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A Hilbertian (co)algebra is defined as a (co)semigroup object in the Received 9 February 2019
monoidal category of Hilbert spaces. The carrier Hilbert space of such an Communicated by J. L.
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and the closure of the linear span of a special class of elements, the
group-like glements of its adjoint coalgepra (H, u), which by the Riesz Commutative Banach
representation, correspond to closed maximal modular ideals. When the algebra; Hilbert space;
coproduct is isometric, that is, when po uf = id, semisimplicity is shown H*-algebra; monoidal

to be equivalent to the existence of adjoints in the sense of Ambrose’s category and
H*-algebras. We also prove that the category of semisimple special Gelfand transform
Hilbertian algebras, that is, semisimple Hilbertian algebras with an iso-

metric coproduct, i.e., essentially the algebras of the form ¢2(X) with the =~ MSC CLASSIFICATION
pointwise product, are dually equivalent to a subcategory of pointed  *6/4 46J10; 46M05; 46C05
sets and base-point preserving maps.

KEYWORDS

1. Introduction

This text discusses what one proposes to call a Hilbertian algebra: a semigroup object in the
symmetric monoidal category of Hilbert spaces and bounded linear maps with the usual
tensor product, ®,, that is, a “Hilbertian algebra” is a Hilbert space H with a bounded lin-
ear map p: H®;H — H such that u(a® u(b®c)) = p(u(a ® b) @ c) for all a,b,c € H. One
of the main results is a description of the carrier Hilbert space of a commutative Hilbertian
algebra (Theorem 22) in terms of “group-like” elements, which is obtained by combining
the Gelfand transform from the theory of Banach algebras with basic results on
Hilbert spaces.

Any Frobenius algebra (see e.g. [2]) in the monoidal category of Hilbert spaces, and in particu-
lar any finite-dimensional C*-algebra (its underlying vector space becomes a Hilbert space under
the inner product (a,b) = tr(b*a)) is a commutative Hilbertian algebra. This suggests that study-
ing Hilbertian algebras might be useful for the study of categorical quantum mechanics (see e.g.
[1]) in the infinite-dimensional case.

A result in [2, Proposition 23, p. 16] similar to Theorem 22, is even obtained for (nonunital)
Frobenius algebras. It explicitly states that such an algebra is the direct sum of subalgebras con-
sisting of its radical and a H*-algebra, and that this decomposition is also a direct sum of sub-
coalgebras for the adjoint coalgebra. This in particular implies that both summands are
subalgebras and subcoalgebras. Sadly the proof of this claim is false and the remaining valid part
of the proof only states that the summand corresponding to the H*-algebra is a subcoalgebra,
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and not a subalgebra (but a quotient H*-algebra).' The flaw in the proof is due to the use of [14,
Lemma 6, p. 866] whose validity is itself based on [14, Lemma 1, p. 860] which is manifestly
false” since it states in the context of Hilbert spaces, that ker(f &, f) = ker(f) &, ker(f) for every
bounded linear map f. It is one of the purpose of, and the original motivation for, this note to
get a corrected and improved result.

Some important points that could be extracted from the text are:

1. On every Hilbertian algebra there is a norm || - ||" (possibly different from the norm induced
by the inner product but equivalent to) with respect to which the underlying Banach space
becomes a Banach algebra with multiplication a-b = u(a ® b).

2. Any Hilbertian algebra (H, n) gives rise to an adjoint Hilbertian coalgebra (H, u'), that is, a
cosemigroup object in the monoidal category of Hilbert spaces. Moreover the orthogonal
complement I+ of a closed two-sided ideal of (H, ) is a closed subcoalgebra of (H, 1), and
I +— I is even a bijection between closed two-sided ideals and closed subcoalgebras.

3. Every character of a Hilbertian algebra (H, u), that is, nonzero multiplicative linear map f:
H — C, is of the form f = (-,x) for a unique group-like element x of (H, u), that is, a non-
zero element of H with uf(x) = x ® x.

To get Theorem 22, these three points are combined as follows. Let (H,u) be a commutative
Hilbertian algebra. Then by (1) it is a Banach algebra, and so the Gelfand transform G is avail-

able. Since its kernel ker G, is a closed ideal, the Hilbert space H splits as H =
(ker G) @, (ker G)*. By (2) (ker G)" is a closed subcoalgebra. Moreover, since ker G is the inter-
section of the kernels of all characters, and the kernel of a character is equal to (Cx)" for some

group-like element x by point (3), it follows that (ker G)* is the closure of the linear span of the
group-like elements. Finally, the kernel of the Gelfand transform is also the radical, and so we
have Theorem 22. In particular a commutative Hilbertian algebra is semisimple if, and only if,
the linear span of its group-like elements is dense.

In the special case where the coproduct is isometric, that is, when po uf = id, semisimplicity
is shown to be equivalent to the existence of adjoints in the sense of Ambrose’s H*-algebras [5]
(Theorem 32 and Corollary 33).

To a pointed set (X, x) is associated the Hilbert space /(X,x,) of all square-summable maps
X — C annihilated at x,. With pointwise multiplication it is even a Hilbertian algebra with an
isometric coproduct. This correspondence is extended into a functor from the dual of a subcat-
egory of pointed sets to the category of Hilbertian algebras with an isometric coproduct, hereafter
referred to as special, which is shown to be part of an adjunction (Proposition 36) in which the
set of group-like elements - seen as a pointed set with 0 added - provides a left adjoint.
Moreover, this adjunction restricts to a dual equivalence between the subcategory of pointed sets
and the category of semisimple special Hilbertian algebras (Theorem 40).

The paper is organized as follows:

Section 2 deals with the theory of tensor products of Hilbert and Banach spaces for the sake
of the readers not already familiar with it, which leads to the introduction of the main objects of
the paper namely the Hilbertian (co)algebras (Definition 1). It also contains a presentation of
some functorial relations between the different tensor products (Propositions 3 and 5) and an

'At the time of completing this paper its author does not know if [2, Proposition 23, p. 16] is valid in its whole generality,
that is, if its proof can be corrected.

2For example, consider H = C x C, where C is the complex field, and let 7; : H — C be the canonical projection onto the
first factor, then ker(m; ®,m) is 3-dimensional as it is equal to the direct sum of the one-dimensional and mutually
orthogonal subspaces of H®;H, ((0) x C)&®; (C x (0)), (C x (0)) &, ((0) x C), ((0) x C) &, ((0) x C), while ker(n;) &,
ker(n1) = ((0) x C) &, ((0) x C) ~ C is just a vector line.
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analysis of Ambrose’s H*-algebras from the viewpoint of Hilbertian algebras (see in particular
Theorem 9).

The main result (Theorem 18) of Section 3 is the one-to-one correspondence from the set of
closed two-sided ideals of a Hilbertian algebra onto the set of closed subcoalgebras of its adjoint
Hilbertian coalgebra, provided by orthogonal complementation.

From Section 4 one only considers commutative algebras. Section 4 discusses the general con-
cept of semisimplicity for (commutative) Hilbertian algebras. Here a structure theorem (Theorem
22) is provided, which makes use of the group-like elements (Definition 10) corresponding, under
the Riesz isomorphism, to the usual structure space.

Section 5 is entirely devoted to commutative special Hilbertian algebras (i.e., with a coisomet-
ric multiplication; Definition 12). Subsections 5.1-5.2 reach for these algebras, to the equivalence
between semisimplicity and the property of having adjoints in the sense of H*-algebras (Theorem
32 and Corollary 33), while Subsection 5.3 provides a dual equivalence between the above alge-
bras and a category of pointed sets, seemingly similar to the contravariant equivalence between
commutative C*-algebras and pointed compact spaces.

2. Hilbertian and Banach (co)algebras

The main notion of the paper, namely Hilbertian (co)algebras, is introduced hereafter. It is most
naturally presented in the realm of monoidal categories and one also recalls for the reader’s con-
venience some useful facts about the tensor products of Hilbert spaces and Banach spaces (both
the injective and the projective) and some of their functorial relations. Most of the notations and
notions from the theory of monoidal categories needed hereafter are taken from [25, Sect. 2, pp.
4874-4876] with the following exceptions: Sem(C) and Cosem(C) stand for the categories of
semigroup and of cosemigroup objects of a monoidal category C, while Sem(C) and
«cCosem(C) are the categories of commutative semigroup and of cocommutative cosemigroup
objects in a symmetric ([33, p. 69]) monoidal category C. By convention, the underlying category
of a (symmetric) monoidal category C is denoted C, and in general one denotes the same way
a(n op)monoidal functor from C to D and its underlying functor F: C — D; in this situation
one says that F lifts to a(n op)monoidal functor. A(n op)monoidal functor F: C — D induces a
functor again denoted F : Sem(C) — Sem(D) (resp. F: Cosem(C) — Cosem(D)) [25, Prop. 3,
p. 4876], and symmetric ones induce functors between the respective categories of (co)commuta-
tive (co)semigroup objects ([3, Prop. 3.37, p. 79]). Note that “(op)monoidal functor” always
means a lax one. Concerning other standard category-theoretic notions the main reference is
[21]. In particular given C-objects A, B, C(A, B) stands for the hom-set of all C-morphisms with
domain A and codomain B.

2.1. The category of Hilbert spaces

In this contribution, vector spaces (algebras and coalgebras) are over a fixed K € {R,C} without
turther ado; in particular ® stands for the algebraic tensor product over K. a +— & stands for the
involution of K (the usual complex one or the identity in the real case).

By an inner product (-,-) is meant a Hermitian-symmetric sesquilinear form (conjugate-linear-
ity in the second argument) when K = C, or just a symmetric bilinear form when K = R, which
is positive-definite. Thus, a vector space with an inner product, i.e., a pre-Hilbert space, has a
norm induced by its inner product. The inner product of a Hilbert space H will sometimes be
denoted by (--);,. The norm induced by the inner product of the Hilbert space £*(X) of square-
summable functions from X to K is denoted as usually by || - |[,.

Categories: Ban and Hilb are respectively the categories of Banach and Hilbert spaces, each
with bounded linear maps as morphisms (in particular by an isomorphism in these categories is
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meant a topological isomorphism, i.e., a bounded bijective operator; its inverse is also bounded
according to the open mapping theorem). The usual operator norm of a (bounded linear) operator
between any normed spaces is denoted by || - [[,,. If C is one of the above categories, then C; denotes
the subcategory of C with the same objects and with linear contractions (i.e., of operator norm < 1) as
morphisms. Let U : Hilb — Ban (and also U : Hilb; — Ban,;) be the obvious forgetful functor.

Banach and Hilbert adjoint functors: The Banach adjoint functor is denoted *: Ban°®? —
Ban. As usually it acts on a morphism f : E — F as f*: F* — E*,f*({) = Lof. Of course, one
also has a “contractive” version * : Ban{® — Ban, (since [fllop = [[f"[lop [28, Theorem 4.10,
p- 98)). B

The conjugate H of a Hilbert space H shares the same abelian group as H but the scalar
action is given by o-x=ax, while (x.y)z = (y.x);, (of course when K= R, H =H). This
extends in an obvious way to a functorial automorphism of Hilb (the identity when K = R),
which is the identity on morphisms® (since any linear map is automatically conjugate-linear too).
By the Riesz representation theorem ([17, Theorem 2.3.1, p. 98]), U(H) =~ U(H)" isometrically
and canonically under Ry :x+— (-x);,. Now, given f € Hilb(H,K),f" € Hilb(K,H) is the
unique map such that the following diagram commutes. In other words, Ry of" = f* o Ry,
e, (ufT(v))y = (f(u).v)eu € H,v € K.

U(K)*(U(f))*U(’H)*

4 I ey

U(K) ——=>U(H)
U(f7)

This gives rise to the Hilbert adjoint functor :Hilb®® — Hilb, which is the identity on objects.
A corresponding result holds for Hilb, (essentially because ||f||,, = |[f'[|,, [17, Theorem 2.4.2, p.

101]). As (fT)" = £, the dagger functor turns Hilb and Hilb, into dagger categories [31]. Record
for later the following easy result.

Lemma 1. Let f : H — K be a bounded linear map between Hilbert spaces. Let V. C 'H and W C
K be closed subspaces. One has f(V) C W if, and only if, ff(W+) C VL.

Hilbert direct sum: Given Hilbert spaces H, /X, the algebraic direct sum H @ K equipped,
with the inner product ((x,),(x,y)) = (x.x"),, + (.¥)» turns out to be a Hilbert space
H @, K called the Hilbert (or orthogonal) direct sum. When (H;),., is any collection of Hilbert
spaces, then the Hilbert direct sum @, H;:= {(u;),; : Vi,ui € Hy, (||uil|)ic; € C(D)} is a
Hilbert space with ((u;);, (vi);) = > _;cp(ti> vi)-

Given a subspace V of H,H =~ cl(V) @®,V*, where cl(V) is the closure of V in the norm top-
ology of H, while V+ denotes the orthogonal complement of V. For a closed subspace V, one
denotes by iy : V < H (respectively, my : H — V) the canonical injection (respectively, projec-
tion). Then, nJ{, =iy and 7y o iy = idy. The range ran(iy) of iy is closed (because of the closed

range theorem for Hilbert spaces [22, Proposition 11.12, p. 87, since ran(il,) = ran(ny) = V).

2.2, Hilbert tensor product and Hilbertian (co)algebras

The category of Hilbert spaces also has a symmetric monoidal structure, given by the so-called
Hilbertian (or Hilbert) tensor product ®, (see [7]). H ®, K is the completion of the pre-Hilbert

*To be on the safe side, it should be said that the underlying group homomorphisms of 4 K and H L JC are the same.
Nevertheless, in what follows such slightly ambiguous formulations will be used.
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space H ®, IC where, for pre-Hilbert spaces H and K, H ®, K denotes the algebraic tensor prod-
uct together with the inner product (x ® y,x' ® y') = (x, %) ; (.Y ) ([7].

Let H, K, L be Hilbert spaces, and f : H x K — L be a bounded bilinear map (here as usual
bounded means that there is a real number M such that ||f(x,y)||, < M||x||y||y|lc-x € H,y € K
and the least such constant is its (bilinear) operator norm |[f||,, which is equivalently defined as

|[fllop = SUPyjziypy IF (6 ¥)[])- Tt is said to be a weak Hilbert-Schmidt mapping if for every z € L,

and every orthonormal basis X of H and Y of K, the sum |f;|, := (erx ey |(f(x,y),z>£|2>E is

finite. By the closed graph theorem, there is a real number d such that |f,|,;¢ < d||z|| for each z € L,
and the least possible value of the constant d is denoted by ||f]| -
Given such a map f, by [17, Theorem 2.6.4, p. 132], there exists a unique bounded linear map

f:H&, K — L such that f(x® y) = f(x,y),x € H,y € K and moreover, |[f||op = |fll gs-

Remark 1. Not all bounded bilinear maps are weak Hilbert-Schmidt mappings. E.g., the inner
product (-,-) : H x H — K is bounded (by the Cauchy-Bunyakovski-Schwarz inequality) but is a
weak Hilbert-Schmidt mapping only when H is finite-dimensional. This incidentally implies that
when H is infinite-dimensional then the unique linear extension of (-,-) to H ® H is not a con-
tinuous map H @, H — K.

Notation 1. Given a bounded linear map H @, K L L, in what follows f; : H X I — L stands
for the corresponding weak Hilbert-Schmidt mapping and fu, : H ® K — L for the correspond-
ing linear map on the algebraic tensor product, which of course is continuous as a map fg :

H@, K — L. Obviously, |[|fll,, = [foull s = [agllop and |frilloy < [[fllo, (since [[fua(x y)l| =
FCe@ 1< [ lopl €[ T171D-

Remark 2. L

1. The conjugate space functor (—) is a (symmetric) strict monoidal functor from Hilb :=
(Hilb, ®,,K) to (Hilb, &, ,K).

2. The Hilbert tensor product still provides a symmetric monoidal structure Hilb, for Hilb,
([13]) because the coherence constraints are unitary (hence of norm 1), and because

|V®2g||op = [Ifll,p!lgllop for every operators f, g ([17, p. 146]).

®, is additive: H @, (K @,L) ~ (H®,K) @,(H®, L) (canonically, [27]). Moreover, ®;
preserves closed subspaces (as a consequence of [7, Proposition 3, Chap. V, p. 28]), ie., if V, W
are closed subspaces of H and K respectively, then V&3 W ~ ran(iy @, iw), and in what follows
one even treats both subspaces as identical for convenience. Additivity of &, implies
the following.

Lemma 2. Let H,K be Hilbert spaces with respective subspaces V, W. Then, as subspaces of
H®2 IC’

(Cl(V) @2 cl(W))™ = (cl(V) &, W) @, (V@2 cl(W)) @, (V& WH.

Let us at last introduce the central object of this study.

Definition 1. By a Hilbertian algebra (respectively, coalgebra) is meant a semigroup (respectively,
cosemigroup) object in Hilb or Hillb;. Because from Section 4 we only consider commutative
Hilbertian algebras over C, in order to save space one refers to them simply as “Hilbertian alge-
bras”, and in Section 5 the meaning of these words is even restricted to complex commutative
Hilbertian algebras with a contractive multiplication, without further ado.

One refrains from using the name “Hilbert algebras” because this terminology is reserved to
another well-established notion related to von Neumann algebras (see [36, Chap. VI]).
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Why nonunital algebras rather than unital ones? One recalls [25, Sect. 4.3.5, pp. 4890-4891]
that to any semigroup in Hilb one can freely add a unit so as to obtain a monoid. Whence any
semigroup in Hilb will canonically and functorially provide a monoid object in Hilb. Moreover
the fundamental example of Hilbertian algebras (¢*(X), i) (see Example 1 below), essential for
the results obtained in Section 5, provides unital algebras only for the finite-dimensional case
(i.e., when X is finite). This explains why emphasis is put on semigroups rather than monoids.

Example 1. Let X be a set. For x € X, let 6, : X — C be given as usually by the Kronecker delta
0:(y) = 0x,y,y € X. (*(X), 1tx) is a commutative Hilbertian algebra, with iy : £2(X) ©, £*(X) —

€Z(X),,ux(zx’yexf(x,y)&x,y)) =Y xf(x,x)8; up to the unitary transformation ¢*(X)&,
P(X) = (X x X),0¢ @ 8y — x5, %y € X ([17, Example 2.6.10, p. 142]). Given f,g € £*(X),
and x € X, uy(f ®28)(x) = f(x)g(x) and thus py(f ®,g) is just the pointwise product fg. One
observes that iy o pl; = id.

Adjoint Hilbertian coalgebra: The Hilbert adjoint functors : Hilb®® — Hilb and ":Hilb{® —
Hilb, become strict (symmetric) monoidal functors (in particular (f ®,g)" = fT &, g" for opera-
tors f, g). Consequently, any semigroup in Hilb shares the same Hilbert space with its “adjoint”
cosemigroup. Indeed the Hilbert adjoint functor induces a functor still denoted by ' from
Cosem(Hilb)* to Sem(Hilb), which is actually an isomorphism. (The same is true for Hilb;.)

Definition 2. Let (H, ) be a Hilbert algebra. Then, (H, ') is a Hilbert coalgebra referred to as
the adjoint coalgebra of (H, ).

2.3. The projective tensor product and Banach algebras

Projective tensor product: A Hilbert space “is” a Banach space but is a Hilbertian (co)algebra a
Banach (co)algebra? This question suggests a comparison between (co)semigroup objects which is
most naturally discussed in the realm of monoidal categories. Let E, F be Banach spaces. The
algebraic tensor product E® F becomes a normed space E ®, F under the projective norm
m(u) = inf{D>"1, [|xi|gllyillp : u = Di, xi ® y;}. It is also a normed space E @, F for the inject-
ive norm e(u) = sup{| 31, &1 (x)) ()| : &1 € ES ||,y < L6y € F |6, < 1.}, where u =

S, % ®y;. Let E ®, F be the corresponding completion, o = 7, €.

It is worth mentioning that the projective tensor norm has a universal property: Let E, F, G be
Banach spaces, and f : E X F — G be a bounded bilinear map, then there is a unique bounded
linear map f : E&, F — G such that f(x®y) = f(x,y),x € E,y € F.

It is well-known that (Ban, &,),o = m,¢, is a symmetric monoidal category, and the coher-
ence constraints are isometries (see e.g., [39, pp. 3-4]). Both tensor products satisfy the following:
|[f®ag||op = [[fllopllgllop> for operators f, g ([29, Proposition 2.4, p. 18, and Proposition 3.2,
p. 47]). Thus, (Bany, ®,),o = 7, ¢, is also a symmetric monoidal category.

We record for later use that the injective tensor product preserves closed subspaces, i.e., if
X CEand Y C F are closed subspaces, then X ®. Y is a closed subspace of E®, F, see [29]. This
is seldom true for the projective tensor product ([29, p. 24]).

“Classical” Banach algebras and semigroup objects: A (not necessarily unital) Banach algebra
is ordinarily defined as a pair ((E, || - ||),m), where (E,||-||) is a Banach space, m: EX E — E is
an associative bounded bilinear map, of norm < 1. With bounded multiplicative* linear maps
this provides the category BanAlg of Banach algebras. Letting u: E®,E — E be the bounded

“By “multiplicative” is meant f(m(x,y)) = f(x)f(y).
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linear map obtained from m using the universal property of ®,,((E,||-||), ) provides a semi-
group object in (Ban;, ®,). Conversely, any semigroup object ((E,||-||),x) in (Ban, ®,) pro-
vides a K-algebra (E, m), with m:E X E — E, given by m(x,y) = u(x ® ), being jointly
continuous, but its norm, as a bounded bilinear map, is not necessarily < 1. However the norm

=1 = [aallgpll = [I ([11, p. 293]) is equivalent to || — || (i.e., the identity map of E is an iso-
morphism (E, || -[|) — (& || -|)) and [[m(x, )I|" < [lxI['[[y]]',x,y € E, so that BA((E, || - |I), u):
= ((E,|| = |'), m) becomes a Banach algebra. As a matter of fact BA acting as the identity on

morphisms, yields an equivalence of categories between Sem(Ban, ©®,) and BanAlg. Moreover,
Sem(Ban,, ®,) is even isomorphic (concretely over Ban;) to BanAlg (since in this case there is
no need to replace the norm by an equivalent one).

Banach coalgebras: To our knowledge there is little literature about Banach coalgebras, i.e.,
cosemigroup or comonoid objects in (Ban, ®.). Josef Wichmann 1975 PhD’s thesis [39] and
Andrew M. Tonge’s papers [37, 38] may be considered as important references of the subject. Let
us see a fundamental example which makes use of the well-known canonical isomorphism C(X x
Y) ~ C(X) ®,.C(Y), for (Hausdorff) compact spaces X, Y (see [29, p. 50]), where C(X) denotes
the Banach spaces of all continuous complex-valued functions on X with the uniform norm
|- |l Given a compact monoid (M,m,1), ie., a monoid which is also a (Hausdorff) compact
topological space, and whose multiplication m is jointly continuous, the Banach space C(M) of all
continuous functions on M inherits from (M, m, 1) a structure of a Banach coalgebra. The copro-
duct A: C(M) — C(M x M) ~ C(M) ®.C(M) is given by f+ ((x,y) — f(m(x,y))), and the
counit e: C(M) — C is obtained as €(f) = f(1).

The dual of a Banach coalgebra: Given a norm « on the algebraic tensor product E® F of
Banach spaces, one denotes by E®,F the corresponding normed space, and by E®, F its norm
completion. To any such norm o, one may associate a number o*(¢) for each ¢ € E* ® F* by set-
ting o*(¢) = sup{|¢(u)| : u € E® F,a(u) < 1}, where £ is seen as a functional on E ® F using the
canonical embedding (E* ® F*) — (E* ® E*) — (E® F)* with (=) the algebraic dual space. This
is not always a finite number, but for « = 7, ¢, it is; for instance, n* = € (see [30]). When o*(¢) is
finite for each /,o* defines a norm on E* ® F*, and the above canonical embedding co-restricts
as E*®,F* — (E®,F)" (since by definition of of,|l(u)| < o*({)o(u),l € E* @ F*,u € EQ F).
Passing to the completion it uniquely extends to a canonical embedding E*®,-F* — (E®,F)" ~
(E®,F)". According to the above, for every Banach spaces E, F, one has a canonical map

Opr: EF®, FF — E'®+F — (EQ.F)". (2)

(The first map is obtained using the universal property of ®,, because €*(¢) < n({) for every
¢ € E* ® F*.) In details, O p(f; ® £5)(x; ® x3) = £1(x1)la2(x2), 41 € E*,x; € E, {, € F*,x, € F*.

Following [39, Propositions 7.1 and 7.2, pp. 18-20] in a modern category-theoretic language,
Eq. (2) actually implies that the Banach adjoint functor *:Ban®® — Ban lifts to a (symmetric)
monoidal functor from (Ban, @)% to (Ban, ®,). So it induces a functor *: Cosem(Ban,
®:)%® — Sem(Ban, ®,). In other words, the dual of a Banach coalgebra is a semigroup object
of (Ban, ®,) that is, up to equivalence a Banach algebra.

Comparisons with &, : If H, K are Hilbert spaces, then nor U(H) ®, U(K) ([13, p. 186] or
[10, Corollary 1.1.15, p. 18]) neither U(H) &, U(K) are Hilbert spaces in general (e.g., [29,
Corollary 4.24, p. 87]). However, there are some nice relations.

Proposition 3. The forgetful functor U : Hilb — Ban lifts to a (symmetric) monoidal functor from
(Hilb, ®,) to (Ban, ®,), and to an (symmetric) opmonoidal functor from (Hilb, ©,) to
(Ban, ®.). Corresponding results are true for U : Hilb; — Ban,.
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Proof. Let H,K be two Hilbert spaces. The canonical bilinear map — ® — U(H) x U(K) —
U(H ©, K) is continuous. The universal property of the projective tensor product provides the
unique bounded linear map @y i : U(H)®, UK) — U(H®,K) such that Oy x(x®y) =
X ® y (observe that @y x has norm 1). It is natural by construction. Compatibility with the coher-
ence constraints are easily checked, so that (U, ®,idy) is a monoidal functor from (Hilb, ®,) to
(Ban, ®,). According to [9, p. 351], for each u € H ® K, e(u) < ||u||, < n(u), where || - ||, is the
norm on H ® K induced by the inner product of H ®, K. It follows that the canonical injection
i:H®, K — UH)®.UK) is continuous. Since U(H) @, U(K) is complete, it has a unique
continuous extension Wy x : UH®,K) — U(H) &, U(K) (which is of norm 1). One observes
that, by definition, Wy x(x®y) =x®@y,x € H,y € K. It is left to the reader to check that
(U, ¥, idy) defines an opmonoidal functor from (Hilb, ©,) to (Ban, ®,) as desired. O

Proposition 3 implies that there are two induced functors U : Cosem(Hilb) —
Cosem(Ban, ®,) and U : Sem(Hilb) — Sem(Ban, &,).

Definition 3. For a Hilbertian algebra (H, i), BA(U(H, pt)) is its underlying Banach algebra and
U(H, u') its underlying Banach coalgebra.

Remark 3. Given Hilbertian algebras (M, u) and (K, y), and a bounded linear map f : H — K, f
is a morphism of Hilbertian algebras if, and only if, f is a morphism of the underlying
Banach algebras.

Relations with ordinary algebras: Hilbertian algebras “are” ordinary algebras too.

Definition 4. Letting by abuse of notation  be both a Hilbert space and its underlying vector
space, (H, uy,;) stands for the underlying K-algebra of the Hilbertian algebra (M, 1), where as in
Notation 1, up;:H xH — H is the unique (bounded) bilinear map whose corresponding
bounded linear map f,, : H®; H — H is the restriction of u to the algebraic tensor product.
This provides a functor from Sem(Hilb) to the category Alg of (nonunital) K-algebras (with a
bilinear multiplication) and algebra homomorphisms, which acts as the identity on morphisms.
By forgetting the norm of BA(U(H, u)) one of course recovers (H, i;)-

Remark 4. Let Vect = (Vect, ® ,K) be the usual (symmetric) monoidal category of K-vector
spaces. Clearly Alg ~ Sem(Vect) concretely over Vect (bilinear multiplications correspond bi-
univocally to their unique linear extension to the algebraic tensor product). The obvious forgetful
functor Hilb — Vect is (symmetric) monoidal and thus provides a functor Sem(Hilb) —
Sem(Vect) ~ Alg which corresponds to the one mentioned in Definition 4.

Remark 3 may be completed by the following result.

Lemma 4. f & Sem(Hilb)((H,u),(K,y)) i, and only if, f:H — K is continuous
and f € Alg((H, i), (K, ppi))-

Proof. The direct implication is clear because the forgetful functor from Hilb to Vect is monoidal.
Let us assume that f is a bounded linear map which is an algebra map from (H, ;) to (G, ypi)»
that is, y,:(f(%),f(¥)) = f(ui(x%, ¥)), %,y € H. By continuity this provides a bounded algebra map
from (H, o) to (K, Vag)s i€ Yag 0 (f @ f) = f © fig,- Then, the extensions by continuity of the
maps 7, © (f@f).fo Haig - H®2H — K to the completion of H ®;H, remain equal, ie, yo
(f ®2f) = f o . Whence f € Sem(Hilb)((H, w), (K, 7)). O

The underlying Banach coalgebra of a Hilbertian algebra:
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Proposition 5. For each Hilbertian coalgebra (H,3),Ry : U(H,8") ~ U(H.8)", conjugate-linear,
in Sem(Ban, ®,).

Proof. 1t suffices to prove that the following diagram commutes, where (H, 0) is a Hilbertian coalgebra.

pX %
(UH)BU(H))* — " UHeM) — s um)”
@U(H),U(H)T Ry
U(H)* & U(H)* 3)

RH®WRH2

U(H)®:U(H) ——— U(H&H) = U(H&:H) —— U(H)
T U(sh)

Let x,pu,veEH. Wi 1(Oum,um (R QR (x@y)))uev) = (ux)ny) =(uev, x®
Mré,n = Rue, n(@rn(x@y))(u®v). By definition of the Riesz isomorphism, Ry o U(E) =
U(d)" © Ry, - Therefore, the leftmost and rightmost diagrams below commute (by linearity and
density), so commutes Diag. (3).

S * W;{’H S * U((S)* *
(UH)®U(H)) ——— U(H®H) ——— U(H)
@Um),U(H)T Rygon Ry
U(H)*®:U(H)* (4)
RH@RHZ

U(H)&-U(H) S U(H&H) = U(H&H) ——— U(H)
THH U(sh)
]

Proposition 5 is not used in what follows but one notwithstanding provides the following
consequences.

Because of Proposition 3, Theorem 7 below is essentially due to [37, Lemma 2.10, p. 14] which
states that any Banach coalgebra in (Ban,, ®.) embeds into a Banach coalgebra of functions on a
compact semigroup. Nonetheless one provides a direct proof in our Hilbertian setting.

Lemma 6. Let (H,u) be a complex Hilbertian algebra. One furthermore assumes that ||u||,, =
||,uT||OP < 1. Equivalently one requires (H, 1) to be a semigroup object in the monoidal category

Hill, of Hilbert spaces with linear contractions. Let By(0,1] be the closed unit ball of H. Then,
B3(0,1] is a compact semigroup (in the weak topology).

Proof. Since ||pl],, <1, it is clear that By(0,1] is a semigroup under the restriction say m, of
Upi- According to Banach-Alaoglu theorem it is also compact in the weak topology, i.e., the weak-
est topology on H that makes continuous all functionals (-,x),x € H. It remains to prove that
the multiplication in By (0, 1] is jointly continuous (in the weak topology), i.e., that for each x €
H, Ry(x) o m : By(0,1] X By(0,1] — C is continuous. Since m is the restriction of y, it follows
that Ry (x)(m(y,2)) = Ru(x)(u(y © 2)) = (u(y ® 2).X)3y = 0 @ 2. 1" (X)), 50 = Ry, (' ()
(y ® 2), 5,z € By(0,1]. But Ry, 5,(u'(x)) is continuous for the weak topology on H &, H, so we
are done. O
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Let H be a Hilbert space. For x € H, let x € (H)" be defined by x(y):= (x.y)
ie, x = Ry (x).

Theorem 7. Under the same assumptions as in Lemma 6, the underlying Banach coalgebra of
(H, 1) embeds as a closed subcoalgebra® of C(By(0,1]).

Proof. For each x € H,x induces by restriction a continuous map from By (0,1] = Bx(0,1] to C,
i.e., X € C(By(0,1]), since Ry (x) is continuous. Now, Rj; : x — X, considered as a linear map R
from H to C(Bx(0,1]), is clearly one-to-one because By(0,1] contains every orthonormal basis.
Therefore, as vector spaces, H embeds into C(Bx(0,1]). R is continuous since, by the Cauchy-

Bunyakovski-Schwarz inequality, ||X||,, < ||x||;;. Moreover, for x # 0, \x( \XH>| = ||x||, whence R

is even an isometry, and thus the image of H under R is a closed subspace. R is a coalgebra
map. Indeed for 3z € B(0,1], (AR(x))(:2) = %(m(1.2)) = (x 1y ® D))y, = (W (x). y&

Zne,n = (R ®R) (WP (u'(x)) (3 2), where Y = Wy, y is the coherence constraint for the opmo-
noidal functor from Hilb, to (Ban;, ®.) from (the proof of) Proposition 3. Concerning the last
equality, first of all given bounded linear maps f : E — C(X) and g: F — C(Y) for Banach spaces
E, F and compact spaces X, Y, under C(X x X) ~ C(X) ®. C(X), one has (f ®.g)(u®v)(x,y) =
f(u)(x)g(v)(y), u€EveFxeX,yeY. Therefore, (RO R)(Puxv)(pz)=uev ye
Z)n e, since W is the identity map on the algebraic tensor product H ® H. By continuity, this
equality between maps on a dense subset extends to an equality on the completion. O

Given a compact set X, M(X) denotes the Banach space of all Radon measures of X, that is,
complex regular Borel measures of X. Under Riesz representation theorem (e.g., [32, Theorem
1.1, p. 325]), M(X) identifies with the dual space C(X)". Given a compact semigroup S with
jointly continuous multiplication m, as is well-known ([12]) (M(S),*) is a Banach algebra under
convolution v x v, = (V] X 1) 0 m~!, where v, X v, is the product measure.

Corollary 8. The underlying Banach algebra of the conjugate of a Hilbertian algebra (H, ) with
|1l < 1, is the image of M(S) for some compact semigroup S.

Proof. Since (C(S),A) is a Banach coalgebra by [39, Propositions 7.1, p 18] its dual C( ) is a
Banach algebra. Its multiplication is explicitly given by (6 x6)(f) = [s[f (m(x,y))dv(x)
dvy(y).f € C(S), where under Riesz representation theorem, v; is the Radon measure on S corre-
sponding to ¢;. The observation that (¢; x &,)(f) = [, fd(v1 * v2) ([12, p. 53] with other notations,
or [34, Theorem 2, p. 350] for locally compact semigroups) does not mean anything other than
(M(S), %) == (C(S)",x) under Riesz representation.

Now, the map U(H, u') R C(By(0,1]) from the proof of Theorem 7 is a coalgebra map and

an isometry. Therefore, C(By(0,1])" R U(H,u")* is a morphism in Sem(Ban, ®,) and is a cois-
ometry which means that it maps the open unit ball of C(By(0,1])" onto that of U(H, )" (this
is essentially due to the Hahn-Banach theorem). So of course, it is onto, and it is so as a morphism
of Banach algebras BA(C(By(0,1]))) R BA(U(H.1")"). The conclusion is obtained by the compos-

eye * * R* * =,
ition (M(By(0, 1)), %) = (C(Bx(0.1])",#) = BA(C(Bx(0.1])")) & BACU(H. u')") ~ BA(U(H. 7)),
where the last isomorphism is the result of Proposition 5. O

5Cf. Definition 6 and the discussion that follows.
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2.4. H*-algebras, in-between Banach and Hilbertian algebras

In this section all algebras are over the field of complex numbers.

