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4.5

Given a spec Φ, does there exist a way for the System to choose its 
signals along time so that, no matter how the environment chooses 
its signals, the resulting execution satisfies the formula Φ ?

output = timed word

Problem
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Timed words

(a,1) (b,1.7) (a,2.4) (a,3.1) (b,3.8)

Timed word on Σ={a,b}:

...

= infinite sequence of elements in Σ! ≥0

(σ0,t0) (σ1,t1) (σ2,t2) ... (σn,tn) ... 

such that σi∈Σ and ti ≤ ti+1, for all i∈ .
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Timed Games!

± Timed Automaton!

2 players: Sys and Env!

Own transitions !

Both players can agree 
to wait (as long as the 
location invariant stays 
true)!



One round of the game
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Player 1 chooses an action and a 
delay t1

(σ1,τ1),...,(σn,τn),

6Tuesday 21 September 2010



One round of the game

121
σ1, t1

Player 1 chooses an action and a 
delay t1

Player 2 may let Player 1 play

(σ1,τ1),...,(σn,τn),

6Tuesday 21 September 2010



One round of the game

121
σ1, t1

Player 1 chooses an action and a 
delay t1

Player 2 may let Player 1 play

(σ1,τ1),...,(σn,τn), (σ1, τn+t1)

6Tuesday 21 September 2010



One round of the game

121
σ1, t1

Player 1 chooses an action and a 
delay t1

Player 2 may let Player 1 play

σ2, t2

or chooses an action and a delay t2, 
t2≤t1

(σ1,τ1),...,(σn,τn),

6Tuesday 21 September 2010



(σ2, τn+t2)

One round of the game

121
σ1, t1
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delay t1

Player 2 may let Player 1 play

σ2, t2

or chooses an action and a delay t2, 
t2≤t1
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Timed strategies
• Player 1’s strategies:  λ1: (Σ! ≥0)*→ (Σ1! ≥0)

ex:  λ1((a,0.6),(b,0.9))=(a,0.5)

then either Player 2 let Player 1 play, and we obtain: 

(a,0.6),(b,0.9)(a,1.4) 

or it overtakes Player 1, for example by playing (b,0.3), and we get 

(a,0.6),(b,0.9)(b,1.2)

!! λ1 is winning in ⟨Σ1,Σ2,Win⟩ if Outcome(λ1)⊆Win
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Event-Clock Logic (ECL)

with I an interval of ≥0 with integer bounds  

conditions: the generalized Büchi condition when α ⊆ 2E is a set of sets of transitions,
and the parity conditionwith d priorities when α : E → {0, 1, . . . , d}.4 The automaton
A is deterministic if for all states q and all symbols σ ∈ Σ, there exists (q, σ, q′) ∈ E
for exactly one q′ ∈ Q.

A run of a finite automaton A over a word w is a sequence q0w0q1w1q2 . . . such
that q0 = qin and (qi, wi, qi+1) ∈ E for all 0 ≤ i < |w|. For finite runs r, we denote
by Last(r) the last state in r, and for infinite runs r, we denote by Inf(r) the set of
transitions occurring infinitely often in r. An infinite run r is accepting according to
the generalized Büchi condition α if for all sets of edges F ∈ α, Inf(r) ∩ F &= ∅. An
infinite run r is accepting according to the parity condition α ifmin{α(e) | e ∈ Inf(r)}
is even. The language defined by a finite automatonA, noted L(A), is the set of infinite
words on which A has an accepting run.

We next define timed automata over infinite timed words [1]. Let X be a finite set
{x1, x2, . . . , xn} of variables called clocks. An atomic clock constraint is a formula of
the form x ∈ I where I is an interval with integer endpoints (and possibly unbounded).
A guard is a boolean combination of atomic clock constraint. We denote by Guards(X)
the set of all guards onX . A valuation for the clocks inX is a function v : X → R≥0.
We write v |= g whenever the valuation v satisfies the guard g. For R ⊆ X , we write
v[R := 0] for the valuation that assigns 0 to all clocks x ∈ R, and v(x) to all clocks
x &∈ R. For t ∈ R≥0, we write v + t for the valuation that assigns the value v(x) + t
to each clock x ∈ X . A timed automaton over alphabet Σ and clocks X is a tuple
A = (Q, qin, E, α) where Q is a finite set of states, qin ∈ Q is the initial state, E ⊆
Q×Σ×Guards(X)×2X ×Q is a set of transitions, and α is an acceptance condition,
either a generalized Büchi condition if α ⊆ 2E , or a parity conditionwith d priorities if
α : E → {0, 1, . . . , d}. The timed automaton A is deterministic if for every state q and
valuation v, for all σ ∈ Σ, there exists at most one transition (q, σ, g, R, q′) ∈ E such
that v |= g.

A timed run r of a timed automaton A over a timed word (w, τ) is an infinite
sequence (q0, v0)(w0, τ0)e0(q1, v1)(w1, τ1)e1 . . . such that (i) q0 = qin, (ii) v0(x) =
0 for all x ∈ X , and (iii) for all positions i ≥ 0, ei = (qi, wi, g, R, qi+1) ∈ E is such
that vi + τi − τi−1 |= g and vi+1 = (vi + τi − τi−1)[R := 0] (assuming τ−1 = 0). The
definition of accepting timed run is adapted from the untimed case. The timed language

of a timed automaton A, is the set L(A) of timed words on which A has an accepting
timed run.

Real-time logics. We consider the logic ECL (Event Clock Logic) and some of its
fragments [24, 25, 12]. ECL is an extension of LTL with two real-time operators: the
history operator !I ϕ expressing that ϕ was true for the last time t time units ago for
some t ∈ I , and the prediction operator "I ϕ expressing that the next time ϕ will be
true is in t time units for some t ∈ I . Given a finite alphabet Σ, the syntax of ECL is
the following:

ϕ ∈ ECL ::= a | ¬ϕ | ϕ ∨ ϕ | ϕS ϕ | ϕU ϕ | !I ϕ | "I ϕ

4 Acceptance conditions on transitions can be easily transformed into acceptance conditions

over states by doubling the state space of the automaton for the generalized Büchi condition

and by taking d copies of the state space for the parity condition.
[a,b] φ
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[a,b] φ
[ ]φ¬φ

t t+a t+b[a,b] φ
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[a,b] φ
[ ]φ¬φ

t t+a t+b[a,b] φ

Remark: it is different from:
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[ ]φ¬φ

t t+a t+b[a,b] φ

Remark: it is different from:

◊[a,b] φ

◊[a,b] φ
[ ]

φ

t t+a t+b

φ φ
8Tuesday 21 September 2010



Event-Clock Logic (ECL)

with I an interval of ≥0 with integer bounds  
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α : E → {0, 1, . . . , d}. The timed automaton A is deterministic if for every state q and
valuation v, for all σ ∈ Σ, there exists at most one transition (q, σ, g, R, q′) ∈ E such
that v |= g.

A timed run r of a timed automaton A over a timed word (w, τ) is an infinite
sequence (q0, v0)(w0, τ0)e0(q1, v1)(w1, τ1)e1 . . . such that (i) q0 = qin, (ii) v0(x) =
0 for all x ∈ X , and (iii) for all positions i ≥ 0, ei = (qi, wi, g, R, qi+1) ∈ E is such
that vi + τi − τi−1 |= g and vi+1 = (vi + τi − τi−1)[R := 0] (assuming τ−1 = 0). The
definition of accepting timed run is adapted from the untimed case. The timed language

of a timed automaton A, is the set L(A) of timed words on which A has an accepting
timed run.

Real-time logics. We consider the logic ECL (Event Clock Logic) and some of its
fragments [24, 25, 12]. ECL is an extension of LTL with two real-time operators: the
history operator !I ϕ expressing that ϕ was true for the last time t time units ago for
some t ∈ I , and the prediction operator "I ϕ expressing that the next time ϕ will be
true is in t time units for some t ∈ I . Given a finite alphabet Σ, the syntax of ECL is
the following:

ϕ ∈ ECL ::= a | ¬ϕ | ϕ ∨ ϕ | ϕS ϕ | ϕU ϕ | !I ϕ | "I ϕ

4 Acceptance conditions on transitions can be easily transformed into acceptance conditions

over states by doubling the state space of the automaton for the generalized Büchi condition

and by taking d copies of the state space for the parity condition.

[a,b] φ
[ ]φ¬φ

t t+a t+b[a,b] φ

Remark: it is different from:

◊[a,b] φ

◊[a,b] φ
[ ]

φ

t t+a t+b

φ φ

?
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Event-Clock Logic (ECL)

with I an interval of ≥0 with integer bounds  
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t t+a t+b[a,b] φ

Remark: it is different from:

◊[a,b] φ

◊[a,b] φ
[ ]

φ

t t+a t+b

φ φ

?

We consider timed games of the form 
⟨Σ1,Σ2,⟦φ⟧⟩ 

where
φ is an ECL formula
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with I an interval of ≥0 with integer bounds  
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for exactly one q′ ∈ Q.
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the form x ∈ I where I is an interval with integer endpoints (and possibly unbounded).
A guard is a boolean combination of atomic clock constraint. We denote by Guards(X)
the set of all guards onX . A valuation for the clocks inX is a function v : X → R≥0.
We write v |= g whenever the valuation v satisfies the guard g. For R ⊆ X , we write
v[R := 0] for the valuation that assigns 0 to all clocks x ∈ R, and v(x) to all clocks
x &∈ R. For t ∈ R≥0, we write v + t for the valuation that assigns the value v(x) + t
to each clock x ∈ X . A timed automaton over alphabet Σ and clocks X is a tuple
A = (Q, qin, E, α) where Q is a finite set of states, qin ∈ Q is the initial state, E ⊆
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valuation v, for all σ ∈ Σ, there exists at most one transition (q, σ, g, R, q′) ∈ E such
that v |= g.
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0 for all x ∈ X , and (iii) for all positions i ≥ 0, ei = (qi, wi, g, R, qi+1) ∈ E is such
that vi + τi − τi−1 |= g and vi+1 = (vi + τi − τi−1)[R := 0] (assuming τ−1 = 0). The
definition of accepting timed run is adapted from the untimed case. The timed language

of a timed automaton A, is the set L(A) of timed words on which A has an accepting
timed run.

Real-time logics. We consider the logic ECL (Event Clock Logic) and some of its
fragments [24, 25, 12]. ECL is an extension of LTL with two real-time operators: the
history operator !I ϕ expressing that ϕ was true for the last time t time units ago for
some t ∈ I , and the prediction operator "I ϕ expressing that the next time ϕ will be
true is in t time units for some t ∈ I . Given a finite alphabet Σ, the syntax of ECL is
the following:

ϕ ∈ ECL ::= a | ¬ϕ | ϕ ∨ ϕ | ϕS ϕ | ϕU ϕ | !I ϕ | "I ϕ

4 Acceptance conditions on transitions can be easily transformed into acceptance conditions

over states by doubling the state space of the automaton for the generalized Büchi condition

and by taking d copies of the state space for the parity condition.

[a,b] φ
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Remark: it is different from:

◊[a,b] φ
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[ ]
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t t+a t+b
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We consider timed games of the form 
⟨Σ1,Σ2,⟦φ⟧⟩ 

where
φ is an ECL formula

This problem is called

ECL «realizability»
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Why ECL?

• Satisfiability of MTL undecidable on infinite 
words. 
⟹ Realizability is thus undecidable too !

• ECL is an interesting subcase of MITL (equivalent 
to MITL0,∞).
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Results
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Undecidability of ECL realizability

• Idea of the proof: encode computations of lossy 
three counters machines into timed words

• Build a game s.t. Player 1 has a winning strategy 
iff the machine admits an infinite bounded run

• One has to use the interaction of the Players 
to check that the encoding is correct.

Theorem: ECL realizability is undecidable
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LTL� realizability is decidable

conditions: the generalized Büchi condition when α ⊆ 2E is a set of sets of transitions,
and the parity conditionwith d priorities when α : E → {0, 1, . . . , d}.4 The automaton
A is deterministic if for all states q and all symbols σ ∈ Σ, there exists (q, σ, q′) ∈ E
for exactly one q′ ∈ Q.

A run of a finite automaton A over a word w is a sequence q0w0q1w1q2 . . . such
that q0 = qin and (qi, wi, qi+1) ∈ E for all 0 ≤ i < |w|. For finite runs r, we denote
by Last(r) the last state in r, and for infinite runs r, we denote by Inf(r) the set of
transitions occurring infinitely often in r. An infinite run r is accepting according to
the generalized Büchi condition α if for all sets of edges F ∈ α, Inf(r) ∩ F &= ∅. An
infinite run r is accepting according to the parity condition α ifmin{α(e) | e ∈ Inf(r)}
is even. The language defined by a finite automatonA, noted L(A), is the set of infinite
words on which A has an accepting run.

We next define timed automata over infinite timed words [1]. Let X be a finite set
{x1, x2, . . . , xn} of variables called clocks. An atomic clock constraint is a formula of
the form x ∈ I where I is an interval with integer endpoints (and possibly unbounded).
A guard is a boolean combination of atomic clock constraint. We denote by Guards(X)
the set of all guards onX . A valuation for the clocks inX is a function v : X → R≥0.
We write v |= g whenever the valuation v satisfies the guard g. For R ⊆ X , we write
v[R := 0] for the valuation that assigns 0 to all clocks x ∈ R, and v(x) to all clocks
x &∈ R. For t ∈ R≥0, we write v + t for the valuation that assigns the value v(x) + t
to each clock x ∈ X . A timed automaton over alphabet Σ and clocks X is a tuple
A = (Q, qin, E, α) where Q is a finite set of states, qin ∈ Q is the initial state, E ⊆
Q×Σ×Guards(X)×2X ×Q is a set of transitions, and α is an acceptance condition,
either a generalized Büchi condition if α ⊆ 2E , or a parity conditionwith d priorities if
α : E → {0, 1, . . . , d}. The timed automaton A is deterministic if for every state q and
valuation v, for all σ ∈ Σ, there exists at most one transition (q, σ, g, R, q′) ∈ E such
that v |= g.

A timed run r of a timed automaton A over a timed word (w, τ) is an infinite
sequence (q0, v0)(w0, τ0)e0(q1, v1)(w1, τ1)e1 . . . such that (i) q0 = qin, (ii) v0(x) =
0 for all x ∈ X , and (iii) for all positions i ≥ 0, ei = (qi, wi, g, R, qi+1) ∈ E is such
that vi + τi − τi−1 |= g and vi+1 = (vi + τi − τi−1)[R := 0] (assuming τ−1 = 0). The
definition of accepting timed run is adapted from the untimed case. The timed language

of a timed automaton A, is the set L(A) of timed words on which A has an accepting
timed run.

Real-time logics. We consider the logic ECL (Event Clock Logic) and some of its
fragments [24, 25, 12]. ECL is an extension of LTL with two real-time operators: the
history operator !I ϕ expressing that ϕ was true for the last time t time units ago for
some t ∈ I , and the prediction operator "I ϕ expressing that the next time ϕ will be
true is in t time units for some t ∈ I . Given a finite alphabet Σ, the syntax of ECL is
the following:

ϕ ∈ ECL ::= a | ¬ϕ | ϕ ∨ ϕ | ϕS ϕ | ϕU ϕ | !I ϕ | "I ϕ

4 Acceptance conditions on transitions can be easily transformed into acceptance conditions

over states by doubling the state space of the automaton for the generalized Büchi condition

and by taking d copies of the state space for the parity condition.
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for exactly one q′ ∈ Q.

A run of a finite automaton A over a word w is a sequence q0w0q1w1q2 . . . such
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infinite run r is accepting according to the parity condition α ifmin{α(e) | e ∈ Inf(r)}
is even. The language defined by a finite automatonA, noted L(A), is the set of infinite
words on which A has an accepting run.

We next define timed automata over infinite timed words [1]. Let X be a finite set
{x1, x2, . . . , xn} of variables called clocks. An atomic clock constraint is a formula of
the form x ∈ I where I is an interval with integer endpoints (and possibly unbounded).
A guard is a boolean combination of atomic clock constraint. We denote by Guards(X)
the set of all guards onX . A valuation for the clocks inX is a function v : X → R≥0.
We write v |= g whenever the valuation v satisfies the guard g. For R ⊆ X , we write
v[R := 0] for the valuation that assigns 0 to all clocks x ∈ R, and v(x) to all clocks
x &∈ R. For t ∈ R≥0, we write v + t for the valuation that assigns the value v(x) + t
to each clock x ∈ X . A timed automaton over alphabet Σ and clocks X is a tuple
A = (Q, qin, E, α) where Q is a finite set of states, qin ∈ Q is the initial state, E ⊆
Q×Σ×Guards(X)×2X ×Q is a set of transitions, and α is an acceptance condition,
either a generalized Büchi condition if α ⊆ 2E , or a parity conditionwith d priorities if
α : E → {0, 1, . . . , d}. The timed automaton A is deterministic if for every state q and
valuation v, for all σ ∈ Σ, there exists at most one transition (q, σ, g, R, q′) ∈ E such
that v |= g.

A timed run r of a timed automaton A over a timed word (w, τ) is an infinite
sequence (q0, v0)(w0, τ0)e0(q1, v1)(w1, τ1)e1 . . . such that (i) q0 = qin, (ii) v0(x) =
0 for all x ∈ X , and (iii) for all positions i ≥ 0, ei = (qi, wi, g, R, qi+1) ∈ E is such
that vi + τi − τi−1 |= g and vi+1 = (vi + τi − τi−1)[R := 0] (assuming τ−1 = 0). The
definition of accepting timed run is adapted from the untimed case. The timed language

of a timed automaton A, is the set L(A) of timed words on which A has an accepting
timed run.

Real-time logics. We consider the logic ECL (Event Clock Logic) and some of its
fragments [24, 25, 12]. ECL is an extension of LTL with two real-time operators: the
history operator !I ϕ expressing that ϕ was true for the last time t time units ago for
some t ∈ I , and the prediction operator "I ϕ expressing that the next time ϕ will be
true is in t time units for some t ∈ I . Given a finite alphabet Σ, the syntax of ECL is
the following:

ϕ ∈ ECL ::= a | ¬ϕ | ϕ ∨ ϕ | ϕS ϕ | ϕU ϕ | !I ϕ | "I ϕ

4 Acceptance conditions on transitions can be easily transformed into acceptance conditions

over states by doubling the state space of the automaton for the generalized Büchi condition

and by taking d copies of the state space for the parity condition.

in the previous section with the exception that the set of winning plays is defined by

an ECL formula instead of a UECA. The realizability problem has recently [DGRR09]

been shown 2EXPTIME-complete for LTL� but undecidable
3

for the full ECL. In this

paper, we further restrict ourselves to the case where expressions of the form �I ϕ
appear with ϕ = a only, where a is some alphabet letter. Remark that this last restriction

is not necessary to obtain decidability [DGRR09], but it makes the presentation easier.

Our results carry on to the more general case.

Formally, given an alphabet Σ, the syntax of LTL� is as follows (with a ∈ Σ):

ψ ∈ LTL� ::= a | ¬ψ | ψ ∨ ψ | ψ S ψ | ψ U ψ | �I a

The models of an LTL� formula are infinite timed words. A timed word θ = (w, τ)
satisfies a formula ϕ ∈ LTL� at position i ∈ N, written θ, i |= ϕ, according to the

following rules:

– if ϕ = a, then wi = a;

– if ϕ = ¬ϕ1, then θ, i �|= ϕ1;

– if ϕ = ϕ1 ∨ ϕ2, then θ, i |= ϕ1 or θ, i |= ϕ2;

– if ϕ = ϕ1 S ϕ2, then there exists 0 ≤ j < i such that θ, j |= ϕ2 and for all

j < k < i, θ, k |= ϕ1;

– if ϕ = ϕ1 U ϕ2, then there exists j > i such that θ, j |= ϕ2 and for all i < k < j,

θ, k |= ϕ1;

– if ϕ = �I a, then there exists 0 ≤ j < i such that wj = a, τi − τj ∈ I , and for all

j < k < i, wk �= a;

When θ, 0 |= ϕ, we simply write θ |= ϕ and we say that θ satisfies ϕ. We denote

by [[ϕ]] the set {θ | θ |= ϕ} of models of ϕ. Finally, we define the following shortcuts:

true ≡ a ∨ ¬a with a ∈ Σ, false ≡ ¬true, ϕ1 ∧ ϕ2 ≡ ¬(¬ϕ1 ∨ ¬ϕ2), ϕ1 → ϕ2 ≡
¬ϕ1 ∨ ϕ2, ♦ϕ ≡ trueU ϕ, �ϕ ≡ ϕ ∧ ¬♦(¬ϕ), �ϕ ≡ falseU ϕ, �ϕ ≡ falseS ϕ,

and ♦- ϕ ≡ trueS ϕ. We also freely use notations like ≥x to denote the interval [x,∞),
or <x for [0, x), etc. in the � operator.

Let Σ = Σ1 �Σ2 be an alphabet that is partitioned into a set Σ1 of player 1 events

(controllable events), and Σ2 of player 2 events (uncontrollable events), and let ϕ be

an LTL� formula on Σ. Then, ϕ is realizable iff Player 1 has a winning strategy in the

TG �Σ1,Σ2, [[ϕ]]�. The realizability problem for LTL� asks, given an LTL� formula ϕ
whether ϕ is realizable.

An efficient algorithm to solve realizability of LTL� Let us now show how to exploit

the results from the previous section to obtain an incremental algorithmic schema that

solves the realizability problem of LTL�. From an LTL� formula ϕ, we build, using

standard techniques [Ras99,RS98], a NECA with Büchi acceptance condition A¬ϕ s.t.

LB(A¬ϕ) = [[¬ϕ]]. Then, we consider its dual Ã¬ϕ, which is thus a UECA with co-

Büchi acceptance condition s.t. LcoB(Ã¬ϕ) = [[ϕ]]. As a consequence, solving the re-
alizability problem for ϕ now amounts to finding a winning strategy for player 1 in

the timed game

�
Σ1,Σ2, LcoB(Ã¬ϕ)

�
. Theorem 15 tells us that we can reduce this to

finding a winning strategy in a timed game whose objective is given by an automaton

3
Note that the undecidability proof has been made for a slightly different definition of timed

games, but the proof can be adapted to the definition we rely on in the present paper.
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LTL� realizability is decidable

conditions: the generalized Büchi condition when α ⊆ 2E is a set of sets of transitions,
and the parity conditionwith d priorities when α : E → {0, 1, . . . , d}.4 The automaton
A is deterministic if for all states q and all symbols σ ∈ Σ, there exists (q, σ, q′) ∈ E
for exactly one q′ ∈ Q.
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the form x ∈ I where I is an interval with integer endpoints (and possibly unbounded).
A guard is a boolean combination of atomic clock constraint. We denote by Guards(X)
the set of all guards onX . A valuation for the clocks inX is a function v : X → R≥0.
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x &∈ R. For t ∈ R≥0, we write v + t for the valuation that assigns the value v(x) + t
to each clock x ∈ X . A timed automaton over alphabet Σ and clocks X is a tuple
A = (Q, qin, E, α) where Q is a finite set of states, qin ∈ Q is the initial state, E ⊆
Q×Σ×Guards(X)×2X ×Q is a set of transitions, and α is an acceptance condition,
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α : E → {0, 1, . . . , d}. The timed automaton A is deterministic if for every state q and
valuation v, for all σ ∈ Σ, there exists at most one transition (q, σ, g, R, q′) ∈ E such
that v |= g.

A timed run r of a timed automaton A over a timed word (w, τ) is an infinite
sequence (q0, v0)(w0, τ0)e0(q1, v1)(w1, τ1)e1 . . . such that (i) q0 = qin, (ii) v0(x) =
0 for all x ∈ X , and (iii) for all positions i ≥ 0, ei = (qi, wi, g, R, qi+1) ∈ E is such
that vi + τi − τi−1 |= g and vi+1 = (vi + τi − τi−1)[R := 0] (assuming τ−1 = 0). The
definition of accepting timed run is adapted from the untimed case. The timed language

of a timed automaton A, is the set L(A) of timed words on which A has an accepting
timed run.

Real-time logics. We consider the logic ECL (Event Clock Logic) and some of its
fragments [24, 25, 12]. ECL is an extension of LTL with two real-time operators: the
history operator !I ϕ expressing that ϕ was true for the last time t time units ago for
some t ∈ I , and the prediction operator "I ϕ expressing that the next time ϕ will be
true is in t time units for some t ∈ I . Given a finite alphabet Σ, the syntax of ECL is
the following:

ϕ ∈ ECL ::= a | ¬ϕ | ϕ ∨ ϕ | ϕS ϕ | ϕU ϕ | !I ϕ | "I ϕ

4 Acceptance conditions on transitions can be easily transformed into acceptance conditions

over states by doubling the state space of the automaton for the generalized Büchi condition

and by taking d copies of the state space for the parity condition.
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is not necessary to obtain decidability [DGRR09], but it makes the presentation easier.

Our results carry on to the more general case.

Formally, given an alphabet Σ, the syntax of LTL� is as follows (with a ∈ Σ):

ψ ∈ LTL� ::= a | ¬ψ | ψ ∨ ψ | ψ S ψ | ψ U ψ | �I a

The models of an LTL� formula are infinite timed words. A timed word θ = (w, τ)
satisfies a formula ϕ ∈ LTL� at position i ∈ N, written θ, i |= ϕ, according to the

following rules:

– if ϕ = a, then wi = a;

– if ϕ = ¬ϕ1, then θ, i �|= ϕ1;

– if ϕ = ϕ1 ∨ ϕ2, then θ, i |= ϕ1 or θ, i |= ϕ2;

– if ϕ = ϕ1 S ϕ2, then there exists 0 ≤ j < i such that θ, j |= ϕ2 and for all

j < k < i, θ, k |= ϕ1;

– if ϕ = ϕ1 U ϕ2, then there exists j > i such that θ, j |= ϕ2 and for all i < k < j,

θ, k |= ϕ1;

– if ϕ = �I a, then there exists 0 ≤ j < i such that wj = a, τi − τj ∈ I , and for all

j < k < i, wk �= a;

When θ, 0 |= ϕ, we simply write θ |= ϕ and we say that θ satisfies ϕ. We denote

by [[ϕ]] the set {θ | θ |= ϕ} of models of ϕ. Finally, we define the following shortcuts:

true ≡ a ∨ ¬a with a ∈ Σ, false ≡ ¬true, ϕ1 ∧ ϕ2 ≡ ¬(¬ϕ1 ∨ ¬ϕ2), ϕ1 → ϕ2 ≡
¬ϕ1 ∨ ϕ2, ♦ϕ ≡ trueU ϕ, �ϕ ≡ ϕ ∧ ¬♦(¬ϕ), �ϕ ≡ falseU ϕ, �ϕ ≡ falseS ϕ,

and ♦- ϕ ≡ trueS ϕ. We also freely use notations like ≥x to denote the interval [x,∞),
or <x for [0, x), etc. in the � operator.

Let Σ = Σ1 �Σ2 be an alphabet that is partitioned into a set Σ1 of player 1 events

(controllable events), and Σ2 of player 2 events (uncontrollable events), and let ϕ be

an LTL� formula on Σ. Then, ϕ is realizable iff Player 1 has a winning strategy in the

TG �Σ1,Σ2, [[ϕ]]�. The realizability problem for LTL� asks, given an LTL� formula ϕ
whether ϕ is realizable.

An efficient algorithm to solve realizability of LTL� Let us now show how to exploit

the results from the previous section to obtain an incremental algorithmic schema that

solves the realizability problem of LTL�. From an LTL� formula ϕ, we build, using

standard techniques [Ras99,RS98], a NECA with Büchi acceptance condition A¬ϕ s.t.

LB(A¬ϕ) = [[¬ϕ]]. Then, we consider its dual Ã¬ϕ, which is thus a UECA with co-

Büchi acceptance condition s.t. LcoB(Ã¬ϕ) = [[ϕ]]. As a consequence, solving the re-
alizability problem for ϕ now amounts to finding a winning strategy for player 1 in

the timed game

�
Σ1,Σ2, LcoB(Ã¬ϕ)

�
. Theorem 15 tells us that we can reduce this to

finding a winning strategy in a timed game whose objective is given by an automaton

3
Note that the undecidability proof has been made for a slightly different definition of timed

games, but the proof can be adapted to the definition we rely on in the present paper.
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conditions: the generalized Büchi condition when α ⊆ 2E is a set of sets of transitions,
and the parity conditionwith d priorities when α : E → {0, 1, . . . , d}.4 The automaton
A is deterministic if for all states q and all symbols σ ∈ Σ, there exists (q, σ, q′) ∈ E
for exactly one q′ ∈ Q.

A run of a finite automaton A over a word w is a sequence q0w0q1w1q2 . . . such
that q0 = qin and (qi, wi, qi+1) ∈ E for all 0 ≤ i < |w|. For finite runs r, we denote
by Last(r) the last state in r, and for infinite runs r, we denote by Inf(r) the set of
transitions occurring infinitely often in r. An infinite run r is accepting according to
the generalized Büchi condition α if for all sets of edges F ∈ α, Inf(r) ∩ F &= ∅. An
infinite run r is accepting according to the parity condition α ifmin{α(e) | e ∈ Inf(r)}
is even. The language defined by a finite automatonA, noted L(A), is the set of infinite
words on which A has an accepting run.

We next define timed automata over infinite timed words [1]. Let X be a finite set
{x1, x2, . . . , xn} of variables called clocks. An atomic clock constraint is a formula of
the form x ∈ I where I is an interval with integer endpoints (and possibly unbounded).
A guard is a boolean combination of atomic clock constraint. We denote by Guards(X)
the set of all guards onX . A valuation for the clocks inX is a function v : X → R≥0.
We write v |= g whenever the valuation v satisfies the guard g. For R ⊆ X , we write
v[R := 0] for the valuation that assigns 0 to all clocks x ∈ R, and v(x) to all clocks
x &∈ R. For t ∈ R≥0, we write v + t for the valuation that assigns the value v(x) + t
to each clock x ∈ X . A timed automaton over alphabet Σ and clocks X is a tuple
A = (Q, qin, E, α) where Q is a finite set of states, qin ∈ Q is the initial state, E ⊆
Q×Σ×Guards(X)×2X ×Q is a set of transitions, and α is an acceptance condition,
either a generalized Büchi condition if α ⊆ 2E , or a parity conditionwith d priorities if
α : E → {0, 1, . . . , d}. The timed automaton A is deterministic if for every state q and
valuation v, for all σ ∈ Σ, there exists at most one transition (q, σ, g, R, q′) ∈ E such
that v |= g.

A timed run r of a timed automaton A over a timed word (w, τ) is an infinite
sequence (q0, v0)(w0, τ0)e0(q1, v1)(w1, τ1)e1 . . . such that (i) q0 = qin, (ii) v0(x) =
0 for all x ∈ X , and (iii) for all positions i ≥ 0, ei = (qi, wi, g, R, qi+1) ∈ E is such
that vi + τi − τi−1 |= g and vi+1 = (vi + τi − τi−1)[R := 0] (assuming τ−1 = 0). The
definition of accepting timed run is adapted from the untimed case. The timed language

of a timed automaton A, is the set L(A) of timed words on which A has an accepting
timed run.

Real-time logics. We consider the logic ECL (Event Clock Logic) and some of its
fragments [24, 25, 12]. ECL is an extension of LTL with two real-time operators: the
history operator !I ϕ expressing that ϕ was true for the last time t time units ago for
some t ∈ I , and the prediction operator "I ϕ expressing that the next time ϕ will be
true is in t time units for some t ∈ I . Given a finite alphabet Σ, the syntax of ECL is
the following:

ϕ ∈ ECL ::= a | ¬ϕ | ϕ ∨ ϕ | ϕS ϕ | ϕU ϕ | !I ϕ | "I ϕ

4 Acceptance conditions on transitions can be easily transformed into acceptance conditions

over states by doubling the state space of the automaton for the generalized Büchi condition

and by taking d copies of the state space for the parity condition.

in the previous section with the exception that the set of winning plays is defined by

an ECL formula instead of a UECA. The realizability problem has recently [DGRR09]

been shown 2EXPTIME-complete for LTL� but undecidable
3

for the full ECL. In this

paper, we further restrict ourselves to the case where expressions of the form �I ϕ
appear with ϕ = a only, where a is some alphabet letter. Remark that this last restriction

is not necessary to obtain decidability [DGRR09], but it makes the presentation easier.

Our results carry on to the more general case.

Formally, given an alphabet Σ, the syntax of LTL� is as follows (with a ∈ Σ):

ψ ∈ LTL� ::= a | ¬ψ | ψ ∨ ψ | ψ S ψ | ψ U ψ | �I a

The models of an LTL� formula are infinite timed words. A timed word θ = (w, τ)
satisfies a formula ϕ ∈ LTL� at position i ∈ N, written θ, i |= ϕ, according to the

following rules:

– if ϕ = a, then wi = a;

– if ϕ = ¬ϕ1, then θ, i �|= ϕ1;

– if ϕ = ϕ1 ∨ ϕ2, then θ, i |= ϕ1 or θ, i |= ϕ2;

– if ϕ = ϕ1 S ϕ2, then there exists 0 ≤ j < i such that θ, j |= ϕ2 and for all

j < k < i, θ, k |= ϕ1;

– if ϕ = ϕ1 U ϕ2, then there exists j > i such that θ, j |= ϕ2 and for all i < k < j,

θ, k |= ϕ1;

– if ϕ = �I a, then there exists 0 ≤ j < i such that wj = a, τi − τj ∈ I , and for all

j < k < i, wk �= a;

When θ, 0 |= ϕ, we simply write θ |= ϕ and we say that θ satisfies ϕ. We denote

by [[ϕ]] the set {θ | θ |= ϕ} of models of ϕ. Finally, we define the following shortcuts:

true ≡ a ∨ ¬a with a ∈ Σ, false ≡ ¬true, ϕ1 ∧ ϕ2 ≡ ¬(¬ϕ1 ∨ ¬ϕ2), ϕ1 → ϕ2 ≡
¬ϕ1 ∨ ϕ2, ♦ϕ ≡ trueU ϕ, �ϕ ≡ ϕ ∧ ¬♦(¬ϕ), �ϕ ≡ falseU ϕ, �ϕ ≡ falseS ϕ,

and ♦- ϕ ≡ trueS ϕ. We also freely use notations like ≥x to denote the interval [x,∞),
or <x for [0, x), etc. in the � operator.

Let Σ = Σ1 �Σ2 be an alphabet that is partitioned into a set Σ1 of player 1 events

(controllable events), and Σ2 of player 2 events (uncontrollable events), and let ϕ be

an LTL� formula on Σ. Then, ϕ is realizable iff Player 1 has a winning strategy in the

TG �Σ1,Σ2, [[ϕ]]�. The realizability problem for LTL� asks, given an LTL� formula ϕ
whether ϕ is realizable.

An efficient algorithm to solve realizability of LTL� Let us now show how to exploit

the results from the previous section to obtain an incremental algorithmic schema that

solves the realizability problem of LTL�. From an LTL� formula ϕ, we build, using

standard techniques [Ras99,RS98], a NECA with Büchi acceptance condition A¬ϕ s.t.

LB(A¬ϕ) = [[¬ϕ]]. Then, we consider its dual Ã¬ϕ, which is thus a UECA with co-

Büchi acceptance condition s.t. LcoB(Ã¬ϕ) = [[ϕ]]. As a consequence, solving the re-
alizability problem for ϕ now amounts to finding a winning strategy for player 1 in

the timed game

�
Σ1,Σ2, LcoB(Ã¬ϕ)

�
. Theorem 15 tells us that we can reduce this to

finding a winning strategy in a timed game whose objective is given by an automaton

3
Note that the undecidability proof has been made for a slightly different definition of timed

games, but the proof can be adapted to the definition we rely on in the present paper.
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conditions: the generalized Büchi condition when α ⊆ 2E is a set of sets of transitions,
and the parity conditionwith d priorities when α : E → {0, 1, . . . , d}.4 The automaton
A is deterministic if for all states q and all symbols σ ∈ Σ, there exists (q, σ, q′) ∈ E
for exactly one q′ ∈ Q.

A run of a finite automaton A over a word w is a sequence q0w0q1w1q2 . . . such
that q0 = qin and (qi, wi, qi+1) ∈ E for all 0 ≤ i < |w|. For finite runs r, we denote
by Last(r) the last state in r, and for infinite runs r, we denote by Inf(r) the set of
transitions occurring infinitely often in r. An infinite run r is accepting according to
the generalized Büchi condition α if for all sets of edges F ∈ α, Inf(r) ∩ F &= ∅. An
infinite run r is accepting according to the parity condition α ifmin{α(e) | e ∈ Inf(r)}
is even. The language defined by a finite automatonA, noted L(A), is the set of infinite
words on which A has an accepting run.

We next define timed automata over infinite timed words [1]. Let X be a finite set
{x1, x2, . . . , xn} of variables called clocks. An atomic clock constraint is a formula of
the form x ∈ I where I is an interval with integer endpoints (and possibly unbounded).
A guard is a boolean combination of atomic clock constraint. We denote by Guards(X)
the set of all guards onX . A valuation for the clocks inX is a function v : X → R≥0.
We write v |= g whenever the valuation v satisfies the guard g. For R ⊆ X , we write
v[R := 0] for the valuation that assigns 0 to all clocks x ∈ R, and v(x) to all clocks
x &∈ R. For t ∈ R≥0, we write v + t for the valuation that assigns the value v(x) + t
to each clock x ∈ X . A timed automaton over alphabet Σ and clocks X is a tuple
A = (Q, qin, E, α) where Q is a finite set of states, qin ∈ Q is the initial state, E ⊆
Q×Σ×Guards(X)×2X ×Q is a set of transitions, and α is an acceptance condition,
either a generalized Büchi condition if α ⊆ 2E , or a parity conditionwith d priorities if
α : E → {0, 1, . . . , d}. The timed automaton A is deterministic if for every state q and
valuation v, for all σ ∈ Σ, there exists at most one transition (q, σ, g, R, q′) ∈ E such
that v |= g.

A timed run r of a timed automaton A over a timed word (w, τ) is an infinite
sequence (q0, v0)(w0, τ0)e0(q1, v1)(w1, τ1)e1 . . . such that (i) q0 = qin, (ii) v0(x) =
0 for all x ∈ X , and (iii) for all positions i ≥ 0, ei = (qi, wi, g, R, qi+1) ∈ E is such
that vi + τi − τi−1 |= g and vi+1 = (vi + τi − τi−1)[R := 0] (assuming τ−1 = 0). The
definition of accepting timed run is adapted from the untimed case. The timed language

of a timed automaton A, is the set L(A) of timed words on which A has an accepting
timed run.

Real-time logics. We consider the logic ECL (Event Clock Logic) and some of its
fragments [24, 25, 12]. ECL is an extension of LTL with two real-time operators: the
history operator !I ϕ expressing that ϕ was true for the last time t time units ago for
some t ∈ I , and the prediction operator "I ϕ expressing that the next time ϕ will be
true is in t time units for some t ∈ I . Given a finite alphabet Σ, the syntax of ECL is
the following:

ϕ ∈ ECL ::= a | ¬ϕ | ϕ ∨ ϕ | ϕS ϕ | ϕU ϕ | !I ϕ | "I ϕ

4 Acceptance conditions on transitions can be easily transformed into acceptance conditions

over states by doubling the state space of the automaton for the generalized Büchi condition

and by taking d copies of the state space for the parity condition.

in the previous section with the exception that the set of winning plays is defined by

an ECL formula instead of a UECA. The realizability problem has recently [DGRR09]

been shown 2EXPTIME-complete for LTL� but undecidable
3

for the full ECL. In this

paper, we further restrict ourselves to the case where expressions of the form �I ϕ
appear with ϕ = a only, where a is some alphabet letter. Remark that this last restriction

is not necessary to obtain decidability [DGRR09], but it makes the presentation easier.

Our results carry on to the more general case.

Formally, given an alphabet Σ, the syntax of LTL� is as follows (with a ∈ Σ):

ψ ∈ LTL� ::= a | ¬ψ | ψ ∨ ψ | ψ S ψ | ψ U ψ | �I a

The models of an LTL� formula are infinite timed words. A timed word θ = (w, τ)
satisfies a formula ϕ ∈ LTL� at position i ∈ N, written θ, i |= ϕ, according to the

following rules:

– if ϕ = a, then wi = a;

– if ϕ = ¬ϕ1, then θ, i �|= ϕ1;

– if ϕ = ϕ1 ∨ ϕ2, then θ, i |= ϕ1 or θ, i |= ϕ2;

– if ϕ = ϕ1 S ϕ2, then there exists 0 ≤ j < i such that θ, j |= ϕ2 and for all

j < k < i, θ, k |= ϕ1;

– if ϕ = ϕ1 U ϕ2, then there exists j > i such that θ, j |= ϕ2 and for all i < k < j,

θ, k |= ϕ1;

– if ϕ = �I a, then there exists 0 ≤ j < i such that wj = a, τi − τj ∈ I , and for all

j < k < i, wk �= a;

When θ, 0 |= ϕ, we simply write θ |= ϕ and we say that θ satisfies ϕ. We denote

by [[ϕ]] the set {θ | θ |= ϕ} of models of ϕ. Finally, we define the following shortcuts:

true ≡ a ∨ ¬a with a ∈ Σ, false ≡ ¬true, ϕ1 ∧ ϕ2 ≡ ¬(¬ϕ1 ∨ ¬ϕ2), ϕ1 → ϕ2 ≡
¬ϕ1 ∨ ϕ2, ♦ϕ ≡ trueU ϕ, �ϕ ≡ ϕ ∧ ¬♦(¬ϕ), �ϕ ≡ falseU ϕ, �ϕ ≡ falseS ϕ,

and ♦- ϕ ≡ trueS ϕ. We also freely use notations like ≥x to denote the interval [x,∞),
or <x for [0, x), etc. in the � operator.

Let Σ = Σ1 �Σ2 be an alphabet that is partitioned into a set Σ1 of player 1 events

(controllable events), and Σ2 of player 2 events (uncontrollable events), and let ϕ be

an LTL� formula on Σ. Then, ϕ is realizable iff Player 1 has a winning strategy in the

TG �Σ1,Σ2, [[ϕ]]�. The realizability problem for LTL� asks, given an LTL� formula ϕ
whether ϕ is realizable.

An efficient algorithm to solve realizability of LTL� Let us now show how to exploit

the results from the previous section to obtain an incremental algorithmic schema that

solves the realizability problem of LTL�. From an LTL� formula ϕ, we build, using

standard techniques [Ras99,RS98], a NECA with Büchi acceptance condition A¬ϕ s.t.

LB(A¬ϕ) = [[¬ϕ]]. Then, we consider its dual Ã¬ϕ, which is thus a UECA with co-

Büchi acceptance condition s.t. LcoB(Ã¬ϕ) = [[ϕ]]. As a consequence, solving the re-
alizability problem for ϕ now amounts to finding a winning strategy for player 1 in

the timed game

�
Σ1,Σ2, LcoB(Ã¬ϕ)

�
. Theorem 15 tells us that we can reduce this to

finding a winning strategy in a timed game whose objective is given by an automaton

3
Note that the undecidability proof has been made for a slightly different definition of timed

games, but the proof can be adapted to the definition we rely on in the present paper.
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conditions: the generalized Büchi condition when α ⊆ 2E is a set of sets of transitions,
and the parity conditionwith d priorities when α : E → {0, 1, . . . , d}.4 The automaton
A is deterministic if for all states q and all symbols σ ∈ Σ, there exists (q, σ, q′) ∈ E
for exactly one q′ ∈ Q.

A run of a finite automaton A over a word w is a sequence q0w0q1w1q2 . . . such
that q0 = qin and (qi, wi, qi+1) ∈ E for all 0 ≤ i < |w|. For finite runs r, we denote
by Last(r) the last state in r, and for infinite runs r, we denote by Inf(r) the set of
transitions occurring infinitely often in r. An infinite run r is accepting according to
the generalized Büchi condition α if for all sets of edges F ∈ α, Inf(r) ∩ F &= ∅. An
infinite run r is accepting according to the parity condition α ifmin{α(e) | e ∈ Inf(r)}
is even. The language defined by a finite automatonA, noted L(A), is the set of infinite
words on which A has an accepting run.

We next define timed automata over infinite timed words [1]. Let X be a finite set
{x1, x2, . . . , xn} of variables called clocks. An atomic clock constraint is a formula of
the form x ∈ I where I is an interval with integer endpoints (and possibly unbounded).
A guard is a boolean combination of atomic clock constraint. We denote by Guards(X)
the set of all guards onX . A valuation for the clocks inX is a function v : X → R≥0.
We write v |= g whenever the valuation v satisfies the guard g. For R ⊆ X , we write
v[R := 0] for the valuation that assigns 0 to all clocks x ∈ R, and v(x) to all clocks
x &∈ R. For t ∈ R≥0, we write v + t for the valuation that assigns the value v(x) + t
to each clock x ∈ X . A timed automaton over alphabet Σ and clocks X is a tuple
A = (Q, qin, E, α) where Q is a finite set of states, qin ∈ Q is the initial state, E ⊆
Q×Σ×Guards(X)×2X ×Q is a set of transitions, and α is an acceptance condition,
either a generalized Büchi condition if α ⊆ 2E , or a parity conditionwith d priorities if
α : E → {0, 1, . . . , d}. The timed automaton A is deterministic if for every state q and
valuation v, for all σ ∈ Σ, there exists at most one transition (q, σ, g, R, q′) ∈ E such
that v |= g.

A timed run r of a timed automaton A over a timed word (w, τ) is an infinite
sequence (q0, v0)(w0, τ0)e0(q1, v1)(w1, τ1)e1 . . . such that (i) q0 = qin, (ii) v0(x) =
0 for all x ∈ X , and (iii) for all positions i ≥ 0, ei = (qi, wi, g, R, qi+1) ∈ E is such
that vi + τi − τi−1 |= g and vi+1 = (vi + τi − τi−1)[R := 0] (assuming τ−1 = 0). The
definition of accepting timed run is adapted from the untimed case. The timed language

of a timed automaton A, is the set L(A) of timed words on which A has an accepting
timed run.

Real-time logics. We consider the logic ECL (Event Clock Logic) and some of its
fragments [24, 25, 12]. ECL is an extension of LTL with two real-time operators: the
history operator !I ϕ expressing that ϕ was true for the last time t time units ago for
some t ∈ I , and the prediction operator "I ϕ expressing that the next time ϕ will be
true is in t time units for some t ∈ I . Given a finite alphabet Σ, the syntax of ECL is
the following:

ϕ ∈ ECL ::= a | ¬ϕ | ϕ ∨ ϕ | ϕS ϕ | ϕU ϕ | !I ϕ | "I ϕ
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over states by doubling the state space of the automaton for the generalized Büchi condition

and by taking d copies of the state space for the parity condition.

in the previous section with the exception that the set of winning plays is defined by
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been shown 2EXPTIME-complete for LTL� but undecidable
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paper, we further restrict ourselves to the case where expressions of the form �I ϕ
appear with ϕ = a only, where a is some alphabet letter. Remark that this last restriction

is not necessary to obtain decidability [DGRR09], but it makes the presentation easier.
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by [[ϕ]] the set {θ | θ |= ϕ} of models of ϕ. Finally, we define the following shortcuts:
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and ♦- ϕ ≡ trueS ϕ. We also freely use notations like ≥x to denote the interval [x,∞),
or <x for [0, x), etc. in the � operator.

Let Σ = Σ1 �Σ2 be an alphabet that is partitioned into a set Σ1 of player 1 events
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an LTL� formula on Σ. Then, ϕ is realizable iff Player 1 has a winning strategy in the

TG �Σ1,Σ2, [[ϕ]]�. The realizability problem for LTL� asks, given an LTL� formula ϕ
whether ϕ is realizable.

An efficient algorithm to solve realizability of LTL� Let us now show how to exploit

the results from the previous section to obtain an incremental algorithmic schema that

solves the realizability problem of LTL�. From an LTL� formula ϕ, we build, using

standard techniques [Ras99,RS98], a NECA with Büchi acceptance condition A¬ϕ s.t.

LB(A¬ϕ) = [[¬ϕ]]. Then, we consider its dual Ã¬ϕ, which is thus a UECA with co-

Büchi acceptance condition s.t. LcoB(Ã¬ϕ) = [[ϕ]]. As a consequence, solving the re-
alizability problem for ϕ now amounts to finding a winning strategy for player 1 in

the timed game

�
Σ1,Σ2, LcoB(Ã¬ϕ)

�
. Theorem 15 tells us that we can reduce this to

finding a winning strategy in a timed game whose objective is given by an automaton

3
Note that the undecidability proof has been made for a slightly different definition of timed

games, but the proof can be adapted to the definition we rely on in the present paper.

The real-time modality can «speak» 
about past events only

Determinization of Büchi automata 
is already hard in practice !

Can we find «Safraless» procedures 
that avoid Safra’s determinization ?
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Safraless procedures

• Safraless realizability/synthesis (untimed setting):

" Rank construction [KupfermanVardi05]: 
LTL → UcoBW → ABT → NBT → Büchi game

" K-co-Büchi condition:  
[ScheweFinkbeiner07] application to distributed synthesis, 
[FiliotJinRaskin09] application to LTL synthesis. 
LTL → UcoBW → UKcoBW → Safety game
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Idea of procedure
• Reduce the realizability problem 

to a safety (timed) game

• Game played on a graph

• Goal: avoid bad states

• Not a Büchi condition: avoid 
Safra !

• Allows incremental procedure

• Tools and algorithms exist to solve 
safety (timed) games

• e.g.: UppAal TiGa
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Universal coBüchi Word Automata

1

2

1 3

2 4

1 3

2
...

!

Run

w ∈ LUcoB(A) 
iff 

all runs of A on w visit 
finitely many times α.

Σω

a

b

a

b

c

...

1 2

34

b

b

a

b

a c
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Universal KcoBüchi Word Automata

1

2

1 3

2 4

1 3

2
...

!

RunΣω

a

b

a

b

c

...

1 2

34

b

b

a

b

a c

w ∈ LUKcoB(A) 
iff 

all runs of A on w visit 
at most K times α.
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Event-recording automata

Clock are not reset and are associated to events: { xσ | σ∈Σ }
Each clock monitors the last occurence of the associated letter

Values of event-clocks are input determined:

(a,1) (b,1.7) (a,2.4) (a,3.1) (b,3.8)

val(xb)=⟘
val(xa)=0.7

val(xb)=1.4
val(xa)=0.7

l0 l1 l2
a c, xb > 2

b

b b, xa < 5
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Universal ERA with coBüchi a. c.

RunTΣω
1(a,0)

1 2(a,1)

(b,1.5) 1 2 2

1(a,2)

Val(xa)

⟘

1

0.5

1
...... ...

...

1

2

xa = 1 ∨ xa = ⊥

a

a, b

1

xa = 1 ∨ xa = ⊥

a

a, b

1

xa = 1 ∨ xa = ⊥

a

a, b

1
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Universal ERA with coBüchi a. c.

RunTΣω
1(a,0)

1 2(a,1)

(b,1.5) 1 2 2

1(a,2)

Val(xa)

⟘

1

0.5

1
...... ...

...

1

2

xa = 1 ∨ xa = ⊥

a

a, b

1

xa = 1 ∨ xa = ⊥

a

a, b

1

xa = 1 ∨ xa = ⊥

a

a, b

1

Note that universal 
timed automata l

eads to 

an unbounded number of clo
cks.

18Tuesday 21 September 2010



Back to LTL� realizability
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Back to LTL� realizability
Theorem: From φ in LTL�, one can build a 

Universal co-Büchi ERA Aφ
 such that  LUcoB(Aφ) = ⟦φ⟧
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Back to LTL� realizability

〈Σ1,Σ2,⟦φ⟧〉becomes 〈Σ1,Σ2, LUcoB(Aφ)!

Theorem: From φ in LTL�, one can build a 
Universal co-Büchi ERA Aφ

 such that  LUcoB(Aφ) = ⟦φ⟧

We are now playing the game on Aφ

Goal of Player 1: ensure that every run on the 
outcome visits accepting states finitely often
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From UCoB to UKCoB
Theorem: Winning strategies of Player 1 on the 
UCoB automaton can be represented by a finite 

machine (with m states)
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Theorem: Winning strategies of Player 1 on the 
UCoB automaton can be represented by a finite 

machine (with m states)

(σ1,t1) (σ2,t2) (σ3, t3)...
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From UCoB to UKCoB
Theorem: Winning strategies of Player 1 on the 
UCoB automaton can be represented by a finite 

machine (with m states)

Each state
tells P1 what to play

(σ1,t1) (σ2,t2) (σ3, t3)...
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From UCoB to UKCoB
Strategy UCoB

1 2

34

b

b

a

b

a c

m states
n states
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Assume the strategy lets us visit an accepting state 
more than n!m times
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m states
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Strategy UCoB

1 2

34

b

b
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m states
n states

Assume the strategy lets us visit an accepting state 
more than n!m times
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From UCoB to UKCoB
Strategy UCoB

1 2

34

b

b

a

b

a c

m states
n states

Assume the strategy lets us visit an accepting state 
more than n!m times

☞ cycle in the product of the strategy and the UCoB
☞ accepting states are visited infinitely often

☞ the strategy is not winning
21Tuesday 21 September 2010



From UCoB to UKCoB
Theorem: Player 1 has a winning strategy in 

〈Σ1,Σ2, LUcoB(Aφ)〉
iff 

she has a winning strategy in 
〈Σ1,Σ2, LUKcoB(Aφ)〉 for K=n!m 

We can thus solve the game by playing with
the (weaker) K-Co-Büchi acceptance condition

K-Co-Büchi = avoid visiting accepting states too often
= safety condition !
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Incremental procedure
Theorem: If Player 1 has a winning strategy in 

〈Σ1,Σ2, LUKcoB(Aφ)〉
then 

she has a winning strategy in 
〈Σ1,Σ2, LUK’coB(Aφ)〉 for K’≥K
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Incremental procedure
Theorem: If Player 1 has a winning strategy in 

〈Σ1,Σ2, LUKcoB(Aφ)〉
then 

she has a winning strategy in 
〈Σ1,Σ2, LUK’coB(Aφ)〉 for K’≥K

i := 0
While(true) 
  If P1 wins on LUicoB(Aφ)return «win»
  Else if P2 wins on LUicoB(A¬φ)return «lose»
  Else i:=i+1
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Each step can be computed by solving a 
safety game
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Incremental procedure
Theorem: If Player 1 has a winning strategy in 

〈Σ1,Σ2, LUKcoB(Aφ)〉
then 

she has a winning strategy in 
〈Σ1,Σ2, LUK’coB(Aφ)〉 for K’≥K

i := 0
While(true) 
  If P1 wins on LUicoB(Aφ)return «win»
  Else if P2 wins on LUicoB(A¬φ)return «lose»
  Else i:=i+1

Each step can be computed by solving a 
safety game

In practice this algorithm might 
terminate with small values of i
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Initial example!

��(x = 3)∧((x < 1)∧t02∧�((x = 1)∧t23∧�((x = 1)∧t31))∨(t01∧(x = 1))∧�((x = 1)U(t1g∧(x = 2))))��(x = 3)∧((x < 1)∧t02∧�((x = 1)∧t23∧�((x = 1)∧t31))∨(t01∧(x = 1))∧�((x = 1)U(t1g∧(x = 2))))��(x = 3)∧((x < 1)∧t02∧�((x = 1)∧t23∧�((x = 1)∧t31))∨(t01∧(x = 1))∧�((x = 1)U(t1g∧(x = 2))))



Example
1 2 3 4 5 6 7 8

up down up updown

input
hi

lo

grants
no grant allowed

grant

1 2 3 4 5 6 7 8

up down up updown

input
hi

lo

grants
no grant allowed

grant

Fig. 1. Two examples of execution of the systems. The state of the input is represented on top,

grants are represented at the bottom. Each dot represents a grant event. Thick lines represent the

period during which the controller cannot produce any grant because of Req2.

Σ2 = {up, down} and:

Hyp ≡ �
�
up →

�
¬down U(down ∧�≥1 up)

��
∧

�
�
down →

�
¬up U(up ∧�≥1 down)

��

Req1 ≡ �
�
(down ∧�>2 up)→ (¬up U grant)

�

Req2 ≡ �(grant → ¬�<3 grant)

Remark that ϕ does not forbid the controller from producing grant events that have

not been requested by the environment. However, a controller producing grants too
often might hinder itself because Req2 requires each pair of grants to be separated from

each other by at least 3 time units. Fig. 1 illustrates this by showing two prefixes of

executions. The left part shows a prefix that respects ϕ. The right part of the figure

shows a case where the controller has issued an unnecessary grant that prevents him

from granting the request that appears with the down event at time 5.75.

Let us now apply the algorithmic schema presented above to this example. We first

build the NECA with Büchi acceptance condition A¬ϕ, given in Fig. 2. This automa-

ton has two parts, identified by the names of the states: the top part (corresponding to

the states 1, . . . 7) accepts the models of [[¬(Hyp→ Req1)]] and the lower part (states

1, 2, . . . , 6) accepts the models of [[¬(Hyp→ Req2)]], so the whole automaton accepts

exactly [[¬ϕ]]. Fig. 2 can also be regarded as a depiction of the dual UECA with co-Büchi

acceptance condition Ã¬ϕ, by interpreting non-determinism as universal branching.

From Ã¬ϕ, we have applied the counting functions construction described above,

for i = 1. In order to ease the presentation, we have applied this construction separately

on the two parts of the automaton, to obtain G1 and G2, given in Fig. 3. These automata

are shown as they appear in their UPPAAL TIGA encoding: controllable transitions are

plain, and uncontrollable transitions are dashed. The history clocks corresponding to up,

down and grant are respectively denoted u, d and g. Remark that since UPPAAL TIGA

uses classical Alur-Dill timed automata, and not NECA, we have to explicitly manage

the reset of those clocks. Finally, observe that we have used the synchronisation mech-

anism offered by UPPAAL TIGA to ensure that the game is played on the synchronous

product of these two automata (which corresponds to the counting function construction

applied to A¬ϕ).

We provided this model to UPPAAL TIGA together with the synthesis objective

control: A[not BadState], where BadState is true iff one of the automata

reaches one of its Bad locations (that corresponds to one of the counters being > 1).

In this case, UPPAAL TIGA can compute a winning strategy for player 1, which means
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build the NECA with Büchi acceptance condition A¬ϕ, given in Fig. 2. This automa-

ton has two parts, identified by the names of the states: the top part (corresponding to

the states 1, . . . 7) accepts the models of [[¬(Hyp→ Req1)]] and the lower part (states

1, 2, . . . , 6) accepts the models of [[¬(Hyp→ Req2)]], so the whole automaton accepts

exactly [[¬ϕ]]. Fig. 2 can also be regarded as a depiction of the dual UECA with co-Büchi

acceptance condition Ã¬ϕ, by interpreting non-determinism as universal branching.
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for i = 1. In order to ease the presentation, we have applied this construction separately

on the two parts of the automaton, to obtain G1 and G2, given in Fig. 3. These automata

are shown as they appear in their UPPAAL TIGA encoding: controllable transitions are

plain, and uncontrollable transitions are dashed. The history clocks corresponding to up,

down and grant are respectively denoted u, d and g. Remark that since UPPAAL TIGA
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the reset of those clocks. Finally, observe that we have used the synchronisation mech-

anism offered by UPPAAL TIGA to ensure that the game is played on the synchronous

product of these two automata (which corresponds to the counting function construction

applied to A¬ϕ).

We provided this model to UPPAAL TIGA together with the synthesis objective

control: A[not BadState], where BadState is true iff one of the automata

reaches one of its Bad locations (that corresponds to one of the counters being > 1).

In this case, UPPAAL TIGA can compute a winning strategy for player 1, which means

with K-co-Büchi acceptance condition (for a precise value of K). In this game, the

objective of player 1 is thus to avoid visiting accepting states too often (no more than

K times), and this is thus a safety condition. The automaton DetK(Ã¬ϕ) can be used to

define a timed safety game. Such games can be solved by tools such as UPPAAL TIGA

[BCD
+

07].

The drawback of this approach is that the value K is potentially intractable: it is

doubly-exponential in the size of ϕ. As a consequence, DetK(Ã¬ϕ) and its underlying

timed safety game are unmanageably large. To circumvent this difficulty, we adopt an

incremental approach. Instead of solving the game underlying DetK(Ã¬ϕ), we solve

iteratively the games underlying Deti(Ã¬ϕ) for increasing values of i = 0, 1, . . .. As

soon as player 1 can win a game for some i, we can stop and conclude that ϕ is realiz-
able. Indeed, L0coB(Deti(Ã¬ϕ)) = LicoB(Ã¬ϕ) by Proposition 21, and LicoB(Ã¬ϕ) ⊆
LKcoB(Ã¬ϕ) ⊆ [[ϕ]]. In other words, realizability of L0coB(Deti(Ã¬ϕ)) implies realiz-

ability of ϕ. Unfortunately, if ϕ is not realizable, this approach fails to avoid considering

the large theoretical bound K. To circumvent this second difficulty, we use the prop-

erty that our games are determined: ϕ is not realizable by player 1 iff ¬ϕ is realizable

by player 2. So in practice, we execute two instances of our incremental algorithm in

parallel and stop whenever one of the two is conclusive. The details of this incremental

approach are given in [FJR09], and it is experimentally shown there, in the case of LTL
specifications, that the values that one needs to consider for i are usually very small.

To sum up, our incremental algorithm works as follows. Fix an LTL� formula ϕ, and

set i to 0. Next, if player 1 has a winning strategy in

�
Σ1,Σ2, L0coB(Deti(Ã¬ϕ))

�
, then

ϕ is realizable; else if player 2 has a winning strategy in

�
Σ1,Σ2, L0coB(Deti(Ãϕ))

�
,

then ϕ is not realizable; else, increment i by 1 and iterate.

Experiments with UPPAAL TIGA We have thus reduced the realizability problem of

LTL� to solving a sequence of TG of the form �Σ1,Σ2, L0coB(A)�, where A is a DECA.

Solving each of these games amounts to solving a safety game played in an arena which

is defined by A (where the edges are partitioned according to Σ1 and Σ2). In practice,

this can be done using UPPAAL TIGA [BCD
+

07], as we are about to show thanks to

a simple yet realistic example. Our example consists of a system where a controller

monitors an input line that can be in two states: high or low. The state of the input line

is controlled by the environment, thanks to the actions up and down, that respectively

change the state from low to high and high to low. Changes in the state of the input

line might represent requests that the controller has to grant. More precisely, whenever

consecutive up and down events occur separated by at least two time units, the controller

has to issue a grant after the corresponding down but before the next up. Moreover,

successive grants have to be at least three time units apart, and up and down events

have to be separated by at least one time unit. This informal requirement is captured by

the LTL� formula ϕ ≡ Hyp → Req1 ∧ Req2 on Σ = Σ1 � Σ2 where Σ1 = {grant},
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Remark that ϕ does not forbid the controller from producing grant events that have

not been requested by the environment. However, a controller producing grants too
often might hinder itself because Req2 requires each pair of grants to be separated from

each other by at least 3 time units. Fig. 1 illustrates this by showing two prefixes of

executions. The left part shows a prefix that respects ϕ. The right part of the figure

shows a case where the controller has issued an unnecessary grant that prevents him

from granting the request that appears with the down event at time 5.75.

Let us now apply the algorithmic schema presented above to this example. We first

build the NECA with Büchi acceptance condition A¬ϕ, given in Fig. 2. This automa-

ton has two parts, identified by the names of the states: the top part (corresponding to

the states 1, . . . 7) accepts the models of [[¬(Hyp→ Req1)]] and the lower part (states

1, 2, . . . , 6) accepts the models of [[¬(Hyp→ Req2)]], so the whole automaton accepts

exactly [[¬ϕ]]. Fig. 2 can also be regarded as a depiction of the dual UECA with co-Büchi

acceptance condition Ã¬ϕ, by interpreting non-determinism as universal branching.

From Ã¬ϕ, we have applied the counting functions construction described above,

for i = 1. In order to ease the presentation, we have applied this construction separately

on the two parts of the automaton, to obtain G1 and G2, given in Fig. 3. These automata

are shown as they appear in their UPPAAL TIGA encoding: controllable transitions are

plain, and uncontrollable transitions are dashed. The history clocks corresponding to up,

down and grant are respectively denoted u, d and g. Remark that since UPPAAL TIGA

uses classical Alur-Dill timed automata, and not NECA, we have to explicitly manage

the reset of those clocks. Finally, observe that we have used the synchronisation mech-

anism offered by UPPAAL TIGA to ensure that the game is played on the synchronous

product of these two automata (which corresponds to the counting function construction

applied to A¬ϕ).

We provided this model to UPPAAL TIGA together with the synthesis objective

control: A[not BadState], where BadState is true iff one of the automata

reaches one of its Bad locations (that corresponds to one of the counters being > 1).

In this case, UPPAAL TIGA can compute a winning strategy for player 1, which means
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grant
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grant

grant
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up
d ≥ 1

down
u ≥ 1

grant , g < 3

grant , g < 3

up
d ≥ 1

down
u ≥ 1

up

down

1

Fig. 2. The NECA A¬ϕ

that player 1 is capable of ensuring that, on any branch of any run of Ã¬ϕ, accepting

states occur at most one time. This strategy thus ensures that all the plays are accepted

by Ã¬ϕ, and so they all satisfy ϕ. Hence, ϕ is realizable. This example shows that,

although an exponentially-large K might be needed to prove realizability of an LTL�
formula, in practice, small values of i (here, 1) might be sufficient. A larger set of

experiments (on large LTL formulas) exploiting the same techniques can be found in

[FJR09]. These experiments confirm that small values of i are sufficient in practice.

Remark 23 (Time divergence). In this example, time divergence is not an issue. Indeed,

the objective is such that, on the one hand, player 1 wins the game if player 2 proposes

to play up followed by down, or down followed by up without waiting at least one time

unit (because of Hyp), and, on the other hand, player 1 violates Req2 if he plays two

grant actions too close in time (less than 3 t.u. apart).
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Fig. 1. Two examples of execution of the systems. The state of the input is represented on top,

grants are represented at the bottom. Each dot represents a grant event. Thick lines represent the

period during which the controller cannot produce any grant because of Req2.

Σ2 = {up, down} and:

Hyp ≡ �
�
up →

�
¬down U(down ∧�≥1 up)

��
∧

�
�
down →

�
¬up U(up ∧�≥1 down)

��

Req1 ≡ �
�
(down ∧�>2 up)→ (¬up U grant)

�

Req2 ≡ �(grant → ¬�<3 grant)

Remark that ϕ does not forbid the controller from producing grant events that have

not been requested by the environment. However, a controller producing grants too
often might hinder itself because Req2 requires each pair of grants to be separated from

each other by at least 3 time units. Fig. 1 illustrates this by showing two prefixes of

executions. The left part shows a prefix that respects ϕ. The right part of the figure

shows a case where the controller has issued an unnecessary grant that prevents him

from granting the request that appears with the down event at time 5.75.

Let us now apply the algorithmic schema presented above to this example. We first

build the NECA with Büchi acceptance condition A¬ϕ, given in Fig. 2. This automa-

ton has two parts, identified by the names of the states: the top part (corresponding to

the states 1, . . . 7) accepts the models of [[¬(Hyp→ Req1)]] and the lower part (states

1, 2, . . . , 6) accepts the models of [[¬(Hyp→ Req2)]], so the whole automaton accepts

exactly [[¬ϕ]]. Fig. 2 can also be regarded as a depiction of the dual UECA with co-Büchi

acceptance condition Ã¬ϕ, by interpreting non-determinism as universal branching.

From Ã¬ϕ, we have applied the counting functions construction described above,

for i = 1. In order to ease the presentation, we have applied this construction separately

on the two parts of the automaton, to obtain G1 and G2, given in Fig. 3. These automata

are shown as they appear in their UPPAAL TIGA encoding: controllable transitions are

plain, and uncontrollable transitions are dashed. The history clocks corresponding to up,

down and grant are respectively denoted u, d and g. Remark that since UPPAAL TIGA

uses classical Alur-Dill timed automata, and not NECA, we have to explicitly manage

the reset of those clocks. Finally, observe that we have used the synchronisation mech-

anism offered by UPPAAL TIGA to ensure that the game is played on the synchronous

product of these two automata (which corresponds to the counting function construction

applied to A¬ϕ).

We provided this model to UPPAAL TIGA together with the synthesis objective

control: A[not BadState], where BadState is true iff one of the automata

reaches one of its Bad locations (that corresponds to one of the counters being > 1).

In this case, UPPAAL TIGA can compute a winning strategy for player 1, which means

using
extension
of classical

constructions
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for any q are not shown.
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Hence, the formula is realizable
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Reduction
• Given a 3CM M

• Can we devise an ECL formula φM s.t.

• NO ! 

• Otherwise ECL satisfiability would be undecidable

• We can’t use ECL to specify that «every a or b 
should be preceded by an a or b 3 T.U. before» 
requirement

t t+3 t+6
...

aa

3 TU

φM is satisfiable 
iff 

M admits an infinite bounded run ?
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Reduction
• Given a 3CM M

• Can we devise a timed game  ⟨Σ1,Σ2,⟦φM⟧⟩, where φM is an ECL 
formula s.t.

• YES ! 

• Player 1 controls the encoding symbols

• We use Player 2 as an arbiter to check that Player 1 
respects: 

t t+3 t+6
...

aa

3 TU

Player 1 has a winning strategy 
iff

M admits an infinite bounded run ?
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Reduction
• Given a 3CM M

• Can we devise a timed game  ⟨Σ1,Σ2,⟦φM⟧⟩, where φM is an ECL 
formula s.t.

• YES ! 

• Player 1 controls the encoding symbols

• We use Player 2 as an arbiter to check that Player 1 
respects: 

t t+3 t+6
...

aa

3 TU

game 
over

12
#

Player 1 has a winning strategy 
iff

M admits an infinite bounded run ?
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Deterministic ?

∃λ1 • ∀λ2 • ∃run r of AΦ • r accepts Outcome(λ1,λ2)

Remove second alternation by determinization of AΦ.

∃λ1 • ∀λ2 • unique r of Ad on Outcome(λ1,λ2) is accepting

Σ=Σ1∪Σ2

Spec.
Φ

LTL�
?(Σ1) || Env(Σ2) ⊨ Φ
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Universal co-Büchi ERA
• Instead of considering classical Büchi condition, 

we will consider Universal co-Büchi condition

• Büchi = ∃ a run on w that visits accepting 
states infinitely often

• co-Büchi = all runs on w visit accepting 
states finitely often 

• These conditions are dual !
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Universal co-Büchi ERA
• Instead of considering classical Büchi condition, 

we will consider Universal co-Büchi condition

• Büchi = ∃ a run on w that visits accepting 
states infinitely often

• co-Büchi = all runs on w visit accepting 
states finitely often 

• These conditions are dual !

φ ¬φ A¬φ

Then: LUcoB(A¬φ) = ⟦φ⟧

«Büchi construction»
☝
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