = {strict pin word w | v < w}. Then,
they notice that SP is a recognizable language, and conclude — with classical theorems
of automata theory — that it is decidable whether the language £ is finite, i.e., whether
C contains a finite number of proper pin-permutations.

The proof of [11] is constructive and establishes that deciding whether C contains a
finite number of proper pin-permutations may be done algorithmically. However the au-
thors do not give an actual algorithm since many steps are not given explicitly. More pre-
cisely, if we turn into an actual algorithm the procedure of [11], the main steps would be:

1. Compute the set P(B) of pin words encoding permutations of B;
2. For each u € P(B), build the automaton A recognizing £(*);
3. Build an automaton A recognizing £ = SP\ U,cp(p) £

4. Test whether the language accepted by A is finite.

In [11], the authors focus on the second step (which is indeed the main one), even
though the complexity of building A™) is not analyzed. The first step is not addressed
n [11], and the third (resp. fourth) step is solved applying an existential (resp. decid-
ability) theorem of automata theory — in particular, the complexity of the corresponding
construction (resp. decision) is not studied. Analyzing the above four-step procedure, we
prove in the following that it has a doubly exponential complexity due to the resolution
of a co-finiteness problem for a regular language given by a non-deterministic automaton.
Let us first introduce some notations: denote by n the sum of the sizes of permutations
in the basis B, by s’ (resp. s) the maximal size of a permutation (resp. pin-permutation)
in B and by k the number of pin-permutations in B.

Even though [11] does not study the first step of the above procedure, there is a naive
algorithm to solve it: for each permutation 7 in B, for each pin word u of length ||,
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check if the permutation encoded by w is 7, and add u to P(B) in the affirmative. This
is performed in O(n - 88l) time. In our work we explain how to replace this step by a step
solved in O(n) time.

For the second step, [11] explains how to build automata A™) recognizing the lan-
guages £, We will not detail the analysis of the complexity of building A®), but let
us notice that these automata are non-deterministic and have O(|u|) (and at least |ul)
states.

About the third step, [11] refers to automata theory without detail. The most di-
rect way to achieve this step is to build by juxtaposition an intermediate automaton
AP(B) recognizing UueP(B) L™ to determinize this automaton in order to comple-
ment it, and then to compute the intersection with an automaton recognizing SP. But
the determinization of an automaton is exponential w.r.t. the number of states of the
automaton. Since the number of states of A”P) is O(3,cp(p [ul) and is indeed at
least }_,c p(p) [ul, the complexity of this algorithm for the third step is O(2%uerm) Ul
Moreover, > p
permutations encoded by an exponential number of pin words. For instance, the identity

(B) |u] < k-85 -s. Even if this bound may not be tight, there exist pin-

of size s is encoded by at least 2° pin words, since any word on the alphabet {1,3} is
suitable. Therefore the complexity of the above algorithm for the third step is of order
at least O(2F*2"), which is doubly exponential w.r.t. s.

Finally, [11] refers to a classical algorithm for the fourth step. It consists in testing
whether the automaton A obtained at the end of the third step contains a cycle that can
be reached from an initial state and can lead to a final state. This is linear w.r.t. the size
of the automaton A (and we will detail why in Subsection 5.3, as our algorithm ends
with a similar step).

4.2. A more efficient alternative

Reviewing the procedure of [11] and analyzing its complexity, we have seen why this
procedure is not efficient. The main issue is the determinization of the automaton A" (5)
recognizing UueP(B) L™ (so that it may be complemented). A secondary issue is that
this automaton AF(5) is built by juxtaposition of a large number of automata: one for
each pin word in P(B). In this subsection, we explain how to overcome these two issues.

First, we do not start from the same characterization of classes C = Av(B) containing
a finite number of proper pin-permutations. Instead of the one of [11], we take our
alternative criterion provided by Theorem 3.18, and provide an algorithm testing whether
the language M\ U, c L is finite.

In this second characterization, the languages £, play the same role as the languages
L™ in the first one. There is however only one language for each m € B, that somehow
accounts for all the languages £(*) for u € P(r). This solves the issue of the number of
automata.

Moreover, this saves us the trouble of computing P(B), a step whose complexity was
O(n - 8%) in the procedure of [11]. Instead, since the definition of £, relies on P(7), we
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only need to compute a description of P(w) for m € B. The detailed study of pin words
done in Appendix B shows that this is possible from some quite simple tests on the
decomposition tree of w, which will be detailed in Section 5. These tests are performed
in O(m), so that the total cost of computing the description of P(rx) for all # € B is
O(n).

To address the determinization issue, let us introduce a few notations. For any word
v =11 ...v, denote by U = v, ...v; the reverse of v, and for any language £, denote by
L the language {v' | v € L}. In practice, our algorithm does not test if M\ U cp Lnr
is finite, but rather whether its reverse language M\ |J, .5 Lr is finite. Notice that by
definition of M, we have M\, .5 Lr = M\ UWEBZ"_W =M\ UﬁeB(E_ﬁ. As in [11],
to test the finiteness of this language, we will build an automaton A¢ accepting M \
Uren E, and then test whether A¢ contains a cycle — see Subsection 5.3. Taking reverse
languages is the trick that allows us to build a deterministic automaton A¢, thus avoiding
the determinization which causes the complexity blow-up in the procedure of [11]. The
connection between reverse and determinism is certainly unclear at the moment, but
it is also hard to explain at this stage of the presentation of the algorithm. It follows
from some details of Appendix B, and we will only explain this choice at the beginning
of Appendix C.

We start with building, for each pin-permutation' m € B, a deterministic automaton
A, which accepts (E_,, An overview of the construction of these automata A, and of its
complexity is given in the next subsection, while the details — that are quite technical —
are postponed to Appendix C.

From deterministic automata A, recognizing the languages Z"m we can obtain a de-

terministic automaton accepting words of | J L i.e., (up to intersection with M)

TEB
words whose reverses encode proper pin-permutations containing some pattern = € B.
To preserve determinism, the automaton accepting the union is not simply built by
juxtaposition of the A;. Instead, we do the Cartesian product of the automata A, to
compute a deterministic automaton accepting the union UWe B Z‘w This deterministic
automaton can then be complemented in linear time, in order to build the automaton
Ac recognizing M\ U, cp Z_W Recall that the same operation on non-deterministic au-
tomata would be exponential in the worst case. The construction of A¢ will be detailed
in Section 5, and its complexity analyzed. It is performed in O(s?*) where s and k are, as
before, the maximal size of a pin-permutation in B and the number of pin-permutations
in B. The complexity of testing with this method whether C = Av(B) contains finitely
many proper pin-permutations is then also O(s?*). Writing that O(s?*) = O(2F2108 %)
enables us to measure the complexity improvement w.r.t. the complexity (9(2’“'5'25) of
the procedure of [11]: the complexity gain is doubly exponential w.r.t. s.

! Recall that when 7 is not a pin-permutation, both P(7) and fC‘W are empty.
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4.3. Construction of the automata A,

The most difficult part of the algorithm outlined above is the construction of the
deterministic automata A, accepting the languages ZZ.W, for every pin-permutation 7 € B.
We give below the general idea of the method that is used for this construction, together
with some results about the complexity of building A, . Detailed statements and proofs
are provided in Appendices B and C.

From the definition of £, given p. 137 we have:

Z - U A*;S—(u—(j)-)A* ‘e A*¢(u(2))A*¢(u(1))A*

u€P(m)
u=uW (2 @)

where A = {U, D, L, R}, ¢ is the map introduced in Definition 3.9 (p. 135) and for every
pin word u, by u = uMu® . u() we mean that uMu® ... 4 is the strong numeral-led
factor decomposition of u. Therefore, we see that a description of (C_,T will follow as soon
as we are able to describe the set P(7) of pin words of 7, and more precisely their strong
numeral-led factor decompositions.

In our previous work [6], we have given a recursive characterization of the decompo-
sition trees of pin-permutations. We recall it below as Eq. (x). We will then follow this
characterization to recursively describe P(w) for any pin-permutation 7, and to subse-
quently give a recursive algorithm to build the automata A, recognizing fC-ﬁ . We also
present an alternative construction of A, whose complexity is optimized; but instead of
<£_7T, the automaton recognizes a language £/ such that £, N M = Z N M, which turns
out to be sufficient for our purpose (see Subsection 5.3).

The recursive characterization of the decomposition trees of pin-permutations pro-
vided in [6] is as follows. It involves oscillations and quasi-oscillations, two special kinds
of pin-permutations whose definitions are technical and given in Appendix A. The set S
of substitution decomposition trees of pin-permutations is recursively characterized by:

S=e+ D + + o +
S%ﬁ' \€+ €+/T\£+ 5‘{‘/ \5‘ E_/T\S‘
+  a_ o+ @ + 8. + B
e d e SN e e o S
Kk S\ {e} S\ {e} (%)

where £1 (resp. £7) is the set of decomposition trees of increasing (resp. decreasing)

oscillations, N (resp. N'7) is the set of decomposition trees of pin-permutations that
are not increasing (resp. decreasing) oscillations and whose root is not & (resp. ©), «
is any simple pin-permutation and ST (resp. 87) is any increasing (resp. decreasing)
quasi-oscillation. In Appendix A, in addition to recalling the definitions of increasing
and decreasing (quasi-)oscillations, we present some of their properties. For the mo-
ment, let us only mention that some special pairs of points in quasi-oscillations can be
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identified, that are called auziliary and main substitution points. Also, in every simple
pin-permutation, we can identify special points, that are called active points whose def-
inition will also be given in the appendix — see p. 153. In Eq. (%) above, edges written
——- (resp. -« oty e ) correspond to an active point of « (resp. to a pair formed by an
auxiliary point and a main substitution point of 8% or 87). In this equation the only
terms that are recursive are those containing a subtree labeled by N, N~ or S\ {e}.

Our characterization of P(m) and construction of A, are divided into several cases,
depending on which term of Eq. (x) m belongs to. First, we study the non-recursive cases,
then the recursive cases with a linear root and finally the recursive cases with a prime
root. Notice that the cases with root © (resp. 87) are up to symmetry” identical to those
with root @ (resp. 7). We will therefore only consider the former in our analysis to
follow.

Permutation of size 1. Notice first that the permutation 7 = 1 = e (whose decomposition
tree is a leaf) has exactly four pin words — namely, P(7) = {1, 2, 3,4}.
Then
{A* w)A* ’ we P(r } A* M A*
where

My = Mn A*={UR, UL, DR, DL, RU,RD, LU, LD}.

The language (E_,T is recognized by the automaton A, of Fig. 7

LR

Fig. 7. The automaton A, when 7 = 1.

Simple permutations. Let 7 be a simple pin-permutation. Theorem B.8 in Appendix B
(p. 162) shows that the number of pin words of 7 is at most 48. This of course does not

2 This notion of symmetry is formalized by Remark B.1 in Appendix B.
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describe the set P(7) of pin words encoding 7 explicitly, but Algorithm 2 of [5] explains
how to compute P(7) in this case. We will get back to this computation in Section 5.

The construction of an automaton A, accepting Z_W is then explained in Remark C.6
in Appendix C. The time and space complexity of the construction of A, is quadratic
w.r.t. ||, as soon as the pin words of 7 are given. In Remark C.8 in Appendix C, we
explain how to improve the complexity of the construction of A, so that it is linear
in time and space. The automaton A, so obtained however does not accept Z_ﬂ but a
language £/ such that £, "M = ([,_W nM.

Non-recursive case with a linear root. W.l.o.g., we consider m = @[y, ..., &,] where &;
are increasing oscillations. The set of pin words of 7 is expressed using the shuffle product
w (defined p. 163) in Theorem B.12 of Appendix B. Namely, denoting P (&) (resp.
PG)(&,)) the set of pin words that encode &, and whose origin lies in quadrant 1 (resp.
3) with respect to the points of &, we have:

P(’IT) = U P(®[£Z?§’L+1]) : ((P(l)(5171)7 . 7P(1)(£1)) B (P(s)(£i+2)v' . 7P(3)(£j)))

1<i<r—1

Together with Lemmas B.13 and B.18, this provides an explicit expression of P(7).

The automaton A, accepting L, (resp. a language £/ such that L. NM = ZOM) is
built by assembling smaller automata, which correspond to the different languages that
appear in the shuffle product expression of P(7). Subsection C.3 gives the details of this
construction, and Theorem C.16 (resp. Remark C.17) proves its correctness. Lemma C.12
shows that it is achieved in time and space O(|7|*) (resp. O(|7|?)). The automaton A,
in this case is shown in Fig. 23 (p. 186).

Recursive case with a linear root. W.l.o.g., we consider a permutation m = &[¢y, ..., &,
0y &eva, ..., & ], where all & are increasing oscillations, but p is not. By induction, we
may assume that we have an explicit description of P(p), and an automaton A, which
accepts Z_p (resp. a language £/, such that £, N M = (E_p NM). In Appendices B and C,
the decomposition tree of p is denoted T7,.

The set P(m) of pin words of m (which of course depends on P(p)) is given by Theo-
rem B.19 in Appendix B. It always contains

Py=P(p)- (PV(&),....PY(&)) w (PP (&2),..., PP (&)

but it may contain more words, if 7 satisfies additional conditions that are shown in
the middle two columns of Fig. 17 (p. 168). In all these possible cases (considered up to
symmetry), Theorem B.19 describes explicitly the complete set of pin words of 7.

If P(wr) = Py, like in the previous case the automaton A, accepting Z-,r is built
by assembling A, with small automata corresponding to the different languages in the
shuffle product defining Py. The automaton A, so obtained is shown in Fig. 24 (p. 191).

Otherwise, Py & P(7), so that the automaton of Fig. 24 accepts some but not all
words of jC-ﬂ . It is however possible to modify it by adding some transitions, so that the
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resulting automaton A, accepts exactly (E-ﬂ . These modifications of the automaton are
shown in the last column of Fig. 17 (p. 168).

These constructions are explained in Subsection C.4. The proof that they are correct
are however omitted even in the appendix, as they are very similar to some other proofs
that are detailed there. The complexity of these constructions are given in Lemmas C.19
and C.21: it is done in time and space O((|7| — |p|)?) plus the additional complexity due
to the construction of A,. The construction and its complexity are not modified (except
for the recursive part) for building an automaton A, accepting a language £/ such that
L NM= Zl_ﬂ N M instead on',_,T.

Recursive case with a prime root. We start with the case where # = a[1,...,1,p,1,...,1]
with « a simple pin-permutation and p # 1. The only other possibility is that 7 is a
permutation whose decomposition tree has a root labeled by a quasi-oscillation with two
children that are not leaves. This special case will be considered in the next paragraph.

By induction, we may assume that we have an explicit description of P(p), and an
automaton A, which accepts £, (resp. a language L}, such that £',NM = L,nM). We
denote by x the point of a expanded by p. Let us also record here that the decomposition
tree of p will be denoted T in Appendices B and C.

As in Definition B.23 (p. 173), let @, () denote the set of strict pin words obtained
by deleting the first letter of a quasi-strict pin word encoding a pin representation of
a starting in z. The set P(m) of pin words of 7 is given by Theorem B.25 (p. 173)
in Appendix B. As in the previous case, it always contains a ground set of words, in this
case P(p) - Q.(«), but it contains more words in case 7 satisfies some further condition
— denoted (C) in Appendices B and C. Although it becomes quite technical, it is possi-
ble to make explicit the description of P(7) in Theorem B.25; using Lemma B.27 and
Remarks B.26, B.29 and B.30.

When P(7) = P(p) - Q. (), the automaton A, which accepts L, is easily constructed
from A, and Qg(a). As before, when P(p) - Q.(a) & P(m), A, has the same general
structure as this automaton, with some new transitions added. This is shown on Fig. 25
(p. 194). Theorem C.23 proves the correctness of this construction. This however only
holds for |p| # 2. In the special case |p| = 2, the construction of A, is not recursive
anymore, and is easily solved (see p. 195).

The complexity of the construction of A, is discussed in Lemma C.25. Except for the
special case |p| = 2, it is O(|7| — |p|) in time and space, in addition to the complexity of
computing A,. This holds both for the automaton A, accepting (E-,r and for its variant
(whose construction is unchanged except for the recursive part) which accepts a language
L/ such that £/, NM = Z_ﬂ N M. For the special case |p| = 2, the complexity of building
Ay accepting L is O(|r|?), and it drops to O(|r|?) for the variant accepting L.

The special case of increasing quasi-oscillations. W.l.o.g., the only remaining case in
Eq. () is that of a permutation m = 8%[1,...,1,p,1,...,1,12,1,...,1] where 87 is an
increasing quasi-oscillation, the permutation 12 expands an auxiliary point of 7 and p
(of size at least 2) expands the corresponding main substitution point of 8. Again, in
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Appendices B and C, the decomposition tree of p is denoted T. And by induction, we
may assume that we have an explicit description of P(p), and an automaton A, which
accepts L, (resp. a language L, such that L', N M = Z_p nM).

This case is very much constrained, and the set of pin words of 7 is completely
determined by Theorem B.31 (p. 176): P(w) = P(p) - w, for some word w which is
uniquely determined, and that Remark B.32 shows explicitly. From this, is it not hard
to build from A, an automaton A, which accepts <£_,T (resp. a language £/ such that
LrnNM=LrnN M). This is explained in Paragraph C.5.2 (p. 196), and is performed
in O(|7| — |p|) time and space in addition to the time and space complexity of the
construction of A,,.

The automaton A, associated with a pin-permutation 7 is then build recursively, by
first determining which shape of tree in Eq. () is matched by the decomposition tree
of 7, and then applying the corresponding construction. From the complexities of these
constructions, it is not hard to evaluate the overall complexity of building A,. Namely:

Theorem 4.1. Given 7 a pin-permutation, the above recursive construction allows to build
an automaton A, which accepts <£_,, (resp. a language L] such that L' "M = Z_,T nM)
in time and space complezity O(|x|*) (resp. O(|7|?)).

The proof of Theorem 4.1 is however postponed to Appendix C — see Theorem C.26
(p. 199). Indeed, to prove this theorem, we need to be careful about some details of the
construction of automata, that are only explained in the appendix. The main difficulty is
to ensure that some special states in the automata can be “marked” in some of the above
constructions without increasing the complexity. The marking of these special states is
needed to build the additional transitions in the cases m = ®[&1, ..., &, 0, o2, - -+, Er)
and ™= «afl,...,1,p,1,...,1], since these transitions are actually pointing towards these
“marked” states. Subsection C.6 explains how to mark these special states along the
construction of A.

5. A polynomial algorithm deciding whether a class contains a finite number of simple
permutations

In this section, we prove the main result of this article:

Theorem 5.1. Given a finite set of permutations B, we describe an algorithm that de-
termines whether the permutation class C = Av(B) contains a finite number of simple
permutations. Denoting n = ) _p|n|, p = [[|r| where the product is taken over all
pin-permutations in B, k the number of pin-permutations in B and s the mazimal size
of a pin-permutation of B, the complexity of the algorithm is O(nlogn + s**) or more
precisely O(nlogn + p?).

The complexity which is achieved in Theorem 5.1 makes use of the optimized variant
of the construction of the automata A, . Notice that with the non-optimized construction
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of the automata A, although we would have an algorithm whose details are a little bit
simpler to describe, its complexity would be significantly worst than with the optimized
variant, namely O(nlogn + p*) = O(nlogn + s**).

The algorithm announced in Theorem 5.1 can be decomposed into several steps and
is described in the rest of this section.

5.1. Finitely many parallel alternations and wedge simple permutations in C?

Following [11] (see Theorem 2.8, p. 130) we first check whether C contains finitely
many parallel alternations and wedge simple permutations. From Lemmas 2.9, 2.10
and 2.11 (p. 131) this problem is equivalent to testing if permutations of B contain some
patterns of size at most 4. Using a result of [2], this can be done in O(nlogn) time (see
Lemma 2.12, p. 131).

5.2. Finding pin-permutations in the basis

The next step is to determine the subset PB C B of pin-permutations of B. To do
so we use the characterization of the class of pin-permutations by their decomposition
trees established in [6], and recalled in Eq. (x) (p. 143).

More precisely, for each m € B, we proceed as follows.

e First we compute its decomposition tree T .
This is achieved in linear time w.r.t. |7|, computing first the skeleton of T}; following [7]
or [12], and next the labels of linear and prime nodes as explained in (8, §2.2].

e Second we add some information on the decomposition tree.

This information will be useful in later steps of our algorithm to check whether 7 is
a pin-permutation, and next (in the affirmative) to determine which construction of the
automaton A, (see Subsection 4.3 or details in Appendix C) applies to .

— For each prime node N, we record whether the simple permutation « labeling N is
an increasing or decreasing oscillation or quasi-oscillation.
This may be recorded by performing a linear time depth-first traversal of T}, and
checking each node when it is reached. As there are 4 oscillations of each size that
are explicitly described as 2416385... (see Fig. 9, p. 154) or one of its symmetries,
checking if a simple permutation « is of this form can be done in linear time w.r.t. |a].
The same kind of explicit description also holds for quasi-oscillations, and in addi-
tion we can record which children correspond to the auxiliary and main substitution
points.

— For each node N, we record whether the subtree rooted at N encodes an increasing
or decreasing oscillation.
This may be recorded easily, along the same depth-first traversal of T as above.
Indeed oscillations of size greater than 3 are simple permutations, and increasing
(resp. decreasing) oscillations of smaller sizes are 1, 21, 231 and 312 (resp. 1, 12, 132
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and 213). So it is sufficient to check whether N is a leaf, or a prime node labeled
by an increasing (resp. decreasing) oscillation all of whose children are leaves, or a
linear node with exactly two children satisfying extra constraints: they are either
both leaves, or one is a leaf and the second one is a linear node with exactly two
children that are both leaves. In this later case the oscillation is increasing (resp.
decreasing) if N is labeled © (resp. @).

These computations are performed in linear time w.r.t. || for any prime node labeled
by |a|, and in constant time for any linear node. Hence, as the sum of the sizes of the
labels of all internal nodes is linear w.r.t. |7|, the overall complexity of this step is linear

w.r.t. |m].

e Finally we determine whether 7 is a pin-permutation or not.
To do so, we recursively check starting with the root whether its decomposition tree
is of the shape described in [6] (see Eq. (x) p. 143).

— If the root is linear, with the additional information stored we can check whether all
its children are increasing (resp. decreasing) oscillations in linear time w.r.t. the num-
ber of children. If exactly one child is not an increasing (resp. decreasing) oscillation,
we check recursively whether the subtree rooted at this child is the decomposition
tree of a pin-permutation.

— If the root is prime, we first check whether its label « is a pin-permutation. More
precisely, with Algorithm 2 of [5] we compute the set of pin words of o and test its
emptiness. By Lemma 4.1 of [5], this is done in linear time w.r.t. |«|. Then we check
whether all the children of the root are leaves.

— If exactly one child is not a leaf, we furthermore have to check whether the point
x it expands is an active point of a. With some precisions given in the appendix,
this can be done in O(|a]) time. Namely, from Remark B.24 (p. 173) we just have
to test the emptiness of @, («), which is computed in linear time w.r.t. |a| (see
Remark B.26, p. 174). Then we check recursively whether the subtree rooted at x
is the decomposition tree of a pin-permutation.

— If exactly two children are not leaves, with the additional information stored we
can check in constant time whether « is an increasing (resp. decreasing) quasi-
oscillation, if the two children that are not leaves expand the auxiliary and main
substitution points, and if the one expanding the auxiliary point is the permuta-
tion 12 (resp. 21). Then we check recursively whether the subtree rooted at the
main substitution point is the decomposition tree of a pin-permutation.

As the complexity of each step is linear w.r.t. the number of children (which is also

the size of the label for a prime node), deciding whether a permutation 7 is a pin-

permutation or not can be done in linear time w.r.t. |7|. The overall determination
of PB is therefore linear in n =3 __p|«|.
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Moreover, in addition to computing PB, the above procedure produces additional
results, that we also record as they are useful in the next step. Namely, for every per-
mutation m of PB, we record its decomposition tree T, together with the additional
information computed on its nodes; and we also record the set of pin words that encode
each simple permutation « labeling a prime node N of T, and the set @, (a) when N
has exactly one non-trivial child. Notice that the knowledge of these is sufficient to char-
acterize the set of pin words that encode 7 thanks to results of Appendix B outlined in
Subsection 4.3.

5.3. Finitely many proper pin-permutations in C?

From Theorem 3.18 (p. 139) it is enough to check whether M \ U?r§ g L is finite.
This can be easily decided with a deterministic automaton Ac recognizing M \ J,.c Lx-
From the previous step of the procedure, we know the set PB of pin-permutations of B
and some additional results described above. First notice that (J, .z Lr = U cpp Lr as
L, is empty when 7 is not a pin-permutation (see p. 137). We build the automaton A¢
as follows.

e First for each pin-permutation = € PB, we construct A, — which is deterministic
and complete — recognizing a language £/ such that £, " M = fC-,r N M. For this
optimized variant, the construction is performed in time and space at most O(|x|?) as
presented in Subsection 4.3 and described in details in Appendix C (see Theorem 4.1,
p. 147 or Theorem C.26, p. 199). Notice that the construction of A, depends on the
shape of the decomposition tree T} of 7. But thanks to the additional information
stored in T, we can determine which tree shape matches T in linear time w.r.t. the
number of children of the root of T}, and the same holds at each recursive step of
the construction.

e Then we build a deterministic automaton A; recognizing |, pp L}, where L is

™
defined as in the first item. The automaton A; is obtained performing the determin-
istic union (as a Cartesian product, see [16] for details) of all the automata A,. This
is done in time and space O([[,cpp [Ax]) = O cpp I7/?).

o Then we build the automaton Az which is the deterministic intersection (again as
a Cartesian product) between A; and the automaton A(M) given in Fig. 8 in time

and space O(|A1|JAM)|) = O([T,cpgp I7I?).

Fig. 8. A deterministic automaton A(M) recognizing the set M of words of length at least 2 without any
factor in {UU,UD, DU, DD, RR, RL, LR, LL}.
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The automaton Aj recognizes (|J,.cpp E_’,iﬂ/\/l = (Urers L:)NM. By Lemma 3.17
(p- 139) this is the language of words ¢(w) for all strict pin words w encoding per-
mutations having a pattern in PB, i.e. that are not in C. Notice that by Remark 3.5
(p. 134) such permutations are necessarily proper pin-permutations.

e Next we complement Ay to build a deterministic automaton A3 recognizing A* \
(Ureprn (E_,T) NM). As A, is deterministic, its complement is obtained in linear time
w.r.t. its size, by completing it and then turning every final (resp. non-final) state
into a non-final (resp. final) state. Moreover the size of A3 is the same as that of the
automaton obtained completing Az, i.e., O(I],cpp |7|?)-

o Finally we compute the deterministic intersection between Az and the automaton
A(M) to obtain the automaton A¢. This is done in time and space O(]Asz|.]A(M)]) =
O(I1,cpg I7[?). The automaton A built in this Wg}iecognizes M\ (Urepn Z',—,r) =
M\ (U,cp Lr)- This is the language of all words ¢(w) where w is a strict pin word
encoding a permutation of C (that is necessarily a proper pin-permutation, as above).

Then, by Theorem 3.18 (p. 139), checking whether the permutation class C contains a
finite number of proper pin-permutations is equivalent to checking whether the language
recognized by A¢ is finite i.e., whether A¢ does not contain any cycle that is accessi-
ble and co-accessible (i.e., a cycle that can be reached from an initial state and from
which a final state can be reached). The automaton 4¢ is not necessarily accessible and
co-accessible. Its accessible part is made of all states that can be reached in a traversal
of the automaton from the initial state; its co-accessible part is obtained similarly by
a traversal from the set of final states taking the edges of the automaton backwards.
Before looking for a cycle, we make A¢ accessible and co-accessible by keeping only its
accessible and co-accessible part, yielding a smaller automaton Aj. The complexity of
this double reduction of the size of the automaton is linear in time w.r.t. the size of Ac.
Moreover the size of Ay is smaller than or equal to the one of Ac, i.e., O([],cpp |7|?).
Finally we test whether A7 does not contain any cycle. This can be done in O(|Az|)
time with a depth-first traversal of Af.

Let s be the maximal size of a pin-permutation of B and k the number of pin-
permutations in B, then O([] .. p5 [7|*) = O(s**). Hence putting all these steps together
leads to an algorithm whose complexity is O(s%*) to check whether there are finitely
many proper pin-permutations in C, when the set PB of pin-permutations of B, their
decomposition trees and the set of pin words of each simple permutation appearing in
these trees are given.

6. Conclusion

The work reported here follows the line opened by [3] and continued by [11]. In [3], the
main theorem provides (in particular) a sufficient condition for a permutation class C to
have an algebraic generating function: namely, that C contains a finite number of simple
permutations. Then, [11] introduces new objects (most importantly, pin-permutations)
to provide a decision procedure testing this sufficient condition, for classes with a finite
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and explicit basis. Making use of the detailed study of pin-permutations in [6], we have
described in the above an algorithm testing this condition. The analysis of its complexity
shows that it is efficient.

Because an algebraic generating function is a witness of the combinatorial structure of
a permutation class, we may interpret our result as giving an efficient algorithm testing
a sufficient condition for a permutation class to be well-structured. We believe that more
could and should be done on the algorithmization of finding structure in permutation
classes. In particular, we plan to provide efficient algorithms that do not only test that
there is an underlying structure in a permutation class, but that also compute this
structure. We set in the sequel the main steps towards the achievement of this project.

As discussed in [3], the proof of the main theorem therein is constructive. Namely,
given the basis B of a class C, and the set S¢ of simple permutations in C (assuming
that both are finite), the proof of the main theorem of [3] describes how to compute
(a polynomial system satisfied by) the generating function of C, proving thereby that it
is algebraic. The main step is actually to compute a (possibly ambiguous) context-free
grammar of trees for the permutations of C, or rather their decomposition trees.

Such a context-free grammar of trees almost captures the combinatorial structure of a
permutation class. The only reason why it does not completely is because the grammar
may be ambiguous, and thus may generate several times the same permutation in the
class. On the contrary, unambiguous context-free grammars of trees fall exactly in the
context of the combinatorial specifications of [13], and describing a permutation class
by such a combinatorial specification is undoubtedly demonstrating the structure of the
class. Consequently, we aim at describing an algorithm to compute this combinatorial
specification, assuming we are given the finite basis B characterizing the class C. There
would be four main steps in such an algorithm.

First, we should ensure that C falls into the set of permutation classes we can handle,
i.e., ensure that C contains a finite number of simple permutations. The present work
gives an algorithm for this first step.

Second, when finite, we should compute the set S¢ of simple permutations in C. A naive
method to do so can be immediately deduced from the results of [3], but it is of highly ex-
ponential complexity. An algorithm for this second step has subsequently been described
n [18], and its complexity analyzed. It should be noticed that the complexity of this al-
gorithm also depends on the size of its output, namely on |S¢| and on max{|x| : 7 € Sc}.

Third, from B and S¢, we should turn the constructive proof of [3] into an actual
algorithm, that would compute the (possibly ambiguous) context-free grammar of trees
describing the decomposition trees of the permutations of C.

Finally, we should transform this (possibly ambiguous) context-free grammar into
an unambiguous combinatorial specification for C. We have described in the extended
abstract [4] an algorithm for these last two steps, whose complexity is still to analyze.

Combining these four steps will provide an algorithm to obtain from a basis B of
excluded patterns a combinatorial specification for the permutation class C = Av(B).
We are not only convinced of the importance of this result from a theoretical point of
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view, but also (and maybe more importantly) we are confident that it will be of practical
use to the permutation patterns community. Indeed, from a combinatorial specification,
it is of course possible with the methodology of [13] to immediately deduce a system of
equations for the generating function of C. But other algorithmic developments can be
considered. In particular, this opens the way to obtaining systematically uniform random
samplers of permutations in a class, or to the automatic evaluation of the Stanley—Wilf
growth rate of a class.
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Appendix A. Simple pin-permutations, oscillations and quasi-oscillations

This appendix groups together some technical definitions and results about subsets of
pin-permutations: the simple ones, the oscillations, and the quasi-oscillations. The last
two play an important role in the characterization of substitution decomposition trees
associated with pin-permutations (see Eq. (x), p. 143).

A.1. Simple pin-permutations, active knights and active points

Let o be a simple pin-permutation. We have seen from Remark 2.7 (p. 130) that all
pin representations of o are proper. This implies in particular (see [6, Lemma 4.3] for an
immediate proof) that the first two points in every pin representation of o are in knight
position, i.e., form one of the following configurations in the diagram of o:

., 8, 0, B

We define an active knight of o to be a pair of points of ¢ in knight position which
is the possible start of a pin representation of ¢. The definition of active knights may
be extended to pin-permutations ¢ that are not necessarily simple, as pairs of points
of o that are the possible start of a pin representation of o. In addition to the four
configurations shown above, such active “knights” of non-simple pin-permutations may
form a configuration Bﬂ or Eﬂ in the diagram of . We also define an active point of
o to be a point of o belonging to an active knight of o. The active knights (and hence
the active points) of any simple pin-permutation may be described (see [6, Lemma 4.6]).
This is however not needed for us in this work, except in the case of oscillations, which
we will review in the following.
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A.2. Oscillations

Following [11], let us consider the infinite oscillating sequence defined by w =
31527496 ...(2k+1) (2k —2) .... The leftmost part of Fig. 9 shows the dia-
gram of a prefix of w.

Definition A.1. An increasing oscillation of size n > 4 is a simple permutation of size n
that is contained as a pattern in w. For smaller sizes the increasing oscillations are 1, 21,
231 and 312. A decreasing oscillation is the reverse® of an increasing oscillation.

There are two increasing oscillations of any size greater than or equal to 3, that can
also be given explicitly. For even size, they are

24163...(2k+2)(2k—1)...(2n) (2n—3)(2n—1) and
315274...(2k +1) (2k —2)...(2n) (2n — 2);

for odd size,

24163...(2k+2)(2k—1)...(2n) (2n —3)(2n+ 1) (2n — 1) and
315274...(2k +1)(2k —2)...(2n + 1) (2n — 2) (2n).

A similar statement holds for decreasing oscillations. As noticed in [6, Lemma 2.23], every
increasing (resp. decreasing) oscillation is a pin-permutation. Moreover, by definition all
oscillations of size at least 4 are simple. Finally, notice also that permutations 1, 2413
and 3142 are both increasing and decreasing oscillations, and are the only ones with
this property. The middle two diagrams of Fig. 9 show some examples of oscillations.
In Appendix B, we will describe explicitly the set of pin words of all pin-permutations.
In Subsection B.2, this requires some knowledge about the pin words of oscillations
(w.l.o.g., only increasing oscillations) — see in particular Lemmas B.13 to B.18. In these

Ld M| @A
o . o
[] ° °
[ ] ° ] L ] L ]
° [ . ) . . s
° ° ° .
o ] ® o
Y D ) °
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® 5 241638597 81069472513 41638597102

Fig. 9. The infinite oscillating sequence w, an increasing oscillation £ of size 9, a decreasing oscillation of
size 10, and an increasing quasi-oscillation of size 10 (obtained from £ by addition of a maximal element or
equivalently by taking the inverse of the explicit quasi-oscillation of size 10 given in Subsection A.3), with
a pin representation for each.

3 The reverse of 0 = 0102 ...0n IS & =0p ...02071.
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lemmas, we have to distinguish cases according to the active knights of the increasing
oscillations. For this reason, we review in the sequel some results from [6] about the
active knights of increasing oscillations.

L . ARE ¢ Q Q
e » ° °
[o] o N 3 1% Y Y

1 21 231 312 2413 3142 31527486 3152749638

Fig. 10. The increasing oscillations of size less than 5 and two increasing oscillations respectively of size
8 with type (V,V) and 9 with type (V, H). Active knights are marked by edges between their two active
points.

Fig. 10 shows the active knights of the increasing oscillations of size up to 4. Lemma 4.6
of [6] describes the active knights of simple pin-permutations, and in particular those of
the increasing oscillations of size at least 4. It follows from this lemma that an increasing
oscillation of size at least 5 has exactly two active knights. They are located at both ends
of the main diagonal and they consist of two points in relative order 21 (see Fig. 10).
These active knights are either in horizontal (H) position " or in vertical (V') position

@. Therefore there are four types of increasing oscillations of size at least 5: (z,y) with
x,y € {H,V}, where x is the type of the lower left active knight and y for the upper
right. This definition can be extended to increasing oscillations of size 4, considering their
two active knights in relative order 21 (see Fig. 10). Note that an even size oscillation
has type (H, H) or (V,V) and an odd size one (H,V) or (V, H).

A.3. Quasi-oscillations
We recall the definition of quasi-oscillations from [6].

Definition A.2. An increasing quasi-oscillation of size n > 6 is obtained from an in-
creasing oscillation £ of size n — 1 by the addition of either a minimal element at the
beginning of £ or a maximal element at the end of &, followed by the move of an element
of ¢ according to the rules of Table 1.*

We define the auxiliary point (A) to be the point added to £, and the main substitution
point (M) to be an extremal point of £ according to Table 1.

Furthermore, for n = 4 or 5, there are two increasing quasi-oscillations of size n:
2413,3142,25314 and 41352. Each of them has two possible choices for its pair of

4 The first row of Table 1 reads as follows: If a maximal element is added to £, with € € S,,_ starting (resp.
ending) with a pattern 231 (resp. 132), then the corresponding increasing quasi-oscillation 3 is obtained by
moving the left-most point of £ so that it becomes the right-most (in 3), and the main substitution point
is the largest point of ¢ (see the rightmost diagram of Fig. 9).
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Table 1

Building quasi-oscillations from oscillations, and defining their main substitution points.
Element Pattern Pattern Element to ... which Main substitu-
inserted £1€283 En—3En—2&n—1 move ... becomes tion point
max 231 132 left-most right-most largest
max 231 312 left-most right-most right-most
max 213 132 smallest largest largest
max 213 312 smallest largest right-most
min 231 132 largest smallest left-most
min 231 312 right-most left-most left-most
min 213 132 largest smallest smallest
min 213 312 right-most left-most smallest

auxiliary and main substitution points. See Fig. 11 for more details. Finally, a decreasing
quasi-oscillation is the reverse of an increasing quasi-oscillation.

A
M A ° ° ° °
° ° ° ° [ oA |e °
0 e A Me ] Me M e M e M e
Ale ° ° oM Ale [) ° °
° ° ° ° ° ° ° °
M A A
2413 2413 3142 3142 25314 25314 41352 41352

Fig. 11. The diagrams of the increasing quasi-oscillations of sizes 4 and 5, where auxiliary (A) and main (M)
substitution points are marked.

In particular, it follows from Definition A.2 that the auxiliary point of increasing
quasi-oscillations of size at least 6 is uniquely determined, whereas there are two possible
choices of auxiliary point in increasing quasi-oscillations of sizes 4 and 5.

As noticed in [6] there are four increasing (resp. decreasing) quasi-oscillations of size
n for any n > 6, two of size 4 (2413 and 3142) and two of size 5 (25314 and 41352).
Moreover, every quasi-oscillation is a simple pin-permutation.

Like oscillations, the quasi-oscillations of size at least 6 may also be defined explicitly.
Namely, one increasing quasi-oscillation is

4163...(2k+2)(2k—1)...2n—2)(2n—5) (2n—1)(2n —3) (2n) 2 for even size
—r o

4163...(2k+2)(2k—1)...2n—=5)(2n)(2n—3) 2n—1) 2n+1) 2 for odd size,
———— ——
M A
where M (resp. A) indicates the main substitution point (resp. the auxiliary point). The
other three increasing quasi-oscillations are obtained applying some symmetries to the
diagram of the above permutation o, namely reflexion according to its two diagonals. In
other words, the four increasing quasi-oscillations are o, its so-called reverse-complement
o™, and their inverses 0=1 and (¢7¢)~!. The definition of the auxiliary and main sub-
stitution points follows along the application of these symmetries.
It should be noticed that each quasi-oscillation of size 4 or 5 is both increasing and
decreasing. However, once its auxiliary point is chosen among the four possibilities,
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then its nature (increasing or decreasing) is determined without ambiguity, and so is its
main substitution point. Moreover, knowing the (unordered) pair of points which are the
auxiliary and main substitution points, we can deduce which one is the auxiliary point
without ambiguity.

We conclude this paragraph about quasi-oscillations with a remark on the number of
their active knights which involve (one of) their auxiliary point(s). This information will
be useful in the proof of Lemma B.27 (p. 174).

Remark A.3. The auxiliary point of an increasing quasi-oscillation of size n (or any of
its auxiliary points, in case n = 4 or 5) belongs to exactly one active knight if n # 4,
and to exactly two active knights if n = 4.

Proof. Consider first increasing quasi-oscillations of size greater than 5. From Lemma 4.6
of [6] (see also the last diagram of Fig. 9), the main substitution point belongs to exactly
two active knights — one formed with the auxiliary point and one formed with the point
separating it from the auxiliary point — and there are no other active knights.

Consider now an increasing quasi-oscillation of size 4 or 5 (see Fig. 11) where an auxil-
iary point z is chosen. We may also apply to Lemma 4.6 of [6] to count its active knights
that involve z. Namely, an increasing quasi-oscillation of size 5 has exactly 4 active
knights, all of them contain the main substitution point (which is uniquely determined,
regardless of the choice of x), and exactly one of them contains the auxiliary point .
Finally, an increasing quasi-oscillation of size 4 has exactly 4 active knights and each of
its points (including the auxiliary point x) belongs to exactly two active knights. O

We refer the reader to [6] for further properties of oscillations and quasi-oscillations.
Appendix B. Pin words of pin-permutations

Our goal here is to describe the set P(7) of pin words that encode a pin-permutation m,
following the recursive characterization of the decomposition trees of pin-permutations
that is given by Eq. (x) (p. 143).

As outlined in Subsection 4.3, the characterization of P(w) we provide is naturally
divided into several cases, depending on which term of Eq. (x) 7 belongs to. First, we
study the non-recursive cases, then the recursive cases with a linear root and finally the
recursive cases with a prime root. We start with a preliminary study of the ways children
of decomposition trees with linear root can be read in a pin representation. These first
results will be useful both in the non-recursive and the recursive cases.

Remark B.1. In the study that follows, we never examine the case of decomposition
trees with a linear root labeled by &. Indeed, permutations with decomposition trees of
this form are the reverse of permutations whose decomposition trees have a linear root
labeled by @, and every argument and result on the @ case can therefore be transposed
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to the & case. A similar symmetry holds for decomposition trees with prime roots la-
beled by increasing (resp. decreasing) quasi-oscillations and two children that are not
leaves.

B.1. Reading of children of a linear node

Definition B.2. Let 7 be a pin-permutation and p = (p1,...,pn) be a pin representation
of m. We say that p reads the points of 7 in the order p1, ..., p,. For any set D of points
of m, if k is the number of maximal factors p;, pi41, ..., pi4; of p that contain only points
of D, we say that D is read in k pieces by p. If C is a set of points of 7 disjoint from D,
we say that D is read entirely before C' if every pin belonging to D appears in p before
the first pin belonging to C.

Let m be a pin-permutation whose decomposition tree T' has a linear root. W.l.o.g.,
S
assume that T = 7 {2 - 7. and let p = (p1, ..., pn) be one of its pin representations.
In the sequel, we denote by iy the index of the child which contains p;.

Lemma B.3. Let 1 < 4,5 < r be such that either i < j < ig orig < j < 4. Then Tj is
read by p entirely before Tj;.

Proof. Let ¢ = min{¢',py € T;}. Let By, ... p, be the bounding box of {p1,...,pe}. As
p1 € T;, and pe € T, T; C By, ... p, (see Fig. 12), hence it is entirely read before py in p.
Indeed, for all k& > 2, p lies outside the bounding box of {p1,...,pr—1}. O

P
Jr
T;
Pe
Jr
T‘z Bﬁﬂl s Pl

Fig. 12. Proof of Lemma B.3.

The previous lemma gives the possible orders in which children are read. Now we
characterize the children 7; which may be read in several pieces. When this is the case,
we will prove that the decomposition tree is of a specific shape. This can indeed be
deduced from the two following lemmas.

Lemma B.4. For every k € {1,...,n} there is at most one child whose reading has started
and is not finished after (p1,p2,--.,Pk)-
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Proof. Suppose that pins p1,...,pr have already been read and that there are two chil-
dren T; and T, with ¢ < m whose readings have started and are not finished. By
Lemma B.3 there exists at most one child T; with j < ¢y and at most one child T} with
j > ip whose readings have started and are not finished. Therefore i < ig and m > .
Note that ¢ = min{¢ | 3h € {1,...,k},pr € T¢}. The same goes for m changing the min-
imum into a maximum. If the reading of 7T; is not finished, since T} is é&-indecomposable,
there must exist a pin p, in zone (see Fig. 13). Such a pin is on the side of the
bounding box By, .. . of {p1,...,px}, and the same remark goes for T,,. But from
Lemma 2.6 (p. 130) there is at most one pin lying on the sides of a bounding box, and
this contradiction concludes the proof. O

T; By,

Fig. 13. Proof of Lemmas B.4 and B.5.

Lemma B.5. Every child T; is read in one piece by p, except perhaps T;, .

Proof. Consider a child T; with ¢ # iy which is read in more than one piece by p. Consider
the pin pr11 which is the first pin outside T; after p has started reading T;. As p; is
in T;,, p1 is outside 7; and the bounding box of {p1,p2,...,Pk—1, Pk} allows to define a
zone in T; as shown in the bottom left part of Fig. 13. Since T; is @-indecomposable,
there is at least one pin in this zone. This pin is on the side of the bounding box of
{p1,p2,...,pr} 80 it is pg+1 by Lemma 2.6 (p. 130). Thus pr41 € T; which provides the
desired contradiction. O

When a child may be read in several pieces, the decomposition tree of the whole
permutation 7 has a special shape given in the following lemma.

Lemma B.6. The only permutations m whose decomposition trees have a root ® in which
a child may be read in several pieces are those whose decomposition trees have one of the
shapes given in Fig. 15 where £ is an increasing oscillation of size at least 4.

A given permutation m may match several shapes of Fig. 15. However if a child is read
in more than one piece, then it is necessarily the first child to be read (denoted T;,) and
it is read in two pieces; in addition, there is exactly one shape of Fig. 15 such that the
first part of T;, to be read is S and the second part is the remaining leaves of T;, with
only the point x read in between.



160 F. Bassino et al. / Advances in Applied Mathematics 64 (2015) 124—200

In Fig. 15 and in the sequel, we draw the attention of the reader to the difference

R
between trees of the shape A N and A\.: in the first case the root R has exactly 2
children, in the second one it has at least two children, T" being a forest.

—
® 0
A
Pl Py
p7ﬂ —]
1 )
@
Ty,

Fig. 14. T} is read in two pieces (Lemma B.G).

F1 F2 F3 F4 F3+ F4+ @

N I Y /ﬁ\\ /fg\
. e .

/g T E\f Tm/ Ty / \.r g

G1 G2 G3 G4 G3+ G4+

o Sl NN . 7
LN RS\ g o AT A

T, T,

Fig. 15. Decomposition tree of m when T;, may be read in several pieces.

o

Proof. Let m be a pin-permutation whose decomposition tree has a root @. Let p =
(p1,p2,--.,Pn) be a pin representation of 7 that reads one child in several pieces.
Lemma B.5 ensures that there is only one such child, which is necessarily Tj,. De-
note pi,...,pe the first part of the reading of T;,. Then py1,...,pm—1 belong to other
children until p,, € Tj,.

As T;, is a child of the root @, each pin p; with ¢ € {£{+ 1,0+ 2,...,m — 1} lies in
one of the zones as shown in Fig. 14. But if both zones contain at least one pin p;
with i€ {{+ 1,0+ 2,...,m — 1}, the bounding box of {p1,...,pm—1} contains T;, and
thus p,, cannot be outside the bounding box of {p1,...,pm_1}. Hence all pins p; with
1e{l+1,0+42,...,m— 1} are in the same zone.

Assume w.l.o.g. that {psy1,...,Pm—1} are in the upper right zone of Fig. 14 (oth-
erwise, in the proof that follows, cases F'1,..., F4+ of Fig. 16 are replaced by cases
G1,...,G4+). If p,, respects the independence condition, it must lie in the lower left
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F1 F2 F3 F4 F3+ F4+
x x X x x xT
0| o] 0| |_| 0| o] |_| 0|
S S S S S
; I & B & [
T 4
G1 G2 G3 G4 G3+ G4+
1 s I = ! e 1.
S = [5] 51, T|;|_' ElT
jo o jo o —
T T T T o L
x x

Fig. 16. Diagram of T; and z if T;, is read in two pieces, the first part being S.

corner of the bounding box of {p1,...,ps} and every future pin of Tj, lies in the same
corner leading to a ®@-decomposable child T}, which contradicts our hypothesis. Thus py,
must be a separating pin and m = ¢ + 2.

As at most one point can lie on the sides of a bounding box, there are only four
possible positions for p,, as depicted in Fig. 14. If there is no pin separating p,, from
{p1,--.,Pm—1} then p,, is either in position @ (case F1 on Fig. 16) or @ (case F2);
moreover pins {p1,pa2,...,pe, Pm} form a block and thus represent T;, (because T;, is
@-indecomposable). Otherwise there is exactly one pin p,,11 separating p,, from the
bounding box of {p1,...,p¢}, thus p,, is either in position ® (cases F'3 and F3+) or @
(cases F'4 and F'4+). Suppose that it is in position @ then p,, 1 is a left pin separating
pm from the preceding ones. There are again two different cases: if p,,+2 respects the
independence condition (case F4), then p,, 41 ends T, (since T;, is @-indecomposable). If
Pm+2 respects the separation condition then it can only separate p,,4+1 and {p1,...,pm}
from below (case F'4+). This process can be repeated alternating between left and down
pins until the following pin p,,yx+1 is an independent pin, ending the child Tj,.

Thus we have proved that T;, is read in exactly two pieces, p1, ..., p, for the first part
and P, ..., Pm+k With m = £ + 2 for the second part. And from Lemma B.5 the pin
pe+1 s by itself a child T; of the root. It is then straightforward to check from Fig. 16
that 7 has a decomposition tree of one shape given in Fig. 15 with S = {p1,...,pe} and
T =pey1. O

Note that in the proof of Lemma B.6, the order in which the points corresponding to
the leaves of T;, \ S are read is uniquely determined, leading to the following remark:

Remark B.7. If a child T;, is read in two pieces with the first part fixed, then the second
part consists of all remaining points of 7;, and the order in which they are read is
uniquely determined.

We now start the description of the set of pin words encoding any pin-permutation,
by case study on Eq. (x) (p. 143).

B.2. Non-recursive cases

Permutation of size 1. The permutation 7 = 1 (whose decomposition tree is a leaf o)
has exactly four pin words — namely, P(7) = {1,2,3,4}.
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Simple permutations. The only pin-permutations whose decomposition trees have a
prime root and are non-recursive are those whose decomposition trees are of the form

71'
,/./ \., i.e., the simple pin-permutations. The following theorem describes properties
of their pin words.

Theorem B.8. A simple permutation has at most 48 pin words, which are all strict or
quasi-strict.

Proof. Let 7 be a simple permutation. Then any pin representation p of 7 is proper (see
Remark 2.7, p. 130) and |7| > 3, so ps is a separating pin and p is associated to 6 pin
words by Remark 3.2 (p. 133).

Moreover by Lemmas 4.3 and 4.6 of [6] there are at most 8 possible beginnings (p1, p2)
of a pin representation of 7. Furthermore, each of these beginnings gives at most one
pin representation p of 7. Indeed pjy1 has to be the only point separating py from the
previous points, since p;11 separates p; from previous points for all . So 7 has at most 8
pin representations and at most 48 pin words. Finally the first statement of Remark 3.5
(p. 134) ensures that they are all strict or quasi-strict. O

Permutations whose decomposition trees have a linear root. W.l.o.g., since we focus on
A /@\

the non-recursive case, = = ¢,7¢& ¢, where &; are increasing oscillations. Lemma B.9 is

a direct consequence of Lemma B.6.

Lemma B.9. Let p = (p1,p2,- .-, pn) be a pin representation of w. The only child & which
may be read in several pieces is the child &, to which p1 belongs. Moreover if p reads &;,
in several pieces, it is read in two pieces, the second child &; read by p is either &,-1 or
&io+1 and is a leaf, denoted x. Finally, the set E = &;, U{xz} is read in one piece by p.

Lemma B.9 together with Lemma B.3 leads to the following.

Consequence B.10. Fvery pin representation p of m begins by entirely reading two con-
secutive children of the root, say & and &11, then p reads in one piece each of the others
&j. Moreover the children &; for j < i are read in decreasing order (&;_1,&i—2,...,&1)
and the children &; for j > i+ 1 are read in increasing order (§i4+2,&i13,...,&).

Consequence B.10 implies that the restriction of p to each child &; where j < i (resp.
j > i+ 1) is a pin representation of {; whose origin lies in quadrant 1 (resp. 3) with
respect to the bounding box of the set of points of £;. Indeed p; and p, are in & or &1
thus they lie in quadrant 1 (resp. 3) with respect to ;. Since only p, may separate pg
from p1, po is also in quadrant 1 (resp. 3). This is the reason for introducing the functions
P in Subsection 4.3. Recall that for any increasing oscillation &, we denote by P(")(¢)
the set of pin words that encode £ and whose origin lies in quadrant A = 1 or 3 with
respect to the points of &.
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To characterize the pin words that encode a permutation © = ®[¢1,&s,. .., &) where
every &; is an increasing oscillation, Consequence B.10 leads us naturally to introduce the
shuffle product® of sequences. From the above discussion, Theorem B.12 then follows,
providing the desired characterization.

Definition B.11. Let A = (A1, Aq,...,A;) and B = (B1,Bg,...,B;) be two sequences of
sets of words. The shuffie product A w B of A and B is defined as

AuB={c=c1-...-Cors | FT={i1,...,iq},J ={j1,...,js} with INJ =0,

i1<...<iq, g1 < ... <7Js andcikEAkV1§k§q,cjk€BkV1§k§$}.

For example, letting A = ({z}, {aay}, {aa}) and B = ({b}, {b, xy}), the shuffle of A
and B is

ALLIBZ{a:-aay-aa-b-b7 x-aay-aa-b-zy, for {1,2,3} W {4,5}.
x-aay-b-aa-b, x-aay-b-aa-xy, for {1,2,4} W {3,5}
r-aay-b-b-aa, x-aay-b-zy-aa, for {1,2,5} W {3,4}
z-b-aay-aa-b, x-b-aay-aa-xy, for {1,3,4} w{2,5}
x-b-aay-b-aa, x-b-aay-zxy-aa, for {1,3,5} W{2,4}
z-b-b-aay-aa, x-b-zYy-aay-aa, for {1,4,5} w{2,3}
b-x-aay-aa-b, b-x-aay-aa-zy, for {2,3,4} W{1,5}
b-x-aay-b-aa, b-x-aay-xy-aa, for {2,3,5} W {1,4}
b-x-b-aay-aa, b-xz-zY-aay-aa, for {2,4,5} w {1, 3}
b-b-z-aay-aa, b-zy-x-aay-aa} for {3,4,5} w{1,2}

where every line in the above corresponds to the words of A w B associated with the
bipartition of {1,2,3,4,5} into I ¥ J which is indicated on the right.

Theorem B.12. The set P(m) of pin words of a permutation m = @[y, ..., & | where every
& 1s an increasing oscillation is:

P(my= | P& &Gl) - (PY(&-1),.... PP (&) w (PP (&ia),..., PPE)).

1<i<r—1

Lemmas B.13 and B.18 below give explicit expressions for P (¢), PG)(¢) and
P(®[&;,¢;]) for every increasing oscillations £, & and &;, hence with Theorem B.12 an

5 The shuffle product is sometimes called merge in the permutation patterns literature.
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explicit expression for P(7). Note that similar results can be obtained for permutations
with root © and decreasing oscillations using Remark B.1 (p. 157).

In the following lemmas, we distinguish several cases according to the type (z,y), with
x,y € {H,V}, of increasing oscillations — see Subsection A.2 for the definition of these
types. It starts with Lemma B.13, whose proof immediately follows from a comprehensive
study of the different cases illustrated in Fig. 10 (p. 155).

Lemma B.13. Let & be an increasing oscillation of size n > 5.
If n is even, let n = 2p + 2, then

p) gy — { SLIDL)?if € has type (H, H)

O =\3D(EDy ife has type (V,V)
LR(UR)? if § has type (H,H)
1U(RU )P

B3¢y =
PO(¢) = { RUY  if & has type (V,V).

If n is odd, let n =2p+ 1, then

PO(g) = {B(DL)p if & has type (H,V)
| 3(LD)? if € has type (V, H)

PO (g) — 1(RU)P if € has type (H,V)
(€)= { L(UR)P if € has type (V, H).

For the increasing oscillations of size less than 4, the values of P and P®) are:

PM(1)=3 P®(1)=1 PM(21) = {3D,3L} P®)(21) = {1R, 1U}
PW(231) =3DL P®)(231) = 1RU PW)(312) = 3LD P®)(312) = 1UR
P(1)(2413) = 3LDL P()(2413) = 1RUR P (3142) = 3DLD P(®)(3142) = 1IURU

Remark B.14. If the increasing oscillation ¢ is of size 2 then P (€) contains two words,
otherwise it is a singleton. Moreover, for the map ¢ studied in Section 3 (see Defini-
tion 3.9, p. 135), and for any increasing oscillation &, we have ¢(P®)(¢)) C {U, R}* and
¢(PM(€)) C {L, D}*.

We are further interested in describing the set of pin words of ®[¢;, €] for any increas-
ing oscillations §; and &;. This is achieved in Lemma B.18. For this purpose, we first
describe the set P(€) of pin words of any increasing oscillation &, and the set P™%(¢;, ;)
of pin words of @[¢;, §;] such that one of the two oscillations is read in two pieces.

Lemma B.15. Let Q~ (resp. Sy, resp. Sy, ) be the set of pin words of the permutation
21 that are quasi-strict (resp. that are strict and end with R or L, resp. with U or D):
Q™ =1{12,14,22,24,32,34,42,44}, S;; = {1R,2R,3L,4L} and S, = {1U,2D,3D,4U}.
Define similarly QF (resp. 51—57 resp. S;) for the permutation 12.

Let € be an increasing oscillation of size n > 5.
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If n is even, let n = 2p + 2, then

(@™ +Sg) - (DL +(Q~ + Sy) - (UR)? if ¢ has type (H, H)

P(§) = { Q™ +Sy) - (LD)P +(Q~ + Sy) - (RU)P if £ has type (V,V).

If n is odd, let n =2p+1, then

Q™ +Sy)- L(DL)P~Y 4+ (Q~ + Sy) - U(RU)P~Y  if € has type (H,V)

P(¢) = { (Q= +Sg) - D(LD)P~' +(Q~ + Sy;) - RWWR)P~'  if & has type (V, H).

For the increasing oscillations of size less than 5, we have:

P(1)={1,2,3,4} P21)=Q + Sz + Sy,

P(231) = (Q +55) U+ (Q™+5y) - L+ (QT+54+57) -4
P(312) = (@ +5) D+ (@ +Sy) R+ (QF+ 55+ 5F) -2
P(2413) = (Q~ + Sy) - (UR+ DL) + (QT + S5) - (RD + LU)
P(3142) = (Q* + S}) - (UL+ DR) + (Q~ + Sy/) - (RU + LD)

In particular, |P(€)| < 48 for any increasing oscillation & and if |€| # 3, P(§) contains
only strict and quasi-strict pin words.

Proof. By comprehensive examination of the cases illustrated in Fig. 10. 0O

Definition B.16. For any pair of increasing oscillations (£;,&;), we denote by P™%(¢;, &;)
the set of pin words encoding a pin representation of ®[&;, §;] that reads one of the two
oscillations in two pieces.

Lemma B.17. Let & and &; be two increasing oscillations.

If none of these two oscillations is of size 1, or if both of them are of size 1, then
P™iT(g, &) is empty.

Otherwise, assume w.l.o.g. that & = 1, and set |§;| = 2p+ ¢+ 1 with ¢ € {0,1}. If
€| > 4, then

P, €)
(134234334434 1D +4D)- (RU)PR? if & has type (H, H) or (H,V)
T\ (13423433 +43+ 1L+ 2L) - (URPUY  if & has type (V,V) or (V, H).
If €| = 3, i.e., & = 231 or 312, we have

P™®(1,231) = P(12) - 3R+ (13 + 23 + 33 + 43 + 1D 4+ 4D) - RU,
P™%(1,312) = P(12)-3U 4+ (13+23 + 33+ 43+ 1L + 2L) - UR.

If |&] = 2, d.e., & = 21, we have
P™®(1,21) = (13423 +33+43+ 1D +4D)- R+ (13423 +33 +43 + 1L 4+ 2L) - U.

In particular, |P™%(&;,&;)| < 22 for any increasing oscillations & and &;.
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Proof. From Lemma B.9 (p. 162) when one of the oscillations &; or &; is read in two
pieces, then the other one has size 1. W.l.o.g. assume that |¢;| = 1. Then from Lemma B.6
(p. 159) the decomposition tree of ®[&;, &;] has one of the shapes of Fig. 15 (p. 160), with
T;, corresponding to &; and x corresponding to &;.

If &; has size 2, then §; = 21 and &[¢;, ;] maps only to configurations G1 and G2
(see Figs. 15 and 16). Therefore there are two pin representations of @[¢;, ;] where &,
is read in two pieces. The twelve corresponding pin words (see Remark 3.2, p. 133) are
those given in Lemma B.17.

If ¢; has size 3, then &; = 231 (resp. 312) and $[¢;, ;] maps only to configurations
G2 and G4 (resp. G1 and G3), and we conclude similarly.

Otherwise, |£;| > 4. Since ¢; is an increasing oscillation, ®[¢;, ;] maps only to config-
uration G3+ or to configuration G4+, with |S| = 1. These two cases are exclusive, and
the configuration (G3+ or G4+) to which ®[¢;, {;] maps is determined by the type (V
or H) of the lower left active knight of &;. Lemma B.6 and Remark B.7 (p. 161) ensure
that there is exactly one pin representation for ®[&;, §;] that reads &; in two pieces. The
six corresponding pin words are those given in Lemma B.17. O

From the expressions of P, P"™** P(M) and P®) we can deduce the explicit expression
of P(®[¢;,&;]) making use of the following result:

Lemma B.18. For any pair of increasing oscillations (&;,&;):

o Ifl&] > 1 and |g] > 1, P(®[&;,&]) = (P(&) - PD(&) U (P(&) - PA(E))
o &Gl =1and [§| =1, P(8&:, &) = P(12)
o Otherwise assume w.l.o.g. that |§;| =1 and |§;| = 2p+ ¢ with ¢ € {0,1}:

P(&[6i,&5]) = P (&, 65) U (P(&) - 3) U ({1,2,3,4} - PP)(&)) U P*P(&))
with

psep _ (2+3)- (UR)PU? if & has type (H,H) or (H,V)
(&) = { (344)- (RUVRT if & has type (V,V) or (V, H).

In particular, |P(®[&;,&;])| < 192 for any oscillations & and ;.

Proof. For the first item, Lemma B.17 ensures that the pin words of &[¢;,§;] encode
pin representations reading both &; and &; in one piece. The two terms of the union are
obtained according to which oscillation (among ¢&; and &;) is read first. The second state-
ment follows directly from the fact that &®[¢;,&;] = 12 in this case. From Lemma B.17,
the situation of the third statement is the one where there are pin words encoding pin
representations reading {; in two pieces. The four terms of the union account for four
different kinds of pin words. Namely, P™%(¢;, £;) is the set of pin words reading &; in two
pieces, P(§;) - 3 is the set of pin words reading first §; and then §;, {1,2,3,4} - P (&)
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is the set of pin words reading first ; and then {; starting with an independent pin, and
P#P(¢;) is the set of pin words reading first §; and then &; starting with a separating
pin. Notice that in this last situation, the first pin of {; may be separating only because
|€;] = 1, so that this case does not need to appear in the first item. O

This completes the explicit description of all the sets of pin words appearing in The-
orem B.12.

B.3. Recursive case: decomposition trees with a linear root

We now focus on pin-permutations whose decomposition trees have a linear root &
and a child T;, which is not an increasing oscillation. From [6, Lemma 3.7] T}, is then the
first child read by any pin representation. Lemma B.6 (p. 159) gives a characterization
of permutations in which T;, may be read in several pieces. Moreover from Remark B.7
if T;, is read in two pieces the first part S being fixed, then the order of the points of
the remaining part is uniquely determined. Nevertheless, since some permutations may
satisfy several conditions F'1 to G4+ of Lemma B.6, the first part S to be read is not
uniquely determined. For example every permutation satisfying F'3 also satisfies F'1, and
some permutations satisfy both F'1 and G2 (see Fig. 16, p. 161). In Fig. 17 we classify
the permutations according to the conditions they satisfy.

Let H be the set of permutations in which T;, may be read in several pieces. Then
any permutation of H satisfies exactly one of the conditions (iHj) of Fig. 17. We say
that a permutation satisfies condition (¢Hj) when its diagram has the corresponding
shape in Fig. 17 (up to symmetry) and does not satisfy any condition that appears
above (¢Hj) in Fig. 17. For example a permutation in (1H2) cannot be in (2H2). One
can check by a comprehensive verification that there is no other combination (up to
symmetry) of the conditions F1 to G4+ of Lemma B.6. Moreover as T;, is not an
increasing oscillation, the sets S and T that appear on Fig. 17 are such that |S| > 2 and
|T| > 1.

Similarly to P(m) denoting the set of pin words encoding 7, we denote by P(T) the
set of pin words that encode the permutation whose decomposition tree is 7T'.

52
Theorem B.19. Let = = 51/@/1\5“2\@ be a ®-decomposable permutation where T;,

is the only child that is not an increasing oscillation.
For every i such that 1 < i < /¥ and j such that £+ 2 < j <r, set

B = (POE),....PD(E)) and P = (PIE),.... PYE).

We describe below the set P(m) of pin words encoding w. When m € H, these sets are
given only when the diagram of m is one of those shown in Fig. 17. When the diagram
of m is one of their symmetries, P(r) is modified accordingly.
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Diagram Decomposition tree Automaton (see Appendix C)
b [
oy 5
(F4+G4) L .
Ll
Y
[[] =
2H2 T
(F1+G2) Jde
L
Y
o
, S
o 9| NN
(F4+G2) iR ‘
5 SN
Y
] - D
201 S /z ..... SS
(F14+G1) Yy T e
5 % SN
v a
1H?2 I / \. ~
S N S
b
a b
A\
[[] = L
SO =
1H2« s<| L2 AN z S
(Fa) S
A B
a
o B.
VA ~
1H1 g z b
o B SN
a
D
] = . .
Ls] ..’.".£+/ \ . B
1H1+ _ S ® o
(Fa+) - .// \. E&

Fig. 17. The set H and conditions (¢Hj): m € H if and only if 7 satisfies one of the conditions (¢Hj) shown
above up to symmetry, that form a partition of H.
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o Ifm ¢ H (ie., if T does not satzsfy any condition shown up to symmetry on Fig. 17)

then P(m) = Py = P(T;,) - Bly WPl
o [f m satisfies condition (1H1) then P(m) = Py U Py, with

Pi=P(S)- 1 LB W)

~
T a
| ——
zUT;

i0

o If m satisfies condition (1H1+) then P(w) = Py U Py, with

1
W .€I3( ) UJ€¥3 (e43)

—_——

IUTiO

-1
~—

where w is the unique word encoding the unique reading of the remaining leaves of T;,.
Notice that w is obtained from the unique word of PM(€) (see Remark B.14 p. 164) by
deleting its first letter.

o If 7 satisfies condition (1H2x) then P(mw) = Py U Py U Py, with

- B D) m®
Py =P(S5) 1 ,'v m(@)mm(us) and PZ_P(SI)'\L/'\D,./'m(f)mm(ﬂa'
T b a T b
LEUTiO IUTiO

o If 7 satisfies condition (1H2) then P(w) = Py U Py U Py, with

Pi=P(TUa)- 1 - D, Pl WPy and Py=P(TUb) - 1 - L Pl wpi,.

T b T a

zUT;

io zUT;,

o If w satisfies condition (2H1) then P(r) = Py U Py U P, with

3
Pi=P(S)- 1 L By whihy and Pr=P(S)- 3 - U PG, wB,)
x a y a
—_— —_— —
wUTiU fﬂUTq‘,o

o If m satisfies condition (2H2x) then P(w) = Py U Py U Py U P3, with

1) (3)
P=PS)- 1 D .\L_/‘B( WB (3 Py=P(5)- 1

(1) (3)
) DBy WP
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and

_ ()
Pa=P(8) 3 B WLy By

yUT;,

o If m satisfies condition (2H2) then P(n) = Py U Py U Py, U P3 U Py, with

Pi=P(TUa)- 1 - D, Pl WPy, Pa=PTUL)- 1 - L -l wP)

(£+3)° (£+3)°
x b x a
QfUTiO :EUT;,O
Py=P(TUa)- 3 - R Py WP, Pi=PTUb)- 3 - U P, wp,
3 ~— —~~ £—1) (e+2)° 4 ~ (£—-1) (+2)"
Yy b Y a
yUT;, yUTy,
o If 7 satisfies condition (2H3) then P(w) = Py U Py U P, U P3 U Py, with
Py =P(S)- P Ry, Pa=PTUb)- 1 - D - LBy WPy
v \/ 0 (£+3)” ~— \/ (6+3)’
xT C xT C a
IUTiO IUTiO
Ps=P(TUa)-_ 3 - ‘13(4 1 ‘33(”2),
Y c b
yUTy,
_ (3)
Py=P(S)- 3 -8 fB(e 1) Wh ()
Y c
—_————
yUT;,

Proof. For each item, it is easy to check that the given pin words are pin words encod-
ing w. Conversely, we prove that a pin word encoding 7 is necessarily in the set claimed
to be P(w). First of all, by [6, Lemma 3.7], every pin representation of 7 starts in the
only child that is not an increasing oscillation, i.e., with T;,.

Let us start with the first point of Theorem B.19. In this case, by definition of H,
we know that T, is read in one piece. By Lemma B.5 (p. 159), the other children are
also read in one piece, and Lemma B.3 ensures that the children closest to T;, are read
first. As there is no relative order between children £,1o to &, and children & to &1,
this leads to the shuffling operation between pin words corresponding to these children,
with an external origin placed in quadrant 3 (resp. 1) with respect to their bounding
box.

In the other cases of Theorem B.19, by Lemma B.6, every pin representation of 7
either reads T;, in one piece or in two pieces. In case T;, is read in one piece, the
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pin representation is as before encoded by pin words of Py. If it is read in two pieces,
Lemma B.6 and its proof and Remark B.7 ensure that the corresponding pin words are
those described.

Consider for example 7 satisfying condition (1H1). Then 7 satisfies condition F'1 of
Lemma B.6, and only this one by definition of (1H1). If T}, is read in two pieces, then
Lemma B.6 ensures that S is the first part of T;, U {z} to be read, followed by z and
finally a. The corresponding pin words are indeed those described in P;.

Taking the other example of condition (2H3), P; corresponds to condition F2 with
S =T UaUb, Py corresponds to condition F4 with S = T U b, Ps corresponds to
condition G4 with S = T'Ua and P, corresponds to condition G2 with S =T UaUb. O

Remark B.20. If 7 is a ©-decomposable permutation, a similar description of P(7) can
be obtained from Remark B.1 (p. 157).

B.J. Recursive case: decomposition trees with a prime root

We now turn to the study of the recursive case where the decomposition tree has a

«
root which is a simple permutation «. We start with the case where = _e & e for
a tree T' that is not a leaf.
We begin with the characterization of the possible ways a pin representation of m may
read 7', introducing first a condition that will be useful in the sequel.

Definition B.21. For a permutation 7 = «a[l,...,1,7,1,...,1] with a = ay ..., we
define condition (C) as follows:

e v is an increasing — resp. decreasing — quasi-oscillation (see p. 155);
e T expands an auxiliary point of «;

S¥ S}
(€)1 ethe shape of T is A\ — Tesp. A\‘ — if the auxiliary point is ay
S¥) ()
or a_1 and '/A — resp. '/A — if the auxiliary point is oy or aw.

Lemma B.22. Let p = (p1,...,pn) be a pin representation associated to m =
all,...,1,T,1,...,1]. Then one of the following statements holds:

(1) pr € T and T is read in one piece by p;
(2) T ={p1,...,pi} U{pn} withi #n — 1, and 7 satisfies condition (C);
(3) pr ¢ T, T = {pa,pn}, and 7 satisfies condition (C).

Moreover if (3) is satisfied then p is a proper pin representation uniquely determined by
a and its auxiliary point; it is up to symmetry the one depicted in the first diagram of
Fig. 18. If (2) is satisfied, defining T' as in condition (C), then T' = {p1,...,p;} and
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(Dit1,- -, DPn) 08 uniquely determined by o and its auxiliary point, as shown in the second
diagram of Fig. 18 up to symmetry.

Pn—1

Pn

Pn—1
p

Pit+1 T T @ @

° B ® |D2

'4 ® |®
'f*

ol YAIK J

Pn
Ripe—T

[ &
'iﬁ;p:s

Pn—20+— Pn—2e@-
B
Fig. 18. Diagram of m when one child T is not a leaf, is read
in two pieces and p1 ¢ T or p1 € T. Fig. 19. Possible positions for p,,.

Proof. If p; ¢ T, then by Lemma 3.12(ii) of [6], T' = {p2,pn}. Up to symmetry assume
that {p1,p2} is an increasing subsequence of 7. As {pa, p,,} forms a block, p,, is in one
of the 4 positions shown in Fig. 19. But position ® is forbidden because it is inside
of the bounding box B of {p1, p2}. Positions @ and @ lie on the side of the bounding
box B. Thus, if p, lies in one of these positions, it must be read immediately after
p1 and ps and thus must be p3 from Lemma 2.6 (p. 130). But n > 3 (« is simple so
|a] > 4) so that these positions are also forbidden. Hence p,, lies in position @ and
T=12.

As « is a simple pin-permutation, ps respects the separation condition. But if ps lies
above or on the right of the bounding box B then p,, will be on the side of the bounding
box of {p1, p2,ps}, hence p, = p4. But in that case, a has only 3 children, hence |a| = 3,
contradicting the fact that « is simple.

By symmetry we can assume that p3 lies below B (see the first diagram of Fig. 18).
The same argument goes for every pin p; with ¢ = 3,...,n — 2 and these pins form an
alternating sequence of left and down pins. As p,, separates p,,_1 from all other pins, p,_1
must be an up or right pin (depending on the parity of n). Then « is a quasi-oscillation
in which the point expanded by T is an auxiliary point and 7' = 12 or T' = 21 depending
on the nature of a — increasing or decreasing. Consequently, 7 satisfies condition (C).
Notice that given « and its auxiliary point, once we know that p; ¢ T then p is uniquely
determined.

Suppose now that p; € T but T' is not read in one piece. By Lemma 3.11(i) of [6],
it is read in two pieces, the second part being p,. Then T' = {p1,...,p;} U {pn} with
n # i+ 1. Thus p, does not lie on the sides of the bounding box B’ of {p1,...,p;}. Up
to symmetry, we can assume that p,, lies in quadrant 1 with respect to B’ (see Fig. 18).

Therefore, T' = i\, T’ being the sub-forest of T whose leaves are the points in 5,
i.e., are py,...,p;- As T is a block, no pin must lie on the sides of the bounding box of
{p1,...,pi,pn}. Moreover p;;1 does not lie in quadrant 1 with respect to T, otherwise
pr, would lie inside the bounding box of {p1,...,pi+1}. If p;11 lies in quadrant 2 or 4, p,



F. Bassino et al. / Advances in Applied Mathematics 64 (2015) 124—200 173

would lie on the side of the bounding box of {p1,...,p;+1} and thus must be p;42. This
is in contradiction with « being simple. Thus p;41 lies in quadrant 3 with respect to T'.
The same goes for p; with j € {i+1,...,n—2}. Because « is simple, we therefore deduce
that all these pins form an alternating sequence of left and down pins until p,_; which
must be an up or right pin depending on the parity of n. Thus « is a quasi-oscillation
in which the point expanded by T is an auxiliary point. Moreover, 7 satisfies condition
(C) with T = {p1, ..., p:}, as can be seen (up to symmetry) on the right part of Fig. 18.
Notice that given « and its auxiliary point, once we know that T' = {p1,...,p;} U{pn}
with ¢ £ n — 1 then (p;11,...,ps) is uniquely determined.

Finally if we are not in one of the two cases discussed above, then p; € T and T is
read in one piece by p, concluding the proof. O

With the description of the pin representations of 7 in Lemma B.22, we are able to
give in Theorem B.25 below an explicit description of the set P(7w) of pin words that
encode 7. The statement of Theorem B.25 makes use of the notation @, («a), which has
appeared in Subsection 4.3, and that we define below.

Definition B.23. For every simple pin-permutation «, with an active point = (see p. 153)
marked, we define Q,(«) as the set of strict pin words obtained by deleting the first
letter of a quasi-strict pin word of o whose first point read in « is .

Notice that |u| = |a| — 1 for all u € Qu(«).

Remark B.24. To each pin representation of o whose first point read is x corresponds
exactly one word of Q. («). Indeed the quasi-strict pin words associated to a pin repre-
sentation differ only in their first letter (see Fig. 6 and Remark 3.2 p. 133).

Theorem B.25. Let w be a pin-permutation, whose decomposition tree has a prime root a,
with exactly one child T that is not a leaf. Then, denoting by x the point of a expanded
by T, the following hold:

o Ifm does not satisfy condition (C), then P(m) = P(T) - Qz(«).
o If 7 satisfies condition (C), we define T' as in (C), and we distinguish two sub-cases

according to the number of leaves |T| of T':

(a) if |T| > 3, let w be the unique word encoding the unique reading of the remaining
leaves in m after T' is read when T is read in two pieces. Then P(w) = P(T) -
Q.(a) U P(T) - w.

(b) if |T| = 2, let Ppyny(m) be the set of pin words encoding the unique pin repre-
sentation p of m such that T = {p1,pn}. Define similarly Py n\(7) for the case
T = {p2,pn}. Then P(r) = P(T) - Qu(a) U Py ny(m) U Pg py (7).

Proof. In each case, it is easy to check that the given pin words are pin words encoding 7.
Conversely, we prove that a pin word encoding 7 is necessarily in the set claimed to be
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P(m). Let u=1wuy...u, € P(n)and p = (p1,...,pn) be the associated pin representation.
Then p satisfies one statement of Lemma B.22.

If p satisfies statement (1) of Lemma B.22 then, setting k = |T|, (pg,-..,pn) is a
pin representation of a beginning with x. Moreover as T is a block of 7, pry1 is an
independent pin, so that uyy; is a numeral. Thus for all h in {1,2,3,4}, hug4q ... up is
a pin word encoding « and starting with two numerals. As « is simple, its pin words are
strict or quasi-strict, hence hugyq ... u, is quasi-strict. Therefore ugy1 ... u, € Qn(«).
Moreover (p1,...,pr) is a pin representation of T. Hence u € P(T) - Q.(«) which is
included in the set claimed to be P(r), regardless of whether 7 satisfies condition (C) or
not.

If p satisfies statement (2) of Lemma B.22 then 7 satisfies condition (C). If |T'| = 2 then
T = {p1,pn} and u € Py1 ny (). Notice that the uniqueness of the pin representation
such that T = {p1,p,} follows from Lemma B.22. Indeed in this case (piy1,...,Pn)

is uniquely determined, ¢ = 1 and p; is the only remaining point. If |T| > 3 then
from Lemma B.22, T/ = {p1,...,px—1} with k& = |T| thus the prefix of length k — 1
of w is in P(T"). From Lemma B.22, (p,...,ps) is uniquely determined. Moreover, as

k > 3, Remark 3.2 (p. 133) ensures that the letters encoding these points are uniquely
determined. This allows to define uniquely the word w encoding (pg,...,pn), yielding
ue P(T) - w.

If p satisfies statement (3) of Lemma B.22 then w satisfies condition (C), |T'| = 2
and u € Pgy 1 (7). Notice that the uniqueness of the pin representation such that 7" =
{p2,pn} follows from Lemma B.22. 0O

To make the set P(m) of pin words in the statement of Theorem B.25 explicit
(up to the recursive parts P(T) and P(T)), we conclude the study of the case
7 =afl,...,1,T,1,...,1] by stating some properties of the (sets of) words Q. («), w,
Pp1ny (1) and Py 3 () that appear in Theorem B.25.

Remark B.26. The set Q. () C P(a) can be determined in linear time w.r.t. |«|. Indeed
as « is simple it is sufficient to examine the proper pin representations of « which
start with an active knight containing x. By Lemma 2.6 (p. 130), these are entirely
determined by their first two points. Since « is simple these two points are in knight
position. Consequently, there are at most 8 proper pin representations of « starting with
x, and associated pin words are obtained in linear time using Remark 3.2 (p. 133).

Lemma B.27. In Theorem B.25, when 7 satisfies condition (C) and |T'| > 3, the word w
is a strict pin word of length at least 4 encoding a.. Denoting by w' the suffiz of length 2
of w, then P(T")-¢~1(w') C P(T). Moreover there exist a word w of Q. () and a letter
Z such that w = w - Z and no word of ¢(Q.(a)) contains Z. Finally when || > 5 then
Qz(a) contains only w. Otherwise |a| =4 and Q. (a) contains two words.

Proof. Assume that 7 satisfies condition (C) and |T| > 3. Define 7" as in condition (C)
and let ¢ = |T”|. Notice that ¢ > 2. By definition of w there exists a pin representation
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p = (p1,...,pn) of m such that 7" = {p1,...,p;}, T is read in two pieces and any
corresponding pin word u = uj ... u, satisfies u;11 ... u, = w. Then p satisfies statement
(2) of Lemma B.22, thus T' = {p1,...,p;} U{ps} as in the second diagram of Fig. 18 and
{pi+2,...,pn} are separating pin. As ¢ > 2 and 7" is a block of 7, p;;1 is an independent
pin encoded with a numeral. So w = w;41 ... u, is a strict pin word.

Moreover as T = {p1,...,pi } U{pn}, (Pit1,.-.,Dn) is a pin representation of « ending
with 2 thus w is a pin word encoding « and |w| = |&| > 4. Likewise (p;,...,pn—1) is a
pin representation of « beginning with z.

Denoting by w’ the suffix of length 2 of w, then from Lemma 3.10 (p. 135) ¢~ (w’)
is a numeral indicating the quadrant in which p,, lies with respect to 7’. And as T =
T' U {pn}, for all v’ in P(T"), v’ - ¢~ (w’) belongs to P(T).

Moreover letting w be the prefix of w of length |w| — 1, for all h in {1,2,3,4}, hw
is a quasi-strict pin word of a. Therefore w € Q,(a). Denoting Z the last letter of w,
Z encodes p,,. Moreover w encodes p;41, ..., pn—1 and the position of p;y1,...,p, is the
same (up to symmetry) as the one shown on Fig. 18. On this figure, it is immediate to
check that ¢(w) does not contain Z. To prove that this holds not only for w but also for
all words of @, (a), we first study the cardinality of Q,(«).

From Remark B.24, to each pin representation of a whose first point read is x corre-
sponds exactly one word of @, (). Recall from Remark B.26 that a pin representation
of a is determined by its first two points, which form an active knight. So we just have
to compute the number of active knights of o to which = belongs, remembering that «
is an increasing quasi-oscillation and x is an auxiliary point of .. This question has been
addressed in Remark A.3 (p. 157). It follows that if « is an increasing quasi-oscillation

of size greater than 4 and x is an auxiliary point of «, then |Q,(«)] = 1 as = belongs
to only one active knight; and when |a| = 4, |Q.(a)| = 2 as z belongs to two active
knights.

To conclude the proof, recall that the word w defined earlier belongs to Q. («) and
is such that ¢(w) does not contain Z. When |a| # 4, we have |Q.(a)] = 1 so that
Q. (a) = {w} and we conclude that no word of ¢(Q.(«)) contains Z. When |a| = 4,
|Q. ()] = 2 and there is only one word w’ different from w in @,(«), which may be
computed from Fig. 11 (p. 156). We then check by comprehensive verification (of the
four cases of size 4 on Fig. 11) that ¢(w’) does not contain Z. Details are left to the
reader. O

We are furthermore able to describe w explicitly in Remark B.29 below, and we record
its expression here for future use in our work.

Definition B.28. To each quasi-oscillation « of which an auxiliary point A is marked, we
associate a word w7 defined below. Denoting by M the main substitution point of o
corresponding to A and by K 4 s the active knight formed by A and M then:

When « is increasing and K 4, as is of type H (resp. V),
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if A is in the top right corner of o, we set

wi = (DL)*">DRU (resp. w = (LD)*"2LUR) if |a| = 2p

= (DL)P2UR (resp. wi = (LD)*"?RU) if |a| = 2p — 1;

o o

w
if A is in the bottom left corner of «, we set

= (UR)P2ULD (resp. wi = (RU)*"?RDL) if |a| = 2p
= (UR)??DL (resp. wy = (RU)?"2LD) if |a| = 2p — 1.

w

o o

w

When « is decreasing, w?} is obtained by symmetry exchanging left and right.

Notice that for quasi-oscillations that are both increasing and decreasing the choice
of A determines their nature, so that w? is properly defined.

Remark B.29. If A is in the top right corner of « (see Fig. 18, p. 172 or Fig. 9, p. 154),

then w = 3-w2. If A is in the bottom left (resp. top left, bottom right) corner of o then
A

w=1-w? (resp. w=4-w? w=2 wl).
Remark B.30. In Theorem B.25, if 7 satisfies condition (C) and |T'| = 2, then Py 3 (m)U
Ppany(m) = {u € P(7) | u strict or quasi-strict}, denoted Psqs(7). This set corresponds
to two proper pin representations, so it contains 12 pin words (see Remark 3.2, p. 133).
Moreover, with the notations of Lemma B.15 (p. 164), and K4 pr as in Definition B.28,
we have an explicit description of Psqg(7):

When K4y is of type H (resp. V),
if v is increasing (see Fig. 18, p. 172), then
Pyos(m) = (Q+ + S]Tr) wé (reSp~ Pyos(m) = (QJr + S\j’_) wé)

and if « is decreasing, then
Pyqs(m) = (Q7 + S;I) 'wé (resp. Pyqs(m) = (Q7 + S\;) wé)

This concludes the study of the case 7 = a[1,...,1,T,1,...,1]. It now remains to deal
with the case where more than one child of « is not a leaf. From Theorem 3.1 of [6] (see
also Eq. (%), p. 143), in this case « is an increasing (resp. decreasing) quasi-oscillation
having exactly two children that are not leaves, and these are completely determined.

Theorem B.31. Let r = //ng\. where BT is an increasing quasi-oscillation, the
12

AN

permutation 12 expands an auxiliary point of B+ and T (of size at least 2) expands the
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corresponding main substitution point of fT. Then P(w) = P(T) - w where w is the
unique word encoding the unique reading of the remaining leaves in w after T is read.

Pn—1

[ d ol Pn
[ ]
Pk+1 T’
)
. ® Pk+2
pn—2&'7

Fig. 20. Diagram of = if two children are not leaves.

Proof. Let p = (p1,...,pn) be a pin representation associated to w. According to Sec-
tion 3.4 (and more precisely Fig. 10) of [6], the configuration depicted on Fig. 20 is the
only possible configuration up to symmetry for a pin-permutation whose root is a simple
permutation with two non-trivial children. Thus the sequence (pg+1,---,Pn) is uniquely
determined in 7. Moreover k + 1 > 3, so that the suffix encoding (pg+1,-..,ps) in a pin
word of p is a word w uniquely determined from Remark 3.2 (p. 133). O

Remark B.32. The word w in the statement of Theorem B.31 is a strict pin word uniquely
determined by 8% and the two points expanded in 7.

More precisely, taking the notations of Definition B.28 (with 87 instead of ), w =
1- wg‘+ (resp. w = 3 - wg‘+) when A is in the top right (resp. bottom left) corner of T
(see Fig. 20).

For decomposition trees whose root is a decreasing quasi-oscillation, we obtain from
Remark B.1 (p. 157) a description of P(r) similar to the one of Theorem B.31.

Appendix C. Building deterministic automata .4, accepting the languages Zﬁ—,r

Appendix B gives a recursive description of the set P(w) of pin words encoding T,
for any pin-permutation w. As explained in Subsection 4.3, we next use this precise
knowledge about P(7) to build deterministic automata A, recognizing the languages
<£_7r, for any pin-permutation 7. Recall from Subsection 4.3 (p. 143) that

L= U ae@)ar.. ae®)amg(u®)ar
u€P(m)
wmu W@ @

where A = {U,D, L, R}, ¢ is the map introduced in Definition 3.9 (p. 135) and for
every pin word u, by u = vMu® .. 4 we mean (here and everywhere after) that
uMu? 4 is the strong numeral-led factor decomposition of w.

To build these automata A, recognizing Zl‘m we proceed again recursively, distin-
guishing several cases following Eq. (%), p. 143, i.e., according to the shape of the
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decomposition tree of m. We also present an alternative construction of A, whose com-
plexity is optimized; but instead of ([,_7,, the automaton recognizes a language £/ such
that L. "M = Z—,r N M. In both constructions, the automata A, are deterministic, and
we have explained in Subsection 4.2 that this is the key to control the complexity of our
algorithm. Moreover, in addition to being deterministic, both automata are complete
and have a unique final state without outgoing transitions except for a loop labeled by
all letters of A. These properties of A, are inherited from the smaller automata used in
its construction.

Our construction of automata accepting words v € Z.,r relies on a greedy principle: at
each step we find the first occurrence of ¢(u'?)) that appears in the suffix of the word v
that has not yet been read by the automaton. This is facilitated by the fact that in (E-,r
the factors ¢(u?)) are separated by A*.

The reason why we consider reversed words is in order to preserve determinism. In-
deed intuitively the possible beginnings of pin words encoding a permutation may be
numerous, whereas all these words end with very similar shuffle products as it appears
in Theorems B.12 and B.19 (pp. 163 and 167).

The description of our construction of the automata A, is organized as follows. In
Subsection C.1, we present generic constructions of automata that will be used several
times. In Subsections C.2 to C.5, we construct recursively the automata A, that rec-
ognize the languages Z:-W for any pin-permutation m, distinguishing cases according to
the decomposition tree of m — see Eq. (), p. 143. In these constructions, some states of
the automata must be marked, and this is detailed in Subsection C.6. We conclude with
Subsection C.7 that analyzes the complexity of building A.

C.1. Generic constructions of deterministic automata

We present some generic constructions that are used in the next subsections. We refer
the reader to [16] for more details about automata.

Aho—Corasick algorithm. Let X be a finite set of words over a finite alphabet A. The
Aho—Corasick algorithm [1] builds a deterministic automaton that recognizes A*X in
linear time and space w.r.t. the sum || X|| of the lengths of the words of X. The first step
of the algorithm consists in constructing a tree-automaton whose states are labeled by
the prefixes of the words of X. The initial state is the empty word e. For any word u and
any letter a there is a transition labeled by a from state u to state ua if ua is a prefix
of a word of X. At this step the final states are the leaves of the tree. The second step
consists in adding transitions in the automaton according to a breadth-first traversal of
the tree-automaton to obtain a complete automaton. For any state v and any letter a,
the transition from wu labeled by a goes to the state corresponding to the longest suffix
of ua that is also a prefix of a word of X. The set of final states is the set of states
corresponding to words having a suffix in X. These states correspond to a leaf or an
internal node — when there is a factor relation between two words of X — of the original
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tree-automaton. The ones corresponding to internal nodes are marked on the fly during
the construction of the missing transitions.

Remark C.1. Notice that all transitions labeled with a letter of A that does not appear
in any word of X go to the initial state. Moreover the reading of any word u by the
automaton leads to the state labeled with the longest suffix of u that is also a prefix of
a word of X.

A variant for first occurrences. An adaptation of the Aho—Corasick algorithm allows us
to build in linear time and space w.r.t. || X|| a deterministic automaton, denoted AC(X),
recognizing the set of words ending with a first occurrence of a word of X (which is strictly
included in A*X). First we perform the first step of the Aho-Corasick algorithm on X,
obtaining a tree automaton. We modify the second step as follows: in the breadth-first
traversal, we stop the exploration of a branch and delete its descendants as soon as a
final state is reached. Moreover we do not build the outgoing transitions from the final
states, nor the loops on the final states. This ensures that the language recognized is the
set of words ending with a first occurrence of a word of X. Finally we merge the final
states into a unique final state f to obtain AC(X). Moreover if we add a loop labeled by
all letters of A on f we obtain an automaton AC®(X) that recognizes the set A* X A* of
words having a factor in X.

Remark C.2. The main difference between our variant and the construction of Aho-
Corasick is that we stop as soon as a first occurrence of a word of X is read. This
ensures that AC(X) has a unique final state without any outgoing transition.

This variant for first occurrences satisfies properties analogous to Remark C.1:

Lemma C.3. In AC(X), all transitions labeled with a letter that does not appear in any
word of X go to the initial state. Moreover let u be a word without any factor in X except
maybe as a suffix. Then the reading of u by AC(X) leads to the state labeled with the
longest suffix of u that is also a prefix of a word of X.

Proof. Let A be the usual Aho—Corasick automaton on X. Then AC(X) (before the
merge of all final states in f) is a subautomaton of A, and therefore the first assertion
is a direct consequence of Remark C.1. Let u be a word without any factor in X except
maybe as a suffix. Then the path of the reading of u by A does not visit any final state,
except maybe the last state reached. Thus all this path is included in AC(X) and we
conclude using Remark C.1. 0O

A variant for a partition X;, X5. When the set X is partitioned into two subsets X;
and X, such that no word of X; (resp. X») is a factor of a word of Xy (resp. X1),°

6 This is a simple condition that allows us to define without ambiguity words ending with a first occurrence
either in X; or in Xo.
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we adapt the previous construction and build a deterministic automaton AC(X;, Xs2)
which recognizes the same language as AC(X). But instead of merging all final states
into a unique final state, we build two final states fi; and f corresponding to the first
occurrence of a word of X; (resp. X5). This construction is linear in time and space
w.r.t. || X1]| + || Xz2|. In what follows we will use this construction only when X; and X,
are languages on disjoint alphabets, so that the factor independence condition is trivially
satisfied.

Concatenation. Building an automaton A; - As recognizing the concatenation £; - Lo of
two languages respectively recognized by the deterministic automata A4; and A is easy
when A; has a unique final state without outgoing transitions. Indeed it is enough to
merge the final state of A; and the initial state of As into a unique state that is not
initial (resp. not final), except when the initial state of A4; (resp. As) is final. Note that
the resulting automaton is deterministic and of size at most |A;| + | A3|, where the size
|A| is the number of states of any automaton .A. This construction is done in constant
time.

When the final state of A4; has no outgoing transitions except for a loop labeled by all
letters of A and when L5 is of type A*- L for an arbitrary language £, we can do the same
construction to obtain an automaton recognizing the concatenation £;- Lo = L1 - A*- L.
We just have to delete the loop on the final state of A; before merging states.

In particular, according to this construction, the automaton obtained concatenating
AC®(X) and A is AC(X) - A. Therefore, even though AC(X) recognizes a language
strictly included in A*X, AC(X) - A recognizes A*X A*L when A recognizes a language
A*L.

Union. We say that an automaton is almost complete if for any letter a, all non-final
states have an outgoing transition labeled by a (notice that the only difference with
complete automaton is that final states are allowed to miss some transitions). Let A; and
As be two deterministic automata that are almost complete.” We define the automaton
U(A1, As) as follows. We perform the Cartesian product of A4; and Ay beginning from
the pair of initial states (see [16]). However we stop exploring a path when it enters a
final state of Ay or As. Therefore in U(A;y,.As) there is no outgoing transitions from
any state (g1,q2) such that ¢; or ¢o is final. Moreover these states are merged into a
unique final state of U(A1,A3). Let £ (resp. Lo, £) be the language recognized by Ay
(resp. Az, U( A1, Az)). Then L is the set of words of £1 U Lo truncated after their first
factor in £1 U Lo. The language (L1 U L) A* = LA* is recognized by the automaton
U (A1, Az) with an additional loop labeled by all letters of A on the final state. Notice
that U( Ay, Az) (resp. UC(Ay, As)) is deterministic, almost complete (resp. complete)
and has a unique final state without outgoing transitions (resp. whose only outgoing

7 Notice that the automata AC(X), ACP(X) and AC(X1, X2) satisfy these conditions.
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transition is a loop labeled by all letters of A). The complexity in time and space of
these constructions is in O(|Ay] - |Az]).

C.2. Pin-permutation of size 1 and simple pin-permutations

Pin-permutation of size 1. When m = 1, we have seen in Subsection 4.3 that Z-ﬂ =
A* Mo A* is recognized by the automaton A, of Fig. 7 (p. 144).

Simple pin-permutations. In this paragraph, for a simple permutation 7= whose set of
pin words P(7) is given, we build the automaton A,. The computation of P(r) from 7
is discussed in Subsection 5.2 as a sub-procedure of the algorithm described in Section 5.
The study that follows is based on the upcoming lemma.

Lemma C.4. For every permutation m (not necessarily simple), we have

U L(u)=A"-ES-A*UA* - My - A" - ESS . A*
u€P(7)
u strict or quasi-strict
where B3 = {¢(u) | u € P(7),u is strict} and E® = {¢p(u?) | v = vWMu? ¢
P(7),u is quasi-strict}.

Proof. By definition of £(u) (see Definition 3.14, p. 137),

U L(u)

u€P(m)
wu strict or quasi-strict

- < U )A*¢(u)A*> U ( U A*¢(u<1>)A*¢(u<2>)A*>.

u€EP (7 u=uMu® eP(r)
u strict u quasi-strict

Moreover, as can be seen on Fig. 6 (p. 133), for every quasi-strict pin word u =
uMu? € P(r), the words hu(® also belong to P() for all h € {1,2,3,4}. This allows
to write

U L(u)( U A*¢(U)A*>

u€P(m) uw€eP(m)
wu strict or quasi-strict u strict
U ( U 4em - U A*p(u®)A* >
he{1,2,3,4} u=uMu® eP(r)
u quasi-strict
Hence
U Llu)= A" E-A" U A" My A" E® - A",
ueP(m)

w strict or quasi-strict

concluding the proof. O
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Lemma C.5. For every permutation m whose sets of strict and quasi-strict pin words (or
equivalently ES and EQ®) are given, one can build in time and space O(|ES|-|ES3|- |7|?)
a deterministic complete automaton ASS® having a unique final state without outgo-
ing transitions emce;zt_fgr a loop labeled by all letters of A that recognizes the language

U ueP(r) L(u).

wu strict or quasi-strict

Proof. From Lemma C.4, we have

U L(u) = AEEA* U A MLA*ES A = (A*ES U (A" EZ . A*M,)) A*.
u€P(m)
wu strict or quasi-strict

Recall that AC (E‘:Sr), AC (E‘? ) and AC(My) are automata recognizing respectively the
set of words ending with a first occurrence of a word of E, W and M and obtained
using the construction given in Subsection C.1. The sizes of the first two automata are
respectively O(|E£|-|x|) and O(|E2®|-|n|), and the size of the third one is constant. Indeed
for all win EZ, |w| = |r|+1 and for all w in E2%, |w| = |x| so that ||EZ|| = |E3|- (|7]|+1)
and | B2 = |E3] - |,

Then the deterministic automaton AS%® is obtained as the union U©(AC (ﬁi),
AC(E;‘?S) - AC(M3)) in time and space O(|ES| - |[ESS| - |r|?). O

Lemma C.5 is used mostly in two special cases where all the pin words of 7 are strict
or quasi-strict, and that we identify explicitly in the following remark.

Remark C.6. By Theorem B.8 (p. 162) the pin words encoding a simple permutation
are either strict or quasi-strict and there are at most 48 of them. Therefore when 7 is
a simple permutation, we take A, = A5% (from Lemma C.5) and the time and space
complexity of the construction of A, is quadratic w.r.t. |7, as soon as the pin words of
T are given.

Notice also that when 7 = 12, A, = A$<° and the time and space complexity of the
construction is O(1).

The above construction follows the general scheme announced at the beginning of the
section, but it is not optimized. We actually can provide a more specific construction
of A, whose complexity is linear when the permutation 7 is simple. This construction
relies on the same idea as the one we give in [5].

Lemma C.7. For every permutation = whose sets of strict and quasi-strict pin words (or
equivalently ES and E2°) are given, one can build in time and space O((|E2|+|E3|)-|7|)
a deterministic complete automaton AS?® having a unique final state without outgoing
transitions except for a loop labeled by all letters of A that recognizes a language L' such
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that

£AM= U L(w) N M.

u€P(m)
u strict or quasi-strict

Proof. Define E; = EZ UMy - ES® and L' = A* - E - A*. Let us prove that

L'NAM= U L(u)N M.
uweP(m)
wu strict or quasi-strict

This will be enough to conclude the proof of Lemma C.7, setting AS%S = AC® (E)
From Lemma C.4, we have

U L(u)=A* ES.A*UA* My A" ESS . A*,
u€P(m)
u strict or quasi-strict
Since (A* - My - A*-ESS - A )NM = (A" My -E-A )N M and E, = EZ U My-ES,
we obtain

U L)NM=A*-E - A" nM,
ueP(m)
w strict or quasi-strict

concluding the proof. O

Remark C.8. When 7 is a simple permutation, the automaton A$%® of Lemma C.7
recognizes a language £/ such that £, N M = L. N M. In the optimized alternative
construction of A, mentioned in Subsection 4.3 and at the beginning of Appendix C, for
a simple permutation m we take A, = A% from Lemma C.7 and the time and space
complexity of building the automaton Ay is linear w.r.t. || as soon as P(w) is given.

C.3. Pin-permutations with a linear root: non-recursive case

W.lo.g. (see Remark B.1, p. 157), the only non-recursive case with a linear root is
the one where m = @[y, ..., &,], every & being an increasing oscillation. Theorem B.12
(p. 163) gives an explicit description of the elements of P(w). These words are the
concatenation of a pin word belonging to some P(®B[¢;, &;+1]) with a pin word belonging
to the shuffle product

(P(l)(fi—l)wu,P(l)(fl)) L (P(g)(£i+2)a'~',P(3)(£r))'
To shorten the notations in the following, let us define

-
X;h) = ¢(P(h)(§j)) forh=1lor3and1<j<r.
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From Lemma B.13 (p. 164), for all j, the pin words of P (¢;) and P®)(¢;) respec-
tively are strict. Hence, the decomposition of u € P(w) into strong numeral-led factors
that is needed to describe (L',_,, (see p. 143) is easily obtained and gives:

Lr= U ((A*Xgl)v e ,A*Xgi)l) w (A, ’A*Xz('i)Q)) Lole g

1<i<r—1

In the above equation, we have m where we might have expected to find
A*¢(P(®[&;,&i+1]))A*. The reason is that the term A*¢(P(PB[&;, €i41]))A* is not properly
defined, since P(®[&;,&;+1]) contains pin words that are not strict.

The automaton A, is then built by assembling smaller automata, whose construction
is explained below.

(1)

,  and X(S) — that contain

J
at most two words — are defined on disjoint alphabets (see Remark B.14, p. 164), we
can use the construction given in Subsection C.1 to build the deterministic automata
A(&,&5) = AC(XZ(-l),Xg»B)). Fig. 21 shows a diagram of A(;, ;) and defines states s;;,

(1) (3)
fij and fij .

Construction of A(&;, &;). Since for all ¢, j, the languages x

Final state f}?
accepting X§3>

Final state fi(jl)
©

i

----- accepting x

Initial state s;;

Fig. 21. Atomic automaton A(&;,&;) used in the construction of A,.

Lemma C.9. For alli, j, the complexity in time and space of the construction of A(&;,§;)
is O] + &1)-

Construction of Ag,. By Lemma B.15 (p. 164), for any 4, |P(§;)| < 48, the pin words in
P(&;) are explicit and all of them are either strict or quasi-strict except when |&;| = 3.

If |&| # 3, from Lemma C.5 it is possible to build the deterministic automaton Ag,
in quadratic time and space w.r.t. |¢;|, and from Lemma C.7 the construction can be
optimized to be linear in time and space w.r.t. |&].

If |&| = 3, P(&) can be partitioned into two parts Psqs W P(12) - h where h = 4
(resp. 2) if & = 231 (resp. 312) and Piqs is the set of strict and quasi-strict pin words of
P(&;). With Lemma C.5 or C.7 we build the automaton AE?S corresponding to Psqs, and
the automaton corresponding to P(12) - h is the concatenation of two basic automata,
AC(:;T(h-)) (where ¢(h) for h =2 or 4 is given p. 135) and Aj3 (see Remark C.6, p. 182).
Finally the automaton A, is the union Z/{O(AE?S,AC(%) - Ajg). As [&] = 3, Ag, is

built in constant time.
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Lemma C.10. For all i, building Ag, is done in time and space O(|&;|*) with the classical
construction and O(|&;]) in the optimized version.

Construction of A% (¢;,&;11). We now explain how to build a deterministic automaton
A® (&, &iv1) recognizing Lge, ¢, ,)- Lemma B.18 (p. 166) describes the pin words of
P(®[&;, &i+1]), proving the correctness of the following constructions.

If |&] > 1 and [&41] > 1, we obtain A®(&;,&41) by gluing together automata
A(&i,&iv1), Ae, and Ag, | as shown in Fig. 22. More precisely f(z+1) (resp. f(Z+1 )
and the initial state of A¢, , (resp. Ag,) are merged into a unique state that is neither
initial nor final. The final states of A, and Ag,,, are also merged into a unique final
state f; having a loop labeled by all letters of A.

A
S
© ©

Fig. 22. Automaton A® (&;,&:41).

If |&] =1 and |&41] = 1 then A®(&;,&41) = Ajz is built using Remark C.6.

Otherwise assume w.l.o.g. that |§;| = 1 and [§4+1] > 1. The set of pin words
P(®[&,&+1]) can be partitioned into two parts Psgs and P’, Psqs being the set of
strict and quasi-strict pin words. If [£;41| # 3, then P’ = P(&;41) - 3 and A®(&;,&41) =
U (AT L ACOB)) - Ae,,)- TE €1 | = 3, then P/ = P(€41) - 3U P(12) - 3X where
X is a direction, and we use again concatenation and union but performed on automata
of constant size.

Note that in all cases A®(&;,&1+1) has a unique final state — that we denote f; —
without outgoing transitions except for the loop labeled by all letters of A.

Lemma C.11. For all i, building the automaton A®(&;,&,11) is done in time and space
O(|&|* + |&iv1|?) with the classical construction and O(|&;]? + |€41]?) in the optimized
version.

Proof. The complexity of the construction of A(&;,&;11) is linear w.r.t. |&] + |€;+1] from
Lemma C.9 and the one of A, is quadratic — or linear in the optimized version — w.r.t. |§;]
(see Lemma C.10). This concludes the proof except when |¢;| = 1 and |&;+1] # 1 (or con-
versely). When |§;| = 1, from Lemma B.18 (p. 166), we have an explicit description
of P(®[&;,&i+1]) and |P(®[&;, &i+1])| < 192. Hence, the complexity of the construc-
tion of AZHE ., when [§| = 1 is quadratic — or linear in the optimized version —
w.r.t. [&41], using Lemmas C.5 and C.7. Then the result follows from the complexity
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q12 [0
©

A(1,€3)

AP (e, 1, &)

q1(r1)

A(él,fr)

\\ (gr—27£r °

/7\. -Tr -{-*€ ©
qir q(r—1)r
Fig. 23. Automaton A, for m = @[, ..., &) where every &; is an increasing oscillation.

of the union of two automata, which is proportional to the product of the sizes of the

automata. O

Assembling A .. According to the description of (E-,r given p. 184, the automata A(&;, &)
and A®(&;,&41) can be glued together to finish the construction of A, as shown in
Fig. 23. More precisely for any 4,j such that 1 <i < j <r

o if i +1 # 7, then sy, f(l 1); and f (G+D) are merged into a unique state ¢;; that is
neither initial (except When i =1and j =r) nor final,

e ifi4+1 =7, f((l.l)1 e f(]Jr1 and the initial state of A®(&;,&;) = A®(&,&41) are
merged into a unique state g;; that is neither initial nor final,

and the final states f; of the automata A®(&;,&;41) are merged into a unique final state
f having a loop labeled by all letters of A. The states ¢;; defined above correspond to the
shuffle product construction. To be more precise, taking the final state to be the merged
state ¢;; and adding a loop labeled by all letters of A on it, the accepted language would
be (A*Xgl A*X(l) ) (A*X(S A*XJ 1) A* as it will be proved in the following.
The automata A®(&;,&;41) in the second item above correspond to the concatenation

I
with ‘CGB[&,&H]'
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Note that if r = 2, A, is A®(£1,&).

Lemma C.12. For any permutation © such that 7 = ®[&1,...,&], every & being an
increasing oscillation, the construction of the automaton A, is done in time and space
O(|7|*) with the classical construction and O(|x|?) in the optimized version.

Proof. Denote by n the size of 7, then n = >_!_, |§]|. By construction, taking into
account the merge of states:

|'A |<Z Z ’A 5175] ""Z’A €z7§z+l ‘

=1 j=142

and from Lemmas C.9 and C.11, in the classical construction

=0 (zz 6+ 16 +z|¢\4+\aﬂx >) o)

=1 j=1i+42
and in the optimized version
=0 52 3 (6 + ) + el + o)) = 00
=1 j=1+42

We conclude the proof noticing that all these automata are built in linear time w.r.t. their
size. O

Correctness of the construction. We now prove that the automaton A, given in Fig. 23
recognizes the language Z_ﬁ, for m = @[&,. .., & ], every & being an increasing oscillation.

Definition C.13. Let A be a deterministic complete automaton over the alphabet A whose
set of states is Q and let u be a word in A*. We define trace4(u) as the word of Q“I*!
that consists in the states of the automaton that are visited when reading u from the
initial state of A, and for all ¢ € @ we define ¢ - u to be the state of A reached when
reading u from gq.

Let u be a word in A*. We define two parameters on u:

i(u) = max{i € {0,7} | u € A*- Xgl) A (1)...A* . Xgl) +A*}, and
j(u):min{je{l,r—i—l}’ueA*- CAF Xr— ...A*-X;3)-A*}.

Remark C.14. Every word u such that i(u) > ¢ and j(u) < j belongs to

(A, A, A ) w (A @, AP A ) - A

r—1»
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Proof. By definition, u belongs to A* - Xgl) S A*- Xél) AR Xgl) - A* and to A* - ng) :
A*- xf‘)l AT X;B) - A*. Moreover, by Remark B.14 (p. 164), all XS) are words on the
alphabet {L, D} while all X,(CS) are words on {U, R}. These alphabets being disjoint, we
conclude that u belongs to ((A*Xgl)7 A*Xél), e ,A*Xz(l)) u_l(A*ng), A*Xgi)p ce A*Xg.g))).
A*. O

The following lemma characterizes the first visit of state g;; in Ax:

Lemma C.15. Let Q be the set of states of A, (see Fig. 23), (i,j) # (1,7) and u € A*.
Then tracea, (u) € (Q\¢ij)* - ¢i; if and only if u = vw with either w € XEPN i(v) =1—2
and j(v)=j+1; orw € Xg»‘i)l, i(v)=i—1and j(v) =5+ 2.

Proof. By induction on r—j+i—1, using A(&;,&;) = AC(XED, ng)). Notice that r—j+i—1
is the number of automata A(g, §¢) that we need to go through before reaching ¢;;. O

Theorem C.16. If 7 = ®[&y,...,&| where every & is an increasing oscillation then
automaton A, given in Fig. 23 recognizes the language (E-W

Proof. Assume that r > 3 (otherwise r = 2, A, is A%(&,&) and the result triv-
ially holds). We first prove that every word recognized by A, is in jC-W Let u be a
word recognized by A,. Then tracea, (u) ends with the final state f of A,. As f is
accessible only from some A% (&, &xy1), traces, (u) contains some gy(xi1y. Moreover
for all (i,j) # (1,7), every path from the initial state qi, to g;; contains g(;_1); or
¢i(j+1)- Therefore tracea, (u) € ¢i,j,Q*Gij, Q" ... Gi,_,j,_, Q" f where (i1,j1) = (1,7),
(ip—1,Jr—1) = (k,k + 1) and for all ¢, (igt1,Je+1) € {(Ge + 1, 40), (i, J¢ — 1)}. Hence by
definition of A(&;,&;) and A® (&, &x+1) and by the expression of C» given p. 184, u € o

Conversely, let u € Z_W We want to prove that qi, - u = f, q1,- being the initial state
of A, and f its final state. The expression of (E_,, given p. 184 ensures that there exists
k such that u = vw with i(v) > k-1, j(v) < k+2and w € m Let u = v'w’
with v/ = v; ... v the shortest prefix of u such that j(v') — i(v') < 3, and set ¢ = i(v').
Since v’ is of minimal length, j(v') =i + 3 and there exists v" € A* such that v = v'v”.

So w" = v"w belongs to A* - Lge, .11 = Lafer,erri)- Thus, using also Remark C.14, we

have:
u = u t - !
€ (A*XSD, EERR) A*Xl(cl—)l) w (A*X£‘3>7 EERR) A*Xl(ng) € E@[ﬁkvflwrl]
— L 'U/ 1 'UJ/ |
e A wan®, . an®) |

Since v’ is of minimal length, i(vy...vs—1) < @(v') or j(v1...vs—1) > j(v'). Thus
v’ = Yw with either w € Xl(.(lz,), i(v) = i(v') =1 and j(v) = j(v'); or w € Xﬁz},),

i(v) = i(v') and j(v) = j(v') 4+ 1. By Lemma C.15, trace4, (v") ends with g;(,)41,5(v)—1-
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Therefore u = v'w’ with q1, - v/ = @i41,i42 and w’ € m.

If i = k—1 then g1, -u = (g1, - V') - W' = g p+1-w' = f as w’ belongs to the language
m recognized by the automaton A® (&, Exi1).

If i < k — 3. By definition i(u) > k — 1 and i(v') = 4, and as u = v'w/, w €
A* Xf-l&-)l A*. 1)2 A* . AX. 21_)1 A*. Therefore as i < k—3,w’ € A*~X§_1~_)1~A* Xz+ -A*
and w’ belongs to the language Lg¢, ., ¢,,,] recognized by the automaton AP (€41, Eir2)-
Finally as u = v'w’ and traces, (v') ends with ;11 42, tracea, (u) ends with f.

If i > k+ 1 then j(v') > k + 4 and by symmetry of i(u) and j(u) the proof is similar
to the previous case.

Ifi=k—2asv=2v"and i(v) > k—1 and z( ') = ¢ then v € A* - xH_l A~
Moreover w € m sow = v"'w e A*- Xz+1 m Therefore w' €
Lale, 1,602,605 and by Theorem 3.15 (p. 138), w' € Lgie,, , ¢,,,]- Hence w’ is recognized
by A®(&i41,&+2) 50 qip - u = [ (since g1, - V' = giy1,i42)-

If i = k, by symmetry of i(u) and j(u) the proof is similar to the previous case,
concluding the proof of Theorem C.16. O

Remark C.17. With the optimized construction of A, we prove similarly that A, rec-
ognizes a language £/ such that £, N M = Lr,nM.

We end this subsection with a remark which will be useful in Subsection C.6.

Remark C.18. Let 71 = @[&,, ..., &, be the pattern of 7 obtained by deletion of the
elements of &;. If » > 3 then A_q) is obtained by taking g, (see Fig. 23) as initial state
and by considering only the states of A, that are accessible from ¢,. Thus in A, the
. . S _ 1) _ .
language recognized from ¢o, is L,.q). If r = 2 then 7' = &, A 1) is also a part of
A®(&,8) = A, and L) is the language recognized from the bottom right state of
Fig. 22 (p. 185). The same property holds with the pattern (") = @[, ..., & 1], the
state qi(,—1) and the top left state of Fig. 22.

C.4. Pin-permutations with a linear root: recursive case

D

7N

it w6 & Leae
Suppose w.l.o.g. that the decomposition tree of 7 is m + . 1.e., the root

has label @ and all of its children but one — denoted T;, — are increasing oscillations.
Then the automaton A(T;,) = A, associated to the permutation p whose decomposition
tree is Tj, is recursively obtained. We explain how to build A, from A,,.

If # & H,i.e. if w does not satisfy any condltlon of Fig. 17 (p. 168). Then Theorem B.19
(p. 167) ensures that P(m) = P(p) - &B(Z) ‘B(€+2) with

Bl = (PDE),...,PD(&) and B, = (PP (Ea),. ., PA(E)).
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This characterization translates into the following expression for [::

—

L ((A*X1 a---aA*Xgl)) W (A*ng)’ . A*XHQ)) t_p

;h) from p. 184.
To deal with the shufﬁe product we use again the automata A(&;,&;) whose initial

and final states are s;j, fw and f(d) (see Fig. 21, p. 184). We furthermore introduce

the deterministic automata A (¢&;) = AC(XZ(I)) for 1 <i < /and A®(¢) = AC(x§-3))
(3)
J

with the notations y

for £ + 2 < j < r whose initial and final states are denoted respectively 321)7 fl-(l)7 S
and f;g) The automaton AW(&) (resp. AB(E))) corresponds to the reading of parts
of ‘,T}(l) (resp &]3 (42) ) in the shuffle product &TS (1) Lum(é-w) after all the parts of ‘135’12)

(resp. ’]3 ) are read.
With these notations, the language [, associated to 7 is the one recognized by the
automaton A, given in Fig. 24 where the following merges are performed:

e foranyi,jsuchthat 1 <i</fland £4+2 <35 <7, sy, f((il_)l)j and f i(i+1) are merged
into a unique state ¢;; that is neither initial (except when ¢ = 1 and j = ) nor final,

o for 1 <i<¥, sgl), fi(i)l and fi((se)+2) are merged into a unique state g; that is neither
initial nor final,

o forl+2<j<r, 5(3), f(+1 and feg are merged into a unique state ¢; that is neither
mltlal nor final,

. fé o> fe(l) and the initial state of A, are merged into a unique state ¢, that is neither
initial nor final.

Note that if £ =0 (resp. r = £+ 1) d.e., if T;, is the first (resp. last) child, then only
the automaton A, and the automata A®)(¢;) (resp. AM(&;)) appear in A, whose initial
state is then ¢, (resp. ¢1).

The proof that the automaton A, obtained by this construction recognizes ZZ_W is omit-
ted. However this construction is very similar to the non-recursive case of the previous
section where the proofs are detailed.

Lemma C.19. For any pin-permutation m = ®[&1, ..., &, p g2, - - -, & such that every
& but p is an increasing oscillation and © ¢ H, the construction of the automaton A,
(see Fig. 24) is done in time and space O((|x| — |p|)?) plus the additional complezity due
to the construction of A,, both in the classical and the optimized construction.

Proof. First notice that |7| — |p| = > _; izes1 &l Moreover, taking into account the
merge of states:

| Ar \<Z Z | A, €5) !+Z|A<l )+ S [ADE)] + 14,.

i=1 j=6+2 j=0+2
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AW (&) % AW (&)
EAD o] [® Q .
©) © A

(&1,&042 (&2, 8042

q1(r-1)

'A(£17£7‘)
@ ©)
/q17' \ q2r

Fig. 24. The automaton A, for 7 = ®[&1,...,&e, p, Eet2,-..,&r], where every &; but p is an increasing
oscillation (in the case m ¢ H).

From Lemma C.9 (p. 184) and the fact that |[PM ()] < 2 and [P®)(&;)] < 2 (see
Remark B.14 p. 164), it follows that

IAWI—IAp|=0<z€: Z (161 +1&1) + Z |£¢|> = O((In = lo)°),

i=1 j—tt2 i—1
I=t+ it 1

concluding the proof, since the time of the construction is linear w.r.t. the size of the
automaton. 0O

We end this paragraph with a remark which will be useful in Subsection C.6.

Remark C.20. If ¢ # 0, let (1) be the pattern of 7 obtained by deletion of the elements of
&1. Then A_q) is obtained by taking go, (see Fig. 24) as initial state and by considering
only the states of A, that are accessible from go,.. Thus in A, the language recognized
from gs, is m .If r # £+ 1 the same property holds with the pattern «(") (obtained
by deletion of the elements of .) and the state g(,_1). We take the convention that

Q1(e4+1) = q15 9et1)yr = ¢r and qeq1)(e41) = p-

If # € H, i.e. if one of the conditions given in Fig. 17 (p. 168) holds for w. Then
Theorem B.19 (p. 167) ensures that P(7) is the union of the set Py = P(p) &Bg)) Luf,pgz_m
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that we consider in the previous paragraph and some other sets that are very similar, all
ending with the same kind of shuffle product. As the automaton A, recognizes reversed
words, these similar ends lead to similar beginnings in the automaton. So the automaton
A, has the same general structure as the automaton A of Fig. 24 but some transitions
are added to account for the words in P(7) not belonging to Pp.

More precisely A, is obtained performing the following modifications on the automa-
ton A of Fig. 24. First we add new paths as depicted in the last column of Fig. 17 (p. 168).
These paths start in the shaded states g; or geyo of Fig. 24 and arrive in marked states
of A,. If a path is labeled in Fig. 17 by a word w with s letters we build s — 1 new
states and s transitions such that the reading of w from the shaded state leads to the
corresponding marked state of A4,. These marked states may be seen as initial states of
subautomata: in Fig. 17, for all Y, gy is a state of A, such that the language recognized
from gy is Z_g , where o is the permutation whose diagram is Y. The way in which such
states of A, are marked is explained in Subsection C.6.

Moreover to keep the resulting automaton deterministic and complete when adding
these new paths we have to make some other changes. Notice that state g, (resp. qoi2)
is the initial state of AM (&) = AC(x(") (resp. A®)(€r12) = AC(XSY,)). Remark B.14
(p. 164) ensures that Xgl) = p(PM(&)) (resp. Xﬁ)g = ¢(P®)(&42))) is defined on the
alphabet {L, D} (resp. {U, R}). Therefore, from Lemma C.3 (p. 179), transitions labeled
by U or R (resp. L or D) leaving ¢ (resp. ge+2) are loops on the initial state g, (resp. qo42)
of AM(&,) (resp. A®)(£142)). Hence, as can be seen on see Fig. 17, the new transitions
leaving shaded states are labeled by directions that correspond to loops in A. So we just
have to delete the loops and replace them by the new transitions in order to preserve
the determinism of the automaton.

Now we make some other changes to preserve completeness and ensure that even
though we have deleted loops on shaded states, all words that were recognized by the
automaton A are still recognized by the modified automaton A,. As gy (resp. qey2) is
not reachable from qp42 (resp. g¢) we can handle separately new states reachable from gy
and new states reachable from gg12. Let go be g¢ (resp. qei2). Like in the Aho—Corasick
algorithm we label any new state ¢ reachable from gg by the shortest word labeling a
path from ¢g to g. So these labels begin with U or R (resp. L or D) (see Fig. 17). Notice
that the states in the part AM (&) (resp. A®)(&442)) of A are also labeled in such a way,
but their labels differ from the ones of the new states since they contain only letters L or
D (resp. U or R). By Lemma C.3 (p. 179), we know that in A™M (&) (resp. A®) (&r19))
all transitions labeled by U or R (resp. L or D) go to qo, therefore we replace them
by transitions going to the new state labeled by U or R (resp. L or D) if such a new
state exists (otherwise we keep the transition going to gg). We complete the construction
by adding missing transitions from the states newly created: for any such state ¢, the
transition from ¢ labeled by Z goes to the longest suffix of ¢ - Z that is a state of the
automaton — either a new state or a state of A1) (&) (resp. A®)(&r42)).

The proof that the automaton A, obtained by this construction recognizes Zl‘ﬁ is
omitted to avoid the examination of the eight cases of Fig. 17. However, it is similar to
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the proof of Theorem C.23 (p. 195), with some of the difficulties released (since labels on
the new paths are explicit in Fig. 17, while they are not in the proof of Theorem C.23).

Lemma C.21. The complexity of building A, given in Lemma C.19 (p. 190) still holds if
T eH.

Proof. When m € H, the construction of A, is the same as in the case 7 ¢ H, with
some new paths added. There are at most four new paths, O(|p|) new states in each
path, O(|p|) transitions from these new states, and the modification of transitions in
AWM (&) (resp. AB)(£445)) is done in O(|&]) (resp. O(|€r42|)). So in the construction of
A, described above, we have to add a time and space complexity O(|p| + |&¢| + |€r12])
w.r.t. the case m ¢ H. As |&| + |€e12] = O((J7| — |p|)) and as the complexity of the
construction of A, is bigger than O(|p|), this does not change the overall estimation of
the complexity of the construction of A, given in Lemma C.19. O

C.5. Pin-permutations with a prime root: recursive case

C.5.1. Exactly one child of the root is not a leaf

«

Let r—o & ﬁ\' where « is a simple permutation all of whose children but T are
leaves. Denote by p the permutation whose decomposition tree is T', and by x the point
of a expanded by T

Recall that Q. (a) (see Definition B.23 p. 173) denotes the set of strict pin words
obtained by deleting the first letter of quasi-strict pin words of « whose first point read
in «is x.

If = does not satisfy condition (C) (see Definition B.21, 171). Then from Theorem B.25
(p. 173), P(7) = P(p) - Qu(). So Ly = A* - $(Qq(a)) - Zl-p and since Zl‘p =A*. Zl‘p the
automaton A, recognizing L, is obtained by the concatenation of AC (p(Qsz())) with
A,, which is recursively obtained.

If 7 satisfies condition (C) and |T'| > 3. Then by Theorem B.25 (p. 173) — and using the
notations of this theorem, P(w) contains P(p) - Q,(«) and some other words. Defining
T’ as in condition (C), p’ the permutation whose decomposition tree is T”, and w the
unique word encoding the unique reading of the remaining leaves in 7 after T is read
when T is read in two pieces, these other words are P(p)-w. Note that from Lemma B.27
(p. 174) w is a strict pin word. So L, =A* d(Qz()) 'Zi_p UA*. W : Z_p/. The skeleton
of A is the concatenation of the automaton AC(¢(Q.(a))) with A, and then as in the
recursive case with a linear root, we add some new transitions to account for the words
in P(p') - w.

Denoting Z the last letter of w (i.e., the first letter of m), Lemma B.27 ensures that
no word of ¢(Q,(«)) contains Z and therefore by Lemma C.3 (p. 179) all the transitions
labeled by Z in the automaton AC(¢(Q.(«))) go to its initial state, denoted go. We built
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an automaton A by performing the following modifications on AC(¢(Q.(a))): remove
the loop labeled by Z on ¢g and add a path reading ¢(w) from gy to a new final state
f’. Label all states q of A by the shortest word labeling a path from the initial state go
to ¢q. Replace any transition labeled by Z from a state ¢ of AC(¢(Q.())) to go by a
transition from ¢ to the new state labeled by Z. Finally complete the automaton with
transitions from the states of the added path: for all such states ¢ but f’, the transition
from ¢ labeled by a goes to the longest suffix of ¢ - a that is a state of the automaton
— either a new state or a pre-existing state. Notice that the automaton A we obtain is
almost complete and has exactly two final states, without outgoing transitions: f — the
unique final state of AC(¢(Qx(c))) — and f’.

The automaton A, is then obtained from A and A, by merging f with the initial
state g7 of A, and f’ with a marked state g7+ (see Subsection C.6) of A, which is a
state from which the recognized language is Z_p/ . This construction is shown in Fig. 25.

& Ac(H(Q.()) A, Seqr B

qo0 qr

Fig. 25. Automaton A, for m = afl,...,1,p,1,...,1].

-
Notice that the automaton A obtained from AC(¢(Q,(«))) is somehow very similar to
— — PRasi—
AC(H(Qz (), {¢p(w)}) but because ¢(w) has a suffix in ¢(Qz(c)) (from Lemma B.27),
— ——
the sets of words X; = ¢(Q,(e)) and X5 = {¢(w)} do not satisfy the independence
condition required in our construction of AC(X7, Xs).

Lemma C.22. The automaton A of the above construction recognizes the set of words
T
ending with a first occurrence of a word of ¢(Q()). Moreover for any word u recognized
Pl
by A, qo-u=f"if p(w) is a suffix of u, and qo - u = f otherwise.

-

Proof. From Lemma B.27 (p. 174), there exists a word w € ¢(Q.(«)) and a letter Z € A
[ G

such that ¢(w) = Zw. Moreover no word of ¢(Q,(«)) contains Z.

Therefore by construction, merging states f and f’ of A into a unique final state,
prinlii

we would obtain the automaton AC(¢(Qx(c)) U{p(w)}). Consequently, since ¢(w) has
e

a suffix in ¢(Q,(a)), the automaton A recognizes the set of words ending with a first

occurrence of a word of ¢(Q.(«)).
-

Let u be a word ending with its first occurrence of a word of ¢(Q.(«)), then u does
not have any factor in ¢(Q(a))U{d(w)} except as a suffix. Lemma C.3 (p. 179) ensures
that qg - u is the state labeled with longest suffix of u that is also a prefix of a word of
#(Qz(a)) U{p(w)}, concluding the proof. O

Lemma C.22 allows us to prove the correctness of the above construction of A,. The
f e
idea is the following: if u € A* - ¢(Q()) - :C-p (resp. A* - p(w) - Z;) and if trace (u)
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contains g (resp. gr) and not gr (resp. gr) before, then w is still accepted by A, since
L, C Ly (resp. p(w) - L,y € L,). This is formalized in the following theorem.

Theorem C.23. The automaton A, obtained by the above construction recognizes Z_W

Proof. Recall that £, = A* - d(Qz()) - Z-p UA* - d(w) - f;. The above construction
ensures that every word accepted by A, belongs to the language Z_W Conversely let us
o .
prove that every word of L, is accepted by A,.
y— —

Let u be a word of £,. From Lemma B.27 (p. 174), there is a word w € ¢(Q.(«))

— —_—
and a letter Z € A such that ¢(w) = Zw. Therefore u has a factor in ¢(Q;(c)). Hence
we can decompose u uniquely as v = ujue where u; is the prefix of u ending with
the first occurrence of a factor in ¢(Q,(«)). Consequently from Lemma C.22; gg - ug
is either gr or gr/, namely gy - u1 = g if ¢(w) is a suffix of u; and ¢ - w1 = qr
otherwise.

Moreover, since u belongs to L, and because by definition £, = A*- L, (and similarly
for p’), we deduce that us belongs to E or Z_p/ . Let us finally notice that, since p’ < p,
Theorem 3.15 (p. 138) ensures that Z; C fp'/ thus ug € Z;.

If o - uy = g7 then as us € Z; , u is recognized by A,. Assume on the contrary that
qo - u1 = qr. Then qo - u = qr - us and by definition of gr it is enough to prove that
Ug € E’

— —

Assume first that u ¢ A*-$(w) -Z;. Then since u € L, we have u € A% d(Qy()) -Z-p.

Pl

Because u1 ends with the first occurrence of a factor of ¢(Q.(«)), we deduce that ug €
o— o
A - L,=L,.

o
Otherwise u € A* - ¢(w) - L. Recall that u; is the prefix of u ending with the first
bt aad i
occurrence of a factor of ¢(Q,(a)). First (using also Lemma C.22 and qo - u3 = gr), this
implies that ¢(w) is not a suffix of u;. And second, this also implies that ¢(w) is not a
Pt

factor of u;. But by assumption ¢(w) is a factor of u. We claim that the first occurrence

— —

of ¢(w) in u starts after the end of u;. We have just proved that ¢(w) is not a factor of ;.

i
Moreover, ¢(w) = Zw starts with the letter Z, and from Lemma B.27 (p. 174) the |w| last
Pi———
letters of uy are different from Z (recall that all words of ¢(Q.(«)) have the same length
|a| = |w]). This proves our claim, and consequently, us € A* - $(w) ~L<:_p/. Let v € A* and
P
v € Z; be such that us = v-¢(w)-v’. From Lemma B.27, p. 174, denoting by w’ the suffix
“—
of length 2 of w, for all v’ in P(p'), v’ - ¢~ (w’) belongs to P(p). Therefore w’Z’; C Z-p.
— G o

But v € Z_p/ and w’ is a prefix of ¢(w), thus ug = v - p(w) - v € A* -w' - A* 'Z_p/ C Z_p,
concluding the proof. 0O

Remark C.24. With the optimized construction of A, we prove similarly that A, rec-
ognize a language £/ such that £/ N M = L.nM.

If 7 satisfies condition (C) and |T'| = 2. Then the construction is no more recursive.
Permutation 7 and its pin words are explicit. More precisely from Theorem B.25 (p. 173),
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P(7) = P13 () U Pa 3 (1) U P(T) - Qu(cv). Thus from Remark B.30 (p. 176),

o — ——
Lr= ( U ,C(u)) UA* - 6(Qu(a)) - L,
uw€P ()
u strict or quasi-strict
Therefore A, is the automaton U (A5, AC(¢(Qx(a))) - A,).
Lemma C.25. Let m = a[l,...,1,p,1,...,1] where « is a simple permutation whose set

P(«) of pin words is given. Then the construction of the automaton A, is done in time
and space O(|m| — |p|) plus the additional time and space due to the construction of A,,
except when m satisfies condition (C) and |T| = 2. In this latter case, the complexity is

O(||?) with the classical construction and O(|x|?) in the optimized version.

Proof. Recall that @, («) contains words of length |« — 1. Its cardinality is smaller than
the one of P(a), hence smaller than 48 (see Theorem B.8, p. 162). Moreover @, («) can be
determined in linear time w.r.t. |«| as described in Remark B.26 (p. 174). Consequently,
AC(¢(Q2())) is built in time and space O(|a|) = O(|7| — |pl)-

If m does not satisfy condition (C) then A, = AC(¢(Qz())) - A,, so that |A;| =
|AC(6(Qz()))| + |A,| and the time complexity of this construction is O(|m| — |p|) plus
the additional time to build A,,.

If 7 satisfies condition (C) and |T| > 3, then |w| = |a| and by Remark B.29 (p. 176),
w is explicitly determined. Consequently, so is the additional path labeled by M
added to the automaton (see Fig. 25). The modifications of the transitions between
this path and AC(¢(Qx())) are performed in linear time w.r.t. the length of this path
and |AC(¢(Qx(a)))], i.e., in O(|p(w)| +|a]) = O(x| — |p|). We conclude that A, is built
in O(|m| — |p|) time and space plus the additional time and space to build A,.

If 7 satisfies condition (C) and |T| = 2, then A, = U (A%, AC(H(Qx(a))) - Ap).
Recall that Psgs() is given in Remark B.30 (p. 176) and contains 12 pin words. Hence,
with the classical construction (resp. in the optimized version), from Lemma C.5 (p. 182)
(resp. Lemma C.7 p. 182) and Remark B.30, we can build A3%® in time and space
O(|x|?) (resp. O(|x])). Moreover since |p| = 2, A, is obtained in constant time, so that
AC(p(Qz(v))) - A, is obtained in time and space O(|x| — |p|) = O(|n|). Finally, A
is built in time and space O(|r|?) (resp. O(|n|?)) with the classical (resp. optimized)
construction. 0O

C.5.2. Two children are not leaves .
Up to symmetry this means that = = D where 81 is an increasing quasi-
p to sy y o e g g4q
oscillation, the permutation 12 expands an auxiliary point of 37 and T expands the
corresponding main substitution point of 57.
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Theorem B.31 (p. 176) ensures that the pin words encoding 7 are of the form v.w
where v € P(T) and w is a strict pin word of length |3"| uniquely determined by 37
and the two points expanded in 81, and known explicitly from Remark B.32 (p. 177).

p i
Therefore (E.,r = A*(b(w)z; where p is the permutation whose decomposition tree is T'.
Pt
The automaton A, recognizing L, is the concatenation of AC({¢(w)}) with A,, which
is recursively obtained.
. . . . S . . oy .
This construction is done in O(|¢(w)|) = O(|x| — |p|) time and space in addition to

the time and space complexity of the construction of A,.
C.6. Marking states

In our constructions of Subsections C.4 and C.5 we need transitions going to initial
states of subautomata. We could duplicate the corresponding subautomata. But when
these are recursively obtained an exponential blow-up can occur. To keep a polynomial
complexity we replace duplication by the marking of these special states. The marking
is made on the fly during the construction and we explain how in this subsection.

The need of creating a transition going to a marked state (of a subautomaton) happens
only when building the automaton A4, in Subsection C.4 for a permutation m whose
decomposition tree has a linear root and satisfies a condition (¢Hj) of Fig. 17 (p. 168),
or in Subsection C.5 for a permutation m whose decomposition tree has a prime root and
satisfies condition (C) (see Definition B.21, p. 171) with |T'| > 3.

In both cases we need to mark in the subautomaton A, with p < 7 some states gy
such that the language recognized taking ¢y as initial state is (E_a , where o < p is the
permutation whose diagram (or decomposition tree) is Y.

As it appears in Fig. 17 and in condition (C), in almost all such situations, the marked
state belongs to a subautomaton corresponding to a permutation p whose decomposition
tree R has a linear root. There is only one situation where this root is prime: when 7
satisfies condition (1H1+). We first focus on this case.

£+
Prime root. Let 6 be a permutation of decomposition tree R —e— ¢ | e where &1 is

an increasing oscillation, and let 7 be the permutation whose decomposition tree is S.
In the case where 7 satisfies condition (1H1+), we need to mark in the automaton Ay
the state g such that when starting from ¢ the language recognized is the one recognized
by A,. (Notice that w.r.t. the previous paragraph, we have changed the notations p to
6 and o to v to avoid confusions with the notations used in Subsection C.5.)

The automaton Ay is obtained as described in Subsection C.5, when exactly one child
of the root is not a leaf (indeed |S| > 2). The marking of state ¢ depends on how the
automaton Ay is built and in particular on whether 6 satisfies condition (C) or not.

Recall that €1 is an increasing oscillation. If €T has a size at least 5, it is not a
quasi-oscillation, and 6 does not satisfy condition (C). Therefore Ay is the concatenation
of two automata the second of which is A, whose initial state can be readily marked.
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If £ has size 4, then €t = 2413 or 3142 is a quasi-oscillation and 6 may satisfy
condition (C). If it is not the case, Ay is obtained as above and so is the marking of state
q. If on the contrary @ satisfies condition (C), the construction of Ay depends on |S|. If
|S] > 3, Ay is again the concatenation of two automata the second one being A, but
with some states and transitions added. As these transitions are not reachable from the
initial state of A, we mark it as above. If |S| = 2, then R has size 5 and the construction
is not recursive anymore. We want to mark in Ay a state ¢ corresponding to the initial
state of A,. But in the construction of Ay in Subsection C.5, we have built an automaton
A’ such that Ag = U (A%, A" A,). Therefore Ay is a Cartesian product and the state
q has been replicated several times. As |S| = 2, A, has a constant size, hence in this
particular case we just duplicate it and mark its initial state instead of marking a state
inside Ay.

Linear root. Consider now the case where the decomposition tree R of the permutation
p has a linear root. The need of a marked state in A, happens only when the leftmost
(resp. rightmost) child of R is a leaf z.

In almost all cases, the marked state ¢ is such that the language accepted starting
from q is the set of words encoding the readings of all nodes of R except the leaf z.
There are at most two such leaves and from Remarks C.18 and C.20 (pp. 189 and 191),
the corresponding marked states of A, (which is built as described in Subsection C.3
or C.4) are qi(,—1y and go, in Fig. 23 (p. 186) or 24 (p. 191) — with p instead of 7. There
is however one exception, corresponding to the special case described in Remark C.18:
when R has exactly two children, which are z and an increasing oscillations &. In this
special case the construction of A, is not recursive anymore. Instead of marking in A,
a state g corresponding to the initial state of A¢, we just duplicate 4; and mark its
initial state. If || < 4 then |A¢| = O(1). Otherwise £ is a simple permutation and |A¢| is
quadratic (or linear in the optimized complexity) w.r.t. |¢|. In both cases |A¢| +|.A,| has
the same order as |A,| and since the construction is not recursive, this does not change
the overall complexity of the construction of A.

The few cases where the marked stated ¢ is not as above (i.e., is not such that the
language accepted starting from ¢ is the set of words encoding the readings of all nodes
of R except z) correspond to state gg of conditions (2H2x) and (1H2x) and states qryq
and gy of condition (2H3). In these cases, R has exactly two children: z and a subtree
R’ whose root is linear. Then the leftmost (resp. rightmost) child of R’ is a leaf 2’ and
the marked state ¢ is such that the language accepted starting from g is the set of words
encoding the readings of all nodes of R’ except the leaf 2. We are in the same situation
as above, so the states can be marked in the same way, except that now we have to mark
states in A, instead of A,, where p’ is the permutation whose decomposition tree is R’
and A, is a subautomaton of A, built recursively.

Notice that we never create transitions going to marked states belonging to automata
built more than two levels of recursion deeper. Indeed in all conditions above the cre-
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ated transitions go to the automaton build in the previous step of recursion, except for
conditions (2H3), (2H2) and (1H2x) where two levels of recursion are involved.

C.7. Complexity analysis

Theorem C.26. For every pin-permutation © of size n, Ar is built in time and space
O(n?) in the optimized version and O(n*) in the classical version.

Proof. To build A, we first need to decide which shape of Eq. (x) is matched by the
decomposition tree of 7, and whether m € H or whether 7 satisfies condition C. The reader
familiar with matching problems will be convinced that this can be done in O(n) time. In
any case, a linear algorithm for this tree matching problem is detailed in Subsection 5.2
as a sub-procedure of the global algorithm of Section 5.

Then Theorem C.26 follows from the complexities of the previous constructions that
are summarized in Table 2 in which we denote by p the permutation whose decomposition

tree is 7.
Table 2
Complexities of the automata constructions, in all possible cases.
Pin-permutation of size n Complexity Optimized Lemma
Size 1 0(1) O()
Simple O(n?) O(n) C.6, C.8
Root @ non-recursive O(n*) O(n?) C.12
Root @ recursive, one O((n —|p))?) + O((n — |p])?) + C.19, C.21
child T is not an contribution for A, contribution for A,
increasing oscillation
Root is prime O(n?) O(n?) C.25
recursive, C is satisfied,
and T has size 2
Root is prime recursive O(n—|p|) + O(n—|p|) + C.25,
(if not preceding case) contribution for A, contribution for A, | Section C.5.2

In the optimized version (resp. in the classical version) the complexity is at most in
O(n?) (resp. O(n*)) in the non-recursive cases and at most in O((n — |p|)?) plus the
additional complexity of the construction of A, in the recursive cases. Notice that no
extra time is needed to mark the states of the automaton, as they are marked when
they are built. Consequently in the optimized version (resp. in the classical version) the
automaton A, can be built in time and space O(n?) (resp. O(n?)), n being the size of |r|.

Indeed let K be the number of levels of recursion needed in the construction of A..
Then we can set p; = 7 and define recursively permutations p; for 2 < i < K, p; being the
permutation p that appears recursively when building A,, ,. From Table 2, we deduce
that, in the optimized version, the time and space complexity for building A, is:

O((lpr] = lp2l)*) + [ Ap,| = ... = O(E(W — [pisal)” + |PK2>-

=1
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Since every p; is a pattern of 7, we have |p;| — |pi+1] < n and |px| < n. Hence, the time
and space complexity for building A, is:

K-1

Ofn-{ > (Ipil = lpisal) + okl | | = O(n-|p1]) = O(n?).

i=1

In the same way we get the complexity O(n?) for the classical version. 0O

References

[1] A.V. Aho, M.J. Corasick, Efficient string matching: an aid to bibliographic search, Commun. ACM
18 (1975) 333-340.

[2] M.H. Albert, R.E.L. Aldred, M.D. Atkinson, D.A. Holton, Algorithms for pattern involvement
in permutations, in: ISAAC’01, in: Lecture Notes in Comput. Sci., vol. 2223, Springer, 2001,
pp. 355-366.

[3] M.H. Albert, M.D. Atkinson, Simple permutations and pattern restricted permutations, Discrete
Math. 300 (2005) 1-15.

[4] F. Bassino, M. Bouvel, A. Pierrot, C. Pivoteau, D. Rossin, Combinatorial specification of permuta-
tion classes, in: FPSAC 2012, DMTCS Proceedings AR, 2012, pp. 781-792.

[5] F. Bassino, M. Bouvel, A. Pierrot, D. Rossin, Deciding the finiteness of the number of simple
permutations contained in a wreath-closed class is polynomial, Pure Math. Appl. (PU.M.A.) 21
(2010) 119-135.

[6] F. Bassino, M. Bouvel, D. Rossin, Enumeration of pin-permutations, Electron. J. Combin. 18 (2011),
Paper P57.

[7] A. Bergeron, C. Chauve, F. de Montgolfier, M. Raffinot, Computing common intervals of K permu-
tations, with applications to modular decomposition of graphs, STAM J. Discrete Math. 22 (2008)
1022-1039.

[8] M. Bouvel, C. Chauve, M. Mishna, D. Rossin, Average-case analysis of perfect sorting by reversals,
Discrete Math. Algorithms Appl. 3 (2011) 369-392.

[9] R. Brignall, S. Huczynska, V. Vatter, Decomposing simple permutations, with enumerative conse-
quences, Combinatorica 28 (2008) 385-400.

[10] R. Brignall, S. Huczynska, V. Vatter, Simple permutations and algebraic generating functions,
J. Combin. Theory Ser. A 115 (2008) 423-441.

[11] R. Brignall, N. Ruskuc, V. Vatter, Simple permutations: decidability and unavoidable substructures,
Theoret. Comput. Sci. 391 (2008) 150-163.

[12] B.-M. Bui Xuan, M. Habib, C. Paul, Revisiting T. Uno and M. Yagiura’s algorithm, in: ISAAC’05,
in: Lecture Notes in Comput. Sci., vol. 3827, Springer, 2005, pp. 146—155.

[13] Ph. Flajolet, R. Sedgewick, Analytic Combinatorics, Cambridge University Press, Cambridge, 2008.

[14] T. Gallai, Transitiv orientierbare Graphen, Acta Math. Hungar. 18 (1967) 25-66.

[15] S. Heber, J. Stoye, Finding all common intervals of k permutations, in: CPM 2001, in: Lecture Notes
in Comput. Sci., vol. 2089, Springer, 2001, pp. 207-218.

[16] J.E. Hopcroft, J.D. Ullman, Introduction to Automata Theory, Languages and Computation, 1st
edition, Addison—Wesley, USA, 1979.

[17] D.E. Knuth, The Art of Computer Programming, vol. 1: Algorithms, 3rd edition, Addison—Wesley,
Reading MA, 1973.

[18] A. Pierrot, D. Rossin, Simple permutation poset, arXiv:1201.3119, 2014.


http://refhub.elsevier.com/S0196-8858(14)00154-7/bib41433735s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib41433735s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib414141483031s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib414141483031s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib414141483031s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib41413035s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib41413035s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib667073616332303132s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib667073616332303132s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib424250523130s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib424250523130s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib424250523130s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib4242523039s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib4242523039s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib42434D523035626973s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib42434D523035626973s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib42434D523035626973s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib62636D723131s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib62636D723131s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib424856303662s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib424856303662s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib424856303661s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib424856303661s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib4252563036s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib4252563036s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib425848433035s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib425848433035s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib466C616A6F6C6574s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib47616C6C6169s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib4865626572303166696E64696E67616C6Cs1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib4865626572303166696E64696E67616C6Cs1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib48553739s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib48553739s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib4B6E7574683A417274436F6D707574657250726F6772616D6D696E673A313A31393733s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib4B6E7574683A417274436F6D707574657250726F6772616D6D696E673A313A31393733s1
http://refhub.elsevier.com/S0196-8858(14)00154-7/bib50523131s1

	An algorithm for deciding the ﬁniteness of the number of simple permutations in permutation classes
	1 Introduction
	2 Preliminaries on permutations
	2.1 Permutation classes and simple permutations
	2.2 Substitution decomposition and decomposition trees
	2.3 Pin-permutations and pin representations
	2.4 Characterization of classes with ﬁnitely many simple permutations

	3 Characterization of classes with ﬁnitely many proper pin-permutations
	3.1 Pin words
	3.2 Pattern containment and piecewise factor relation
	3.3 Pattern containment and set inclusion
	3.4 Characterizing when a class has a ﬁnite number of proper pin-permutations

	4 Algorithm(s) testing if a class contains a ﬁnite number of proper pin-permutations
	4.1 The decision procedure of Brignall, Ruškuc and Vatter
	4.2 A more efﬁcient alternative
	4.3 Construction of the automata Aπ

	5 A polynomial algorithm deciding whether a class contains a ﬁnite number of simple permutations
	5.1 Finitely many parallel alternations and wedge simple permutations in C?
	5.2 Finding pin-permutations in the basis
	5.3 Finitely many proper pin-permutations in C?

	6 Conclusion
	Acknowledgments
	AppendixA Simple pin-permutations, oscillations and quasi-oscillations
	A.1 Simple pin-permutations, active knights and active points
	A.2 Oscillations
	A.3 Quasi-oscillations

	AppendixB Pin words of pin-permutations
	B.1 Reading of children of a linear node
	B.2 Non-recursive cases
	B.3 Recursive case: decomposition trees with a linear root
	B.4 Recursive case: decomposition trees with a prime root

	AppendixC Building deterministic automata Aπ accepting the languages Lπ
	C.1 Generic constructions of deterministic automata
	C.2 Pin-permutation of size 1 and simple pin-permutations
	C.3 Pin-permutations with a linear root: non-recursive case
	C.4 Pin-permutations with a linear root: recursive case
	C.5 Pin-permutations with a prime root: recursive case
	C.5.1 Exactly one child of the root is not a leaf
	C.5.2 Two children are not leaves

	C.6 Marking states
	C.7 Complexity analysis

	References