Let us consider a H*-algebra [5] (U(H),m), that is a complex Banach algebra with H a
Hilbert space such that for each x € H there is a (not necessarily unique) x* € H, called an
adjoint of x, such that for all y,z € H, (m(x,y),z) = (y,m(x*,z)) and (m(y,x),z) = (y, m(z,x*)).
It is said to be proper whenever every element has a unique adjoint ([5, Theorem 2.1, p. 370]).°

According to the proof of [5, Corollary 4.1, p. 382] a proper commutative H*-algebra is iso-
morphic to one of the form ¢(X):= (U(£3(X),(--),),mx) where £2(X):={fe€C*:Y
a(x)|f(x)]* < +oo} for some fixed set X and map X —[1, + oo, (f.g), = rex #(x)f (x)g(x),
mx(f,g)(x) == f(x)g(x), and f*(x) := f(x),x € X,f,g € £2(X). Observe that [[mx|[,p < 1.

More precisely (see e.g. [20]) for any proper commutative H*-algebra (U(H),m),H is the
Hilbert direct sum of its (necessarily closed) minimal ideals (these are pairwise orthogonal)
which, as C-algebras, are isomorphic to C. So (U(H),m) zfim) (Min(H,m)) (isometrically)

m)

under Q) : e — 01,1 € Min(H, m), where Min(H,m) stands for the set of all minimal ideals
and oy, (I) := |les||* with e; the identity of I € Min(H,m).

Such proper commutative H*-algebras will play a fundamental rdle in what follows (see below
Section 5). For now on let us see how they are related to Hilbertian algebras. The multiplication
my of the most general model ¢2(X), is a weak Hilbert-Schmidt mapping as >, yex | (mx (s,

w) f)ol? = ex FX) P < |IfIl; (because o(x) > 1,x € X) with [[f||, := \/{f.f),» where u, :=

—L_5,x € X. Whence ((£2(X),(~-),),ptx) is a commutative Hilbertian algebra, with piy :

\o(x)

£(X)©,(X) — £(X) the unique bounded linear map such that (uy),; =mx. One
has ||pxllop = llmx|lps < 1.

Remark 5. Of course, (£2(X),(--),) as above, is unitarily isomorphic to ¢*(X) under Ay :
uy — 0, (x € X), ie, Ay is the multiplication operator f — ozf by o2 : x — /a(x). This is not
an algebra isomorphism (under pointwise product) whenever for at least one x, a(x) > 1.

The situation is quite different for noncommutative H*-algebras. E.g., a full matrix algebra with an
infinite set of indices never is (the underlying Banach algebra of) a Hilbertian algebra, because its
multiplication fails to be a weak Hilbert-Schmidt mapping. However the convolution L*-algebra
L*(G) of any compact group G turns to be a semigroup in Hilb (by the Peter-Weyl theorem).

Theorem 9. Let o: X — [1, +oo[. ((A(X),(--),) tix) = (((Y), ty) (topological isomorphism in
Sem(Hilb)) for some set Y if, and only if, a is bounded above. In this case Y may be chosen equal
to X. Moreover, if for some x, o(x) > 1, then no topological isomorphism as above is unitary. In
particular, a proper commutative H*-algebra (U(H),m) is topologically isomorphic to
BA(U(C(X), uy)) = (((X), || - |I,)» mx) if, and only if, oy is bounded above. Moreover, if
a,m)(I) > 1 for some closed minimal ideal I, then no topological isomorphism as above is
an isometry.

Proof. One first observes that £2(X) C £*(X) since 1 < a(x),x € X, and the inclusion is continu-
ous because ||f||, < ||f]|,- Secondly, when o is bounded above, then ¢2(X) = ¢*(X) (qua vector
spaces). In this case one notices that [|f]|, < Hot||%oo|[f|\2 so that id: ((A(X),(--),) tix) =~
(*(X), py) is a topological isomorphism in .Sem(Hilb) (albeit not unitary in general).

SMore rigorously, a H*-algebra is a Banach algebra (E, m) such that there exists a Hilbert space H with U(H)=E and
admitting adjoints. But actually the Hilbert space H is entirely determined by E since U is injective on objects (the norm of £
satisfies the parallelogram law and thus uniquely determines the inner product of H).
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Conversely let us assume that ((£2(X), (-,-),)s tix) = (¢*(Y), ty) for some set Y. In particular
the Hilbert spaces (¢2(X), (-,-),) and £*(Y) are topologically isomorphic, and the polar decompos-
ition of such an isomorphism (see [19, Corollary 5.91, p. 405]) shows that they are actually even
unitarily isomorphic. So, without loss of generality one may assume that X=17Y. In this situation,
it is possible to transport the pointwise product yux of (¢2(X),(--),) on £*(X) using the unitary
transformation Ay from Remark 5. Let p, be the resulting multiplication: p,(f®g) =
a2 f.g € A(X). Of course, Ax : (F(X), (~-),), tix) = (*(X), 1,) (unitarily so).

One now has a topological isomorphism (£*(X), i) ~ (¢*(X), uy). Call it T1. If X = (), then o

is of course bounded above. So let us assume that X # (). As a matter of fact, H(ot‘%fg) =

M(f)[1(g) for each f,g € *(X). In particular, for f =6, =gx€X, ﬁﬂ(éx) = T1(5,)°.
o(x
Observe that by continuity and linearity, IT is entirely determined by its values on Jd,, x € X. Let

Sy :={z€ X : 11(6;)(2) # 0} # O (since II is one-to-one). Then, I1(,) = \/—Zzes 0, as the

sum of a summable family in £*(X), so that S, is necessarily finite.
Now let x,y € X with x # y. Then, 0 = I1(d,)I1(J,) = WZzesmsy

lows that S, NS, = 0. Let Uyex Sy Z X be defined by n(z) = x if, and only if, z € S,. It is onto.
Since IT is onto, it follows that X = Usex Sx. Indeed, let y € X \ Uxex Sx. Since 9, € ran(Il),

there exists f € £*(X) such that 6, =II(f) = erX\J}(T)%)ZzeSX DD fi((;()j)) 0, which

0, from what it fol-

contradicts 6, & Uxex Sy
Now it follows that TI(f) = ZzeX

\/_ (oc’%f) omf € A(X). Let us assume that

X5 X is not one-to-one. Let x,y € X, x # y such that 7(x) = n(y). Since IT is onto, there exists

> _ (o () _ flzlx) _ _
f € (X) such that 6, = T1(f) = («7%) o . Then, 0= 6,(y) = Sl = S = o) = 1,

which is impossible.

Consequently, 7 is a permutation of X, and IT"}(f) = o3(f o 7~!). Since IT~! is also bounded,
o is necessarily bounded, and thus bounded above. So the first equivalence of the statement is
proved. (Observe that IT" = o 3(fon™!) and thus IT is unitary if, and only if, a(x) =1 for
each x € X.)

One may check directly that for f € £2(X), (ux(uk(f)) = «~'f while one knows that for f €
P(X), 1ty 0w = id. Thus, even if ((2(X), (-,), ix)
o(x) > 1 for some x.

Finally for a proper commutative H*-algebra (U(H, m), (U(H), m) ~ ((¢*(X),]|| - ||,). mx) if,
and only if, ¢2 Min(H,m)) ~ ((¢*(X),|| - ||,), mx) if, and only if, ((£> (Min(H,m)),

O((H

<-,->a(H’mJ),me(H,m))z(éz(X),,uX) if, and only if, oy, is bounded above. With X =

Min(H, m), one may choose IT o Apgin(, m) © (3, m) as an isomorphism (which is not an isometry

~ (*(Y), py), it cannot be unitary so when

2

in general because of the presence of IT).
By the above if (U(H),m) ~ ((¢*(X),|| - ||,),mx) but apym # 1, then the isomorphism can-
not be an isometry. |

3. Ideals and subcoalgebras

In this section is described how the closed ideals of a Hilbertian algebra and the closed subcoalge-
bras of its adjoint coalgebra are related (see Theorem 18 below).
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In what follows H denotes a Hilbert space. Given two subspaces V, W, their sum V+ W is the
subspace {v+w:ve V,we W}. Of course, (V+ W)  =VEnw! and (cl(V)Nncl(w))' =
cl(V+ + W'). More generally, given a family (V;),; of subspaces of H, >, ; V; is the subspace
consisting of all finite sums of elements of U;c; V;. The following result is clear.

Lemma 10. Let (V;),., be a family of subspaces of M. Then, (Y, Vi)™ = Nt Vi-
and (Mier (V)" = cl(X e V).

Lemma 11. For a closed subspace V of H,Cl(H®,V:+Vi®,H)=ker(ny@,ny)=
(V&L V) = (VE@,V)B,y(VE&Q, VE) By (VR, V4.

Proof. The last equality is due to Lemma 2, while the penultimate one is obvious.
Clearly H ® V* 4+ V* @ H C ker(ny @, y), so Cl(H &, V*+ + Vi@, H) C ker(n ®, mp1), and
(VER, V) @(VE R, VE) @,(VR, V) Cel(H®, VE 4+ VE &, H). O

Now, let us assume that (7, p) is a Hilbertian algebra and let (H, ;) be its underlying
[K-algebra (Definition 4).

Definition 5. A two-sided ideal I of (H, ) is defined as a two-sided ideal of (H, u;), i.e., a sub-
space such that p,, (H@I+I1®H) CI.

Lemma 12. Let I be a closed subspace of H. I is a two-sided ideal if, and only if, u(cl(H @, 1+
1®,H)) C 1 if, and only if, u((I'* @, 1) B,(I&, 1) S,(I®, 1Y) C 1.

Proof. Let us assume that u(cl(H ®,1+1®;H)) C 1. Then I is a two-sided ideal of (H, ;)
since py(HRI+TQH) =pu(HOI+T1@H) C u(cl(H &1 +1&0,H)) C1 follows from H ®
I+I1®@H Ccl(H®,I+1®,H). Conversely, let us assume that I is a two-sided ideal of
(H, tyy)- By continuity of p, u(cl(H@I+I1@H)) Ccl(p(H@I+10H)) = cl(py(HRI+1®

H)) C cl(I) =1 (I being closed). But cl(H® I +I1® H) = cl(H ®, 1+ I®,H) and we are done.
The second equivalence follows from Lemma 11. ]

Definition 6. Let (H, 1) be a Hilbertian algebra and (K, d) a Hilbertian coalgebra.

1. A closed subalgebra of (H,u) is a closed subspace C of H such that u(C®,C) C C. Let
C&C i C be the corresponding co-restriction of .

2. A closed subcoalgebra of (KC,0) is a closed subspace C of K with §(C) C C®, C. The corre-
sponding co-restriction of J is denoted C KCé,cC.

It is clear from the preservation of closed subspaces by the Hilbert tensor product, that a closed
sub(co)algebra is a (co)algebra on its own and the canonical inclusion is a morphism of
Hilbertian (co)algebras. Moreover by Lemma 12 a closed ideal is also a closed subalgebra. Since
the injective tensor product also preserves closed subspaces, the notion of a closed subcoalgebra
makes sense as well for objects of Cosem(Ban, &, ).

Lemma 13. Let (H, u) be a Hilbertian algebra, and let V be a closed subspace of H. If V is both a
closed subalgebra of (H, ) and a closed subcoalgebra of (H, '), then (,u‘V)Jr = (,uT)‘ In this situ-
ation, both maps ny : H — V and iy : V — H are morphisms of Hilbertian algebras and coalge-
bras. Moreover, if wo u' = idy, then 1, © (,u‘vL) =idy.
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Proof. By construction (u'), = (ny®,my)ou’ oiy and p = myopo (iy ®,iy). Whence
Y v v
w ) = (u), . Since V is both a closed subalgebra and a closed subcoalgebra, iy : (V, (u' —
v v 8 & v
H,u") and iy :(V,u ) — (H,u) are respectively morphisms of coalgebras and algebras.
lv P Y % 8 g

Passing to the adjoint, in view of the equality (,u‘v)T =" vy (Hop) — (V, ty,) and my :

ly
(H,u") — (V, (,u*)‘v) are respectively morphisms of algebras and coalgebras.
As a consequence of (,u‘v))r = (,uT)lv, when pou' = idy,iy o 1, © (“\V)T = o (iy®,iy)o

(,u‘v)T = po u' oiy = iy. Since iy is a monomorphism, 1, © (,u‘V)Jr =idy. O

Now let us establish a series of lemmas so as to provide a relation between closed ideals and
coalgebras (Theorem 18 below).

Lemma 14. If C is a closed subcoalgebra of (H, u'), then C* is a closed two-sided ideal of (H, ).

Proof. u'(C) C C&, C if, and only if, u((C®, C)") C C' (by Lemma 1). According to Lemma 2,
(C&,C)" = (C&,CH) B, (CH &, C) By(CT &, CH) DH@CH+C- ®H. Whence it follows
that u(H ® Ct + C+t @ H) C C*, and thus C* is a closed two-sided ideal of (H, ). O

Lemma 15. Let I be a closed two-sided ideal of (H, ). Then, I* is a closed subcoalgebra
of (M, uh).

Proof. First (It @,1) @,(I &, 1) @,(I@21) CH®, I+ 1@, H C cl(H @21+ 1@, H). Whence
(It @2 1) Br(I&, 1) @,(IR,1)) C u(c(H@2 1+ 1%, H)) C 1. But
(- @2 1) Br(I &, 1) @,(I &, 1) = (IF &, ). So il (I) C I+ @, . O

Definition 7. Let (H,u) be a Hilbertian algebra. Let V C 'H be a closed subspace. Let us assume
that there exists a bounded linear map py, :V®,V — V. (V,uy) is said to be a quotient
Hilbertian algebra of (H,u) if the following diagram commutes. In particular, py, =my oo
(iv ®, iv) and it is called the quotient multiplication.

H&H - H

Wv@gﬂvl J/WV (5)

V®QV T) Vv

Lemma 16. (V, uy) is a quotient Hilbertian algebra of (H,p) if, and only if, (V,ul,) is a closed
subcoalgebra of the adjoint coalgebra (H,u"). In particular every quotient Hilbertian algebra is a
Hilbertian algebra on its own right and my is a morphism of Hilbertian algebras.

Proof. Taking the adjoint on Diagram (5) provides the following commutative diagram which
shows that (V, ul,) is a closed subcoalgebra of (H, ). Associativity of uy follows from coassocia-
tivity of ul,.
1— A
H—" HeH
1% iy ®2iy (6)
V—— VeV
)

From a closed subcoalgebra, by passing to the adjoint, one of course gets a quotient Hilbertian
algebra. 0
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Lemma 17. Let V be a closed subspace of (H, ).

1. If I is a closed two-sided ideal of (H,uw), then (I*,mpopo (ipn ®,ip)) is a quotient
Hilbertian algebra of (H, w).

2. If (V,uy) is a quotient Hilbertian algebra of (H, ), then V* is a closed two-sided ideal
of (H, ).

3. Let (V,uy) be a quotient Hilbertian algebra of (H,u). Let H/V*: be the quotient Hilbert
space, and let cany. : H — H/V* be the canonical epimorphism (which is bounded). Then,
(V,uy) =~ (H/V*, i) (as Hilbertian algebras) under the canonical isomorphism V ~H/V*t,
where [t : H®,H — H is defined by the following diagram.

Ve,V 1 Ly

\2 \2 ”

HIVE@H [V —— 1V

Proof. Let us prove the first point. Let I be a closed two-sided ideal of (7, u). Thus,
u((I* &, 1)) C I. According to Lemma 1, uf(I') C I' &, I'*. Diagrammatically the situation is
depicted as follows (i.e., (u'), is given by co-restricting u').

‘Ii
TN
H— HOH

i1 171 ®2i1 (8)

+

Taking the adjoint provides the following commutative diagram which shows that (I, (,u’r)‘lL

) is
a quotient Hilbertian algebra.
He&H ——H

TrL ®27T[LJ/ lﬂ—li (9)

Multiplying on the right by i;. &, i, both equal maps from Diagram (9) one obtains ()| =

e ™
iz o o (ipr @, i1 ). The second point follows from Lemmas 14 and 16. The third point is merely
obvious since V =~ H/V~ (canonically as Hilbert spaces). O

Lemmas 14, 15, 16 and 17 together establish a nice connection between closed (two-sided)
ideals of (H,u), closed subcoalgebras of (H, ') and quotient Hilbertian algebras of (H, u) as
stated by the following result. Recall that a maximal ideal is assumed to be a proper ideal (i.e., dif-
ferent from H).

Definition 8. Let us call simple a closed subcoalgebra C of (H,u') different from (0) and such
that for any closed subcoalgebra D C C, either D = (0) or D=C.

Theorem 18. (—)" is an order-decreasing one-one correspondence from the set of closed two-sided
ideals of (H,u) onto the set of closed subcoalgebras of (H, ') (or the set of quotient Hilbertian
algebras of (H, w)). In particular, maximal closed two-sided ideals of (H, ) correspond to simple
closed subcoalgebras of (H, u').
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Remark 6. Letting I be the set of all closed two-sided ideals of (H, ) and S be the set of all

L L
closed subcoalgebras of (H, u'), (I gl S, S =l T) is a Galois correspondence.

4. The underlying Banach algebra of a commutative Hilbertian algebra

In this section is proved (Theorem 22 below) that the orthogonal complement of the Jacobson
radical of a complex commutative Hilbertian algebra is the closure of the linear span of its
group-like elements (Definition 10), i.e., its members which correspond by the Riesz representa-
tion, to its nonzero multiplicative functionals (Lemma 19). Moreover, the correspondences send-
ing a Hilbertian algebra to its radical, and to the orthogonal complement of its radical, are shown
to be functorial and to be part of adjunctions (Theorem 24).

4.1. A structure theorem

One recalls that a two-sided ideal I of an algebra A is said to be modular (also called regular) if
there exists some element e € A such that for all x € A,x — ex € I. e is called a modular unit of I
because being modular is equivalent to the fact that A/I is a unital algebra (with unit e+ I). Of
course, if A is itself unital, then every two-sided ideal is modular. Also, if e is a modular unit for
I which belongs to I, then I= A.

As announced in Definition 1, from now on to the end of Section 4, we only consider com-
mutative Hilbertian algebras over K = C

Their underlying (complex) Banach algebras thus are commutative too and the next discussion
applies as well to them. Following e.g., [18], maximal closed modular ideals of a (commutative)
complex Banach algebra A are in one-one correspondence with its nonzero multiplicative func-
tionals. Note also that any maximal modular ideal is actually closed ([18, Lemma 1.4.5, p. 23]).

The Jacobson radical, or simply radical, ] of a Banach algebra A is defined as NModMax =
Ny ker ¢, where ModMax is the set of all modular maximal (closed) ideals of A, and in the second
intersection ¢ runs over the set of all nonzero multiplicative functionals. By definition, if there
are no maximal modular closed ideals, then J=A. In any case, ] is a closed ideal of A.

Definition 9. It is clear from the definition that the set all modular maximal closed ideals of
(H, u) is equal to that of its underlying Banach algebra. Therefore it makes sense to consider the
radical, denoted J(H, i) or simply J, of a Hilbertian algebra (H,u) as the intersection of all its
maximal modular ideals, i.e., as the radical of its underlying Banach algebra. As a matter of fact,
a Hilbertian algebra is said to be semisimple (resp. radical) when its underlying Banach algebra is
so (see e.g., [18, Def. 2.1.9, p. 50]).

Applying Lemma 4 with C for (K,y), i.e., for bounded multiplicative functionals on (H, u),
gives that f € Sem(Hilb)((H, 1), C) if, and only if, f is an algebra map from (H, y;) to C. (This
follows from automatic continuity of algebra maps from the underlying algebra of a Banach alge-
bra to C (see [26, Corollary 3.1.7, p. 112] or [18, Corollary 2.1.10, p. 50]).) Therefore, the
bounded multiplicative functionals on a complex commutative Hilbertian algebra are exactly the
characters of its underlying algebra. The trivial character, identically null, is denoted by 0.
Because the topological dual of a Hilbert space is (conjugate-linear) isomorphic to it, one obtains
an intrinsic characterization of these characters as explained below.

Definition 10. Let us call group-like element (following the usual terminology from the theory of
ordinary coalgebras, see for instance [35]; such elements are sometimes called copyable in the
context of Frobenius algebras [2]) a nonzero member x of a Hilbertian algebra (7, ) such that
1'(x) = x @ x. The set of all such elements is denoted by G(H, w).
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Observe that for a group-like element x of (H,u),(,x) is a nonzero character
as (u(uev),x) = wevu'(x)) = U v,x®x) = (u,x)(v,x),u,v € H.

Lemma 19. The Riesz representation Ry : H — H*,x — Ry(x) := (-.x);, provides a bijection
from G(H, 1) onto Sem(Hilb)((H, w),C) \ {0}.

Lemma 19 also provides a nice characterization of maximal modular closed ideals. Given x €

G(H, u), then by the above kerRy(x) = {x}* = (Cx)" is a maximal modular closed ideal of
(H,p), and every maximal modular closed ideal is of this form for some unique group-like elem-

ent x. (A modular unit for (Cx)" is given by a7 since Ry(x) (W) =1)

Dedekind’s lemma (see [8, Lemma 7.5.1 and its proof, pp. 206-207]) may be extended with-
out difficulty.

Lemma 20. (Dedekind’s lemma) Let EC.Sem(Hilb)((H,u),C)\ {0}. Then E is linearly
independent.

Corollary 21. The set of group-like elements of (H, i) is linearly independent.
Lemma 19 implies that the radical J of (M, u) is equal to Nycgr, ) (Cx)* = (X regir Cx)*

(by Lemma 10) = ( @regem, p Cx)" (Corollary 21). Because the radical of a Banach algebra is a
closed ideal, an application of Lemma 15 shows that J* = cl( @,cgz, ) Cx) is a closed subcoalge-

bra of (H, u'). This discussion makes it possible to state the following structure theorem for com-
mutative Hilbertian algebras.

Theorem 22. The carrier Hilbert space of a commutative complex Hilbertian algebra (H, u) splits
as 'H = cl( Dregr, u) Cx) Do), and the first member of the Hilbert direct sum is a closed

subcoalgebra.

Corollary 23. (H, p) is semisimple (i.e., ] = (0)) if, and only if, the set of all finite linear combina-
tions of group-like elements is dense in H. (H,p) is radical (ie, J="H) if, and only
if, G(H, ) = 0.

Example 2. The Hilbertian algebra (£*(X),uy) from Example 1, is semisimple
since G(£*(X), i) = {6, : x € X}.

One may even describe the quotient multiplication on J* using Lemma 16. Since J* is a closed
subcoalgebra, its coproduct is given by (m;. ®, mj1) o uf 0ij. (the co-restriction of u') and thus
the quotient multiplication is the adjoint ;. = 71 o o (i @, iy).

Remark 7. Of course, J(J(H, 1)) = J(H, 1) and J* is semisimple, see [23, Theorem 4.3.2, p. 474].

Definition 11. Let ragical,Sem(Hilb) (resp. semisimple,cSem(Hilb)) be the full subcategory of
Sem(Hilb) spanned by radical (resp. semisimple) (complex) commutative Hilbertian algebras.

For complex commutative Hilbertian algebras, the radical and its orthogonal complement have
nice category-theoretic features.

Theorem 24. The canonical embedding functors radical,Sem(Hilb)— Sem(Hilb) and
semisimple, cSem(Hilb)— Sem(Hilb) have a right resp. left adjoint given by J(—): (H,u) —J
and J(=)* : (H, 1) — J*-.



978 L. POINSOT

Proof. Let us first check that (H, ) — J is the object map of a functor. Let f: (H,u) — (K,7)
be a morphism of Hilbertian algebras, so that f : (K,y") — (H,u') is a morphism of Hilbertian
coalgebras, and accordmg to Lemma 25 (below) f"( (K,7)) € G(H,u) U {0}. By continuity it
follows that ff( J(K.y)") € J(H, u)*. According to Lemma 1, f(J(H, 1)) € J(K,7). The co-restric-
tion J(H, ,u)—>]( ,7) of f provides, with (H,u)— J, the expected functor from  Sem(Hlb)
to radical,csem(Hﬁub)~

Let also ](/C,“/)Li] (H, )" be the co-restriction of f* obtained from the above discussion.
Passing to the adjoint one gets the commutative diagram below.

H—T K

ﬂ'J(’H.,,u)ij( lﬁ(/c,w)l (10)

That g' = T,y O © gy, - 1s @ morphism of Hilbertian algebras is clear from the definition
of the quotient multiplications of the orthogonal complement of the radicals. The correspondence
f — ¢" provides with (H,u)— J* a functor ](7)L from Sem(Hilb) to Semisimp|e Sem(Hilb).
(Functoriality is not immediate at first sight as for (M, p) EN (K,y) and (K, ) (L, p) one has
Jgof)t =my 080 0py,ye  while  J(g)T 0 J(f)T =y 08 0y 0 Ty yr 0 f 0
13,0+ and in general iy o 071 is a nonidentity orthogonal projection. Nevertheless from
the first equation, by definition of J(g)", and then by that of J(f)" one obtains J(gof)" =
](g)l © Tk, p)* of o 1'](7-“1)L =J(g ) O](f) O Tyr, - © 1](7—[ Wt = =J(g ) O](f)L-)
Now let us assume first that (7, p) is radical (and (KC,y) is arbitrary). Since f(H) =
FU(H,w)) CJ(K,7), there is a unique bounded linear map (H, M)L](IC, 7) such that i, o

f =f, and which is of course a morphism of Hilbertian algebras. Therefore, J(—) is a right
adjoint of the embedding functor ragical, .Sem(Hilb)— Sem(Hilb).

Secondly, let us assume that (K,y) is semisimple (and (H,p) is arbitrary). Whence
fU(H, 1) CJ(K,7) = (0) so that ker 7, ,+ C ker(f). Therefore, there is a unique bounded lin-

i
ear map J(H, u)" 4 (KC,7) such that f*omy,, o =f. f* is a morphism of Hilbertian algebras as
is shown by the following commutative diagram (of course 7, ® Ta, - 1S an epimor-

phism). Consequently ](—)J‘ is a left adjoint of the embedding functor semisimple,Sem(Hilb)—
cSem (Hilb).

H ! K
J(H, p)*
® T“J(H,u)l oY% (11)
J(H, ) @2 (H, p)*
T, )t O2T ()t )
fi&aft
HR2H K&K

f®2f
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Lemma 25. Let f:(H,u') — (K,9") be a morphism of Hilbertian coalgebras.
Then, f(G(H, 1)) € G(K,7) U{0}.

Proof. Let x € G(H, u). Then,
7 (f(x))

I
SN
®>

N
>
®E
3

x

® x) (12)

4.2. Interpretation in terms of the Gelfand transform

Since the group-like elements of a complex commutative Hilbertian algebra correspond to the
nontrivial characters of its underlying Banach algebra (Lemma 19), it seems instructive to treat
some notions from the previous section in a way similar to the Gelfand theory of Banach alge-
bras. See e.g. [18, Chap. 2] for basic facts and results about the Gelfand theory.

One assumes that (7, u) is a commutative complex Hilbertian algebra with |[u],, = ||/~LTHop <
1, ie, (M, u) is a semigroup object in (Hilb;, ®,,C).

The set G(H, 1) C H inherits the weak topology from H, i.e., the weakest topology that makes
continuous every functional Ry/(x),x € H. A neighborhood basis at x € G(H, ) is given by the
sets

Ve, ={ze GH, ) : |(us,2) — (up,x)| < e,1 <i<n}, (13)

Uiy ...,y € Hye > 0.

Under this topology G(H, ) becomes a Hausdorff space (as the Ry(x)’s separate the points of
G(H, ). Tt is not difficult to check that G(H, 1) U {0} is closed in the closed unit ball By (0,1],
which is compact under the weak topology, according to the Banach-Alaoglu theorem (since
|[1™]],, < 1, for each x € G(H, ), , so that G(H, i) C Bx(0, 1]). Therefore,
G(H, u) is a locally compact space.

For each z € H, let us define z: G(H,u) — C by z(x) = (z,x) = Ry (2)(x), ie., z is the
restriction of Ry (z) to G(H, i). This provides a continuous map from G(H, i) to C which van-
ishes at infinity. (Indeed, for z € H and € > 0, the set of all group-like elements x such that
|z(x)| = [{z.x)5| > € is closed in the weak topology, whence is compact, and thus Z vanishes at
infinity.) Therefore z € Co(G(H, 1)),z € H, where as usual Cy(X) stands for the Banach space of
complex-valued continuous functions on a locally compact space, vanishing at infinity, with the
uniform norm.

Moreover the following co-restriction of the Riesz representation Ry : H ~ (H)" namely the
map Ry H — Co(G(H, 1)),z z, is a linear contraction (by the Cauchy-Bunyakovski-

Schwarz inequality one has [|Ry,)(2)||o < sUPegy, o [IX[Il[2l] < [|2l]). Besides Ry, is an

H, 1)

algebra map from (H, i) to Co(G(H, u)) since
R (uly @ 2))(x) = Ex lé())’® )>>

SO ey (o
= R0 () R (2) (%)

Remark 8. Up to the Riesz isomorphism Ry : H ~ H*, Ry, thus corresponds to the usual
Gelfand transform G ,,,) of the underlying Banach algebra of (H,u); more precisely

Gr, ) (2) Ry (%)) = Rz, ) (2) (%), x € G(H, ) and z € H.
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Finally, ker Ry, ) = {z € H: (zx)y, =0,x € G(H, )} = G(H, 1)- =7 (as above J denotes
the radical), and H/J ~J* = ( @yeg, ) Cx) is (algebraically) isomorphic to the subalgebra
ran(Rey, ) of Co(G(H,u)). Using the notation from the end of Section 4.1 this means

that (i (x@y),2) = (x.2)(1,2) = (x@y.2@2) = (x @y, 1'(2)), %,y € ",z € G(H, ).

5. Hilbertian function algebras

In this section, in accordance with Definition 1, by Hilbertian algebra is meant a complex com-
mutative Hilbertian algebra with |[u|[,, <1 (the morphisms however are not assumed
contractive).

Let us briefly disclose the content of this section. As any complex commutative (nonunital)
C*-algebra is isomorphic to the model C*-algebra Co(X, 1) with (X, 7) its structure space, under
the Gelfand transform, one may wonder at which conditions is a Hilbertian algebra isomorphic
to the model (#*(X),uy) (Example 1) with X its set of group-like elements, under the “Riesz
transform” R. Observe immediately that this underlies the fact that R factors through the inclu-
sion £*(X) < Cy(X). For this to hold it is sufficient’ to consider Hilbertian algebras with a coiso-
metric multiplication (or an isometric comultiplication; see Definition 12) in such a way the
group-like elements form an orthonormal family (see below Lemma 27). Next, with the assump-
tion of an isometric comultiplication, the condition found to the above question is that the
Hilbertian algebra has adjoints in the sense of Ambrose’s H*-algebras (Theorem 32). Under the
assumption of an isometric comultiplication this is a characterization of semisimplicity
(Corollary 33).

Afterward this characterization is used to provide a dual equivalence between Hilbertian alge-
bras with H*-adjoints and isometric coproduct and a category of pointed sets (see Theorem 40)
which is similar to the folklore duality between commutative C*-algebras and pointed com-
pact spaces.

5.1. Special Hilbertian algebras

Let us begin with some preliminary observations which will be found useful hereafter. Let (X,d)
be a discrete space. Then, ¢*(X) C Cy(X,d) and the inclusion is continuous, ie., |[f]|, <
1fll> f € E(X).

Now let us consider again the question of semisimplicity but for some particular algebras. Let
(H,u) be a Hilbertian algebra in Hilb; (i, |[¢[|,, < 1), and let us assume for a while that its set
G(H, 1) of group-like elements forms an orthonormal set. So according to Theorem 22, it is an
orthonormal basis of J* and thus J* = @Legm,u

ation g3, ) : X — O, (see Example 1). In this situation G(, u) is discrete under the weak top-

~ )2 i
, Cx =~ £°(G(H, 1)) under the unitary transform-

ology because the open neighborhood V, . (see Eq. (12)) of x reduces to {x} for each group-
like element x.

One furthermore notices that Ry, (u) € ¢*(G(H,u)) for each u €H since one has
R, (u)(x) = (u,x),x € G(H, 1), and thus ((u.x)) g3, 15 square-summable (since G(H, p) is
an orthonormal set), so Ry, (1) = 3G, ) (> X)0x. This means that Ry, ,) uniquely factors
as indicated by the following diagram, where d denotes the discrete topology on G(H, ).

"Whether or not this condition is also necessary is not studied in this paper.
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H 2O 00 (G(Ha ). d)

AN

Jt e~ *(G(H,p))
9G(.m)

The co-restriction thus obtained is still denoted by R, and is called the Gelfand-Riesz
transform of (H, ).

It is a coisometry: RIH, W) =2 xego, 0 f (%)%, and thus of course R,y o RIH, =
idg (g, - In particular, [|Rpypll,, =1 Gf J+ #(0)) or 0 (if J* = (0)). As a matter of fact
R, wlop < 1, and ran(Ry, ) = £(G(H, ).

One knows from Example 1 that (*(G(H, p)), IG(#,x) is a Hilbertian algebra and it is rather
apparent that R, is an epimorphism of Hilbertian algebras from (7, u)
to (EZ(G(H’ ru))’ Hg(H, u) ) .

By the above discussion the following result is clear (R, ) is an isomorphism if, and only if,
it is one-to-one if, and only if, it is a unitary transformation).

Proposition 26. Let (H, i) be a Hilbertian algebra in Hilb,, and let us assume that G(H, i) is an
orthonormal set. (H,u) is semisimple if, and only if, (H,u) ~ (¢*(G(H, I))> HGr, ) under the
Gelfand-Riesz transform. In particular, when (H, w) is semisimple, wo u' = id.

Definition 12. In accordance with the notion of speciality in the context of Frobenius algebras,
one says that (H,u) is a special Hilbertian algebra when the coproduct u' is an isometry or
equivalently when the product u is a coisometry, that is, when wo u' = idy. Let [Sem(Hilb) be
the full subcategory of .Sem(Hilb) spanned by these algebras®.

Lemma 27. (Compare to [2, Prop. 14 and 15, pp. 11-12].) If (H, u) is a special Hilbertian algebra,
then ||ull,, <1 and G(H,u) is an orthonormal set. The converse assertion holds when (M, )

is semisimple.

Proof. Let (H, ) be a special Hilbertian algebra. That ||ul[,, <1 is obvious. Let x be a group-like
element of (H,p) (in particular x #0). Since u' is an isometry, ||x|| = ||p!(x)]| =
<,uT(x),,uT(x)>% = <x®x,x®x>% = (<x,x><x,x>)% = ||x||>, so that ||x|| = 1. Let y be also a group-
like element of (H,u) such that x #y. Then, (x,y) = (u'(x), ' (y)) = (x @ %,y @ y) = (x,y)".
Whence (x,y) € {0,1}. In particular, (x,y) = (y,x). Moreover, ||x—y|[*= (x—y,x —y) =
x|+ 1yl)> = 2(x6y) =2 —2(x,y). If (x,y) =1, then x=y, which is a contradiction,
whence (x,y) = 0.

Let us assume that (H, i) is a semisimple Hilbertian algebra, and that G(H, u) is an orthonor-
mal family. According to Theorem 22, G(H, pt) is a Hilbertian basis of H. Let x, y, z be group-
like elements. Then, (u(x ®y),z) = (x® ¥,z ® z) = (x,2)(),2) = 0x,:9,,;. Therefore p(u'(x)) =
w(x @ x) = x for each group-like element x, from which it follows that uo u' = id, that is, (H, p)
is special. O

8Since special Hilbertian algebras are in particular objects of .Sem(IHilb;) at first glance it seems more natural to define their
category as the full subcategory ISem([HﬁU[bﬂ of .Sem(Hilb;) they span. But doing so one forces the isomorphisms to be
unitary transformations and more generally the morphisms to be contractive which can be too strong in some cases (see e.g.,
Remark 15 below).



982 L. POINSOT

Remark 9. In view of Theorem 22, the first assertion of Lemma 27 implies that G(H, ) is a
Hilbertian basis of H for a semisimple special Hilbertian algebra (, 1t). Besides the proof of this
first assertion does not make use of commutativity nor of associativity of pu.

Corollary 28. Let (H, i) be a special Hilbertian algebra. Then, for each x,y € G(H, ), t(x ® )
Oxyx modulo J. In particular, the quotient multiplication on J*= is defined by p;. (x®y) =
O y% %, ¥y € G(H, ).

Proof. Let x, y, z be group-like elements of (M, ut). Then,

(u(x @y),2) (x® y, 1" (2))

= Gl »
= x,20y,z+
(according to Lemma 27)

|

Remark 10. Let (M, u) be a special Hilbertian algebra. Then for each x € G(H, i), Cx is both a

closed subcoalgebra (since (Cx)" is a closed ideal) and a closed subcoalgebra (since
p(x ® x) = u(u(x)) = x) unitarily isomorphic to C. By Lemma 13, (Cx,p_ ) is a special
Hilbertian algebra.

5.2. Special Hilbertian algebras with H*-adjoints

Definition 13. Let (7, ) be a Hilbertian algebra. It is said to have H*-adjoints when there exists
a set-theoretic map (—)*:H — M, called a map of H*-adjoints, such that (u(x® y),z) =
(x, u(y¥ ® 2)) for all x,y,z € H.

Remark 11.

1. Let us assume that (M, p) is a Hilbertian algebra with the property that each y € H has a
H*-adjoint, that is, there exists w € H such that (u(x ® y),z) = (x, p(w ® z)) for all x,z € H.
Then, (H, 1) has H*-adjoints. Indeed a map of H*-adjoints is just a section of the projection
onto the first factor Uyex{y} X A(y) — H, where for each y, A(y) is the set of all H*-
adjoints of y (the existence of such a section is guaranteed by the axiom of choice).
Conversely, the existence of a map of H*-adjoints implies that each member of the algebra
has a H*-adjoint. Therefore, the two notions are identical.

2. The above definition of a (commutative) Hilbertian algebra with H*-adjoints is slightly dif-
ferent from Ambrose’s definition [5] of H*-algebras (see Section 2.4) since the former are
Hilbertian algebras while the latter are Banach algebras. But in both cases, being an algebra
of one or the other kind is to have a defining property, that is, the requirement of the exist-
ence of H*-adjoints or a map of H*-adjoints. Moreover, the underlying Banach algebra of a
Hilbertian algebra with H*-adjoints is an Ambrose’s H*-algebra.

Remark 12. The annihilator Ann(E,m) of a (commutative) Banach algebra (E, m) is the ideal
{x € E:m(x,y) = 0¥y € E}. Let (H,u) be a Hilbertian algebra with map of H*-adjoints (—)".
Then, the following equations hold modulo Ann(H, p,;). For all x,y € H,

i

(x+ ) = 2 + 95, () = @, (%) = (e, ), () = x, (17)

which equivalently reads as, for all w, p;(u,w)= ;(v,w), where u=v is any of the
above relations.
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Example 3. (/*(X),uy) with map of H*-adjoints f — f* := 3
from Section 2.4, with 1(x) = 1,x € X.

The operation of orthogonal complementation inherits from the defining property of H*-
adjoints a pleasant symmetry between closed ideals.

wexf(x)y corresponds to £3(X)

Lemma 29. Let (H,u) be a Hilbertian algebra with H*-adjoints. If I is a closed ideal of (H, 1),
then I'* is a closed ideal too. Moreover, I is maximal if, and only if, I'* is minimal.

Proof. Let (—)* be a map of H*-adjoints for (M, ). Let I be a closed ideal. Let u € I,v € H and
w eIt Then, (u, uyy(v,w)) = (t, (V)5 w)) = (uyy(v, u), w) = 0. Therefore, py(v, w) € I+,
Now, let us assume that I is maximal. Let I; be a closed ideal such that I; C I*-. Then, IlL D1Iso
that, by maximality, Ij- = H or I}- = I, which is equivalent to I; = (0) or I; = I*. Whence I'* is
minimal. |

Lemma 30. ([24, Theorem 11.6.12, p. 1210]) For a Hilbertian algebra (H,u) with H*-
adjoints, Ann(H, ;) = J.

Corollary 31. Let (H,p) be a Hilbertian algebra with H*-adjoints. If (H, u) is semisimple, then
there is a unique map of H*-adjoints (—)° for (H, u). Moreover (—)* : (H, ) = (H, i) — (M, p)
is a morphism of Hilbertian algebras (and in particular is bounded), (—)ﬁo(—)jj =idy and

(=)' = (=) (so (—)* is both a conjugate-linear involution and a unitary transformation).

Proof. Uniqueness of the map of H*-adjoints follows from [5, Theorem 2.1, p. 370]. That (—)ti :

(H,ipg) — (H,pyy) is a homomorphism of C-algebras and (—)* o (=) =idy is clear from
Remark 12 since by Lemma 30 the annihilator corresponds to the Jacobson radical. By [18,

Corollary 2.1.10, p. 50], (—)* is bounded. It remains to prove that ((—)*)" = (=). First of all the
property (uv,w) = (v,ufw) implies that Ann(H, ;) = (H2)" where H? := {y(u,v) : u,v €
H}. By semisimplicity it follows that (H*) := {37 wu(ui,v;) : n € N,u;,v; € H}, being the
subspace generated by H% is dense in H. Now, let wu,v,w € H. Then, (i;(v,w),u*) =
(o, (4, 7)) = (it W), ) = (3, (st(v.w))F). Whence (=)' = (—)F on (}2) so that by
density and continuity, they are equal on H as desired. O

Remark 13. Let (M, u) be a semisimple Hilbertian algebra with H*-adjoints. The uniqueness of
the map of H*-adjoints provided by Corollary 31 reads in the notation from Remark 11.1 as the
fact that A(y) is reduced to a one-point set, namely y*, for each y € H.

Theorem 32. Let (H, u) be a special Hilbertian algebra with H*-adjoints. Then, (H, 1) is semisim-

ple, that is (H, 1) ~ ((*(G(H, 1))s HG, ) under the Gelfand-Riesz transform. Moreover denoting
by (=) the (unique) map of adjoints for (H, ), one has Ry (') = (Rppq,,0(u))", or in other

words, (uf,x) = (u,x),u € H,x € G(H, ).

Proof. According to Lemma 29, since J is an ideal, J* also is an ideal. Whence, J** =] is a
closed subcoalgebra by Lemma 15. Thus, ] is both a closed subalgebra (since it is an ideal) under
the co-restriction 4 :J ®,] — J of u, and a subcoalgebra under the co-restriction (,uT)‘] ] =

J&,] of u'. According to Lemma 13, W, ° (,u‘])T =id;. But u(u®v) =0 for each u,v €] by



984 L. POINSOT

Lemma 30, and thus p(p) =0 for each p € J®J. By density of ] ®J and by continuity of g,
1, (f) = u(f) =0 for each fe J®,]. Because for each u €], uf(u) = (,ub)T(u) €J®, ), u=
,u‘/((,u‘/)f(u)) = 0. Whence J = (0), and (H, ) is semisimple.

By Lemma 31, the unique map of H*-adjoints (—)*: (H,u) — (H,u) is a morphism of
Hilbertian algebras, so ((—)*)" = W :(H,u") — (H,(m)") is a morphism of coalgebras. As a
matter of fact ((—))"(G(H, 1)) € G(H, ) (since ((—)*)" is also an isomorphism) by Lemma 25.
But G(H,n) = G(H,pu). Let xye€ G(H,u). Then, since x*e€ G(H,u),dz,=(xy) =
() py) = (¥ @py@y) = Feyu'(y) = (ux@y).y) = puxy) = rxay) =
b, x)|Iyl)> = (3, x) = Js,, so that x* = x. Now, given u € H = cl( D, x € G(H, u)Cx), since (—)F
is conjugate-linear, u*= > xe G, ) (u,x)xt = D xeG(Hy ) (u,x)x, and thus Ry, () =

D ey ) (W %) 0x = (Rag (1))

O

Corollary 33. Let (H,u) be a special Hilbertian algebra. It is semisimple if, and only if, it has
H*-adjoints.

Proof. The reverse implication is provided by Theorem 32. Regarding the direct implication, by
Proposition 26, a semisimple and special Hilbertian algebra (H,u) is isomorphic to

(*(G(H, 1) ugr,;y) under the Gelfand-Riesz transform and the definition uf:=

> xeG(, ) (4 X)x provides a map of H*-adjoints for (H, p).

Let semisimple, . Sem(Hilb) be the full subcategory of [Sem(Hilb) (Definition 12) spanned by
the semisimple special Hilbertian algebras (or equivalently by special Hilbertian algebras with
H*-adjoints).

Let properH*—cBanAlg be the full subcategory of BanAlg spanned by Ambrose’s proper com-
mutative H*-algebras (see Section 2.4).

Let  pnd,proper " —cBanAlg (resp. ynpnd,properH*—cBanAlg) be the full subcategory of
proper H* —:BanAlg spanned by the bounded (resp. unbounded) proper commutative H*-algebras,
ie., those H*-algebras (U(H),m) such that o, is bounded (resp. unbounded) above (see
Section 2.4).

Semisimple special Hilbertian algebras are essentially the same as bounded proper commuta-
tive H*-algebras since by Theorem 9 together with Corollary 33, and using the fact that the
underlying Banach algebra functor is injective on objects (assuming that the multiplication is con-
tractive) and fully faithful, one obtains the following.

Corollary 34. The restriction of the underlying Banach algebra functor provides an equivalence
between semisimme,ZSem(D-Iﬁ[l[b) and  pnd,proper H* —cBanAlg.  Moreover, no  object of
Semisimme,ISem(D-Iﬁ[I[b) has its underlying Banach algebra isomorphic to some object
Of unbnd, properH* —cBanAlg-

5.3. Category-theoretic recasting

It is well known and easily checked, that the correspondence X — £*(X) does not extend to a
functor from Set to Hilb, however it does so when the domain category is Sets, <1~ as
described below.
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Given a set-theoretic map f : X — Y, the Banach indicatrix Bf : Y — N U {+o0} is given by
Br(») := |f "' ({y})| when the cardinal number into consideration is finite, and +oo otherwise (cf.
[6, p. 226]).

The objects of Sets o are pointed sets (X,x9),%o € X, and a morphism (X, xp) EA (Y,y0) is a
base-point preserving map (f(xo) = yo) such that for all y # yo,Bs(y) < 400 and furthermore
|1Brllo := sup,., Br(y) < +oo (observe that If '({»0})| is allowed to be infinite).

Given a pointed set (X,xp), let £2(X,xo) := {u € £2(X) : u(xo) = 0} = {d,,} .

Remark 14. /(X \ {xo}) ~ /2(X,x,) unitarily. In details the space ¢*(X\ {x;}) embeds into
(X) under 11,5, given by 1(x ) ()(x) = u(x), for x # xo, and 1(x ) (u)(xo) =0, and ¢*(X)

projects onto ¢*(X\ {xo}) under r(x ) given by r(x (1) = uoincl, where incl:

T U sy
X\ {x} = X is the canonical inclusion. The co-restriction (x ) : £*(X \ {x0}) — €2(X,xo) and
the restriction r(y,y,) : £2(X, %) — ¢*(X\ {xo}) are unitary transformations, inverse one from
the other.

Let f:(Y,y) — (X,x) be a morphism in Set, oo, and let u € £2(X,x,). Then uof €
22(Y,y,). Indeed, of course u(f(y)) = u(xo) =0. Now let A C Y\ {yo} be a finite set. Then,
SealufOI* = Def(4)\fxo} [ ({xD)|[u(x)]* (since u(xo) =0 and flA) is finite) < ||By|,,
D_xef(A)\{xo) |u(x)[* < [1B [l

The correspondence u — uof is manifestly linear in u, and since ||juof]|| < HBinOHuH a
functor ¢Z: Set;’. . — Hilb is provided by ¢(f)(u) :=uof. In particular, for each x #

30, GF)(0) = Xyers(gap O and 1oy < 1Bl

For each pointed set (X,xo),2(X,xo) is both a closed subalgebra of (£*(X), uy) (it is even the
maximal ideal (Cd,,)") and a closed subcoalgebra of (£*(X),u}) (indeed Cd,, is also a closed
ideal), and by Lemma 13, it is a special Hilbertian algebra on its own right, denoted by
(2(X, %), I(x,%))> (unitarily) isomorphic to (A(X\ {x0})s x\[x,}) (under the isomorphism from
Remark 14), and thus it is semisimple.

Moreover given a morphism f : (Y,y) — (X, %) in Sete < o0, (uv) of = (wof)(vof), where
uv is the pointwise product of u and v (i.e., uv = (K, 4,))pi(4v)), whence £2(f) is a morphism of
Hilbertian algebras from (£2(X, xo), Hx,x)) tO (2(Y, y), I(y,yp))> and /2 actually provides a func-
tor from Set;"_,  to fSem(Hilb) (Definition 12).

Remark 15. One observes that > does not provide a functor from Sety"_ . to Sem(MHilb;) (see
Footnote 8). Let f:(Y,y)) — (X,x0). Let x#xo. Then, /[f'({x})| =22 ci1(()) Il =
()G < Il Therefore, (1B, = [[£2(7)Il,y- Moreover, |[Byl|,, <1 if, and only i
dom(f) L Y is one-to-one, where dom(f):= UXERr.f‘l({x}) CY\{yhR:= {xcX\ {x}:
B/(x) # 0}.

Remark 16. Let Set., be the subcategory of sets with maps X ES Y such that sup .y By(y) <
+o00. Let Set® 5 'Sem(Hilb) be the functor given by X — (#*(X),uy) and for f €

R
Seto oo (Y, X),A(f) : u+ uof,u € *(X). Let Set<+oo(;)> Set, .1 be the functor X — (XU
{0},0), and (f: X — Y) — (ft : XT — Y1) with f7(x) = f(x),x € X,fT(0) = 0. This functor
is injective on objects and faithful but not full. Moreover ¢2 o (—)* and ¢* are naturally iso-
morphic functors (as in Remark 14).
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In the reverse direction one has the following.

Proposition 35. There is a functor G,:' Sem(Hilb) — Sete"_, . whose object component is given

by Go(H, 1) := (G(H, 1) U{0},0).

Proof. Let (H, u), (K, y) be special Hilbertian algebras, and let f : (H,u) — (K,7) be a morphism
of Hilbertian algebras. By Lemma 25, fT(G(K,y) U {0}) C G(H, 1) U {0}, and one obtains by co-

restriction of fT, a base-point preserving map (G(K,y)U{0}, O)gﬁ)(g(H,,u) u{0},0).
Let g := G,(f).

1. |g '({x})] is finite for each x € G(H, ) : Assume to the contrary that for some x € G(H, )
(in particular x # 0), there are infinitely many y’s in G(,y) such that g(y) = x. Let a choose
pairwise distinct y, € G(K,7) such that g(y,) =x,n > 1. Since {y,:n>1} C G(K,y), by
Lemma 27 it is an orthonormal set, thus one may define the following member u of IC by u :
= >15Vn- Whence f"(u) € K. By linearity and continuity of f*,f"(u) is the sum of the
summable family (2f7(y,)),,. But for each n, f'(y,) = x and the family (1x),., is not sum-
mable in H. - -

2. By is bounded on G(H,u): Since f is assumed bounded, one can consider the associated
bounded sesquilinear form gp : K x H — C, given by g (u,v) = (fT(u),v) ([4, p. 21]).
Boundedness of qf+ means that there exists some positive real number M such that for each
ueckKandveH,

(" (), v)| < M [ul]]]¥]]-

Let x € G(H, p), and let u:=3" )y € K (recall that g '({x}) is finite). Replacing v

yeg
by x in the above inequality one gets

g7 (=Dl = 1(F (w), x)| < MlJullllxl] = M\/[g ({x})].

If g7'({x}) # @, then |g7'({x})| < M?, so that SUP,cga, 1€ ({x})] < M.
The above discussion shows that indeed G,(f): G,(K,7) — G,(H,u) is a morphism in
Set,, <10. Functoriality of this construction is straightforward. O

Proposition 36. 2 : Set?®_, . — ! Sem(Hilb) is a right adjoint of G, :! Sem(Hilb) — Sete"_, .

Proof. Let (X,xo) EA G.(H, ) be a morphism in Set, <., where (H,p) is a special Hilbertian

¥
algebra. Let Hf—>€f(X,x0) be the bounded linear map given by the composition

b4 . gi
H 20 g (H )" 2 2(G.(H, ) &) £2(X,xy), where U is the unitary transformation given by

U(x) := dy,x € G(H, p). Since each of the component maps is a morphism of Hilbertian algebras
(concerning U it is a consequence of Corollary 28 and for m;. this follows from Lemmas 16 and

17), ff:(Hopu) — (C2(X,x0), is a morphism of Hilbertian algebras too. For u €
. (X, X) P e

%), () (1) = Yy iy (Capr(n @)y s0 that ()'(8,) = f(x),x € X\ {xo}. Let g:
(H,u) — (Ef(X,xO),mX)xO)) be a morphism of Hilbertian algebras such that g%(d,) = f(x) for
each x € X\ {x0}. Let u€ H,x€ X\ {x0}. Then, (g(u), ;) = (u,f(x)) = (f*(u),5,). Whence
fi=g¢ 0

Remark 17. The unit of the adjunction from Proposition 36 is given by 1y, ,) =

(H, ,u)nj Jt gﬁf(g, (H, 1)) using the notation from the proof of the aforementioned result. Up
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to the canonical isomorphism ¢2(G,(H, u)) =~ ¢*(G(H, 1)) (Remark 14) N(w,u is nothing else that
the Gelfand-Riesz transformation Ry, at (H,u). The counit is given by the obvious bijec-
tion €(x,x,) : Go(£2(X,x0)) = ({05 : x € X\ {xo}} U {0},0) — (X,x0).

Let us call special Hilbertian coalgebra a (complex) cocommutative Hilbertian coalgebra (H, d)
with a coisometric multiplication, that is, 5tod = idy. These structures spanned the full subcategory
I Cosem(Hilb) of ,.Cosem(Hilb) and the Hilbert adjoint functor co-restricts as an isomorphism

()T

i Cosem(Hilb)®

. — TSem(Hilb), whose inverse is denoted by ISem([l—lﬁ[l[b)< [y Cosem ([Hilb)®.
Consider the composite functors

coc

. (- o op 6
Gl :=! Cosem(Hilb) ——= 'Sem(Hilb)® = Sets -

and

21 . (ZZ)OD T op (= )f)()p +
07 = Sety <100 —— Sem(Hilb)" ——— ! Cosem(Hilb).

In details, for f: (X,xo) — (Y,yp) in Sets - o0, 27 (f) = (f)" is given for u € 3(X,xy) by
A (u) = 2y (xer1((yy) 4(x))0y. In particular, for x # x0, 2(f)1(0,) = 0 if f(x) = yo and
G (62) = Sy i f(x) # yo-

Remark 18. Let (X, xo) EN (Y,y0) be an isomorphism in Set, ;.. Then, it induces a usual bijec-

tion X\ {xo} EN Y\ {y}. For each x € X\ {xo}, (a(f ") (6x) = Sx0f ' =) = C)1(8). It
follows that £2(f) is a unitary transformation.
As a direct consequence of Proposition 36 one has

Corollary 37. /2" is a left adjoint of GI.

Remark 19. Let PInj be the category of sets with partial injections ([15]), ie., the partially
defined functions f : X — Y which are one-to-one when considered as maps f : dom(f) C X —
Y. PInj embeds into Set, - ., under the functor (—)" that acts on objects as X — X' :=
XU {0}, and on partial injections (f:X — Y)— (f*:XT — Y1) with f*(x) =f(x),x€
dom(f),f*(x) = 0,x € X* \ dom(f). By inspection one checks that the ¢*-functor from [15] is

Usool2o(—)*

Hilb, where | Cosem(Hilb) S Hilb is the obvious for-

naturally isomorphic to PlInj e

getful functor.

Lemma 38. Let (H, ,u)L(IC, y) be a morphism of Hilbertian algebras where (H,p) and (KC,v)

both are special and have H*-adjoints. Then, for each u € H,f(u') = f(u)’, where (—)° denotes
the (unique) maps of H*-adjoints of both algebras.

Proof. Let u € H and let y € G(K,7). Then, (f(u*),y) = (u*,f1(y)) = (u,fT(y)) (by Theorem 32
since f1(G(K.7)) € G(H, 1) U{0}) = {f(u).y) = (f(u)".y) (by Theorem 32). O

Rather than having a property, one may prefer to define “Hilbertian H*-algebras” as algebras
with a structure. We show below that the result is almost the same.

Definition 14. Let I : (H,u) — (H, u) be a morphism of Hilbertian algebras such that

1. Iol=idyI =1,
2. (uuev),w) = v,ulI(u) @w),uv,we H.
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The triple (H, u,I) is referred to as a special Hilbertian H*-algebra when furthermore po u' =
idy. A morphism f: (H,u,I) — (K,7,]) of special Hilbertian H*-algebras is a morphism f:
(H,p) — (K,y) of Hilbertian algebras such that fol=]of. All of this forms the cat-
egory H* —T Sem(Hilb).

Lemma 39. Let P: H* —! Sem(Hilb) — ! Sem(Hilb) be the obvious forgetful functor. It factors
through the canonical embedding semisimple, | Sem(Hilb), — [ Sem(Hilb), and the categories H* —!
Sem(Hilb) and semisimple, | Sem(HElb) are isomorphic under the corresponding co-restriction.

Proof. By definition (H, ) is a special Hilbertian algebra with H*-adjoints (given by I(u), u € H),
whence is semisimple (by Theorem 32) for each special Hilbertian H*-algebra (H, g, I). This pro-
vides the co-restricted functor P: H* —! Sem(Hilb) — semisimple, | Sem(Hilb). That P is an iso-
morphism is a direct consequence of the uniqueness of the map I of H*-adjoints. In more details:
let (H,u) be a semisimple special Hilbertian algebra. By Corollary 33 it is a Hilbertian algebra
with H*-adjoints, and thus there is a unique map (—)" : H — H of H*-adjoints. It is clear that
V(H,p) := (H,u, (—)*) is a special Hilbertian H*-algebra. Moreover given a morphism of

Hilbertian algebras (H, ut) EA (KC,7) between semisimple special Hilbertian algebras, by Lemma 38,

V(f) := V(H, ) EN V(K,y) is a morphism of special Hilbertian H*-algebras. Functoriality of
V:semisimple, | Sem (Hilb) — H* —! Sem(Hilb) is clear so is clear that PoV =id and
VoP=id. O

Let us denote cosemisimple, Io .Cosem(Hilb) the full subcategory of I .Cosem(Hilb) spanned by
the coalgebras (H,5) with (H,0") semisimple. There is of course the isomorph-
ism (—)":cosemisimple, . Cosem (Hilb) P ~semisimple,  Sem (Hilb).

The unit of the adjunction from Proposition 36 (see Remark 17) is an isomorphism if, and
only if, the Hilbertian algebra is semisimple. Consequently,

Theorem 40. The category Seter_, . is equivalent to the isomorphic categories
semisimple, - Sem(Hilb), H* —! Sem(Hilb) and cosemisimple, |, Cosem(Hilb)*®, under either of the
adjunctions  from  Proposition 36 or Corollary 37. Sete_,. is also equivalent
10 bnd, properH* —BanAlg.

Corollary 41. Let ¢: (H,u) — (K,7) be a morphism between semisimple special Hilbertian alge-
bras. If ¢ is an isomorphism, then ¢ : H — K is a unitary transformation and ¢ : (H,u") —
(KC,y") is also a morphism of Hilbertian coalgebras. In particular the only topological isomorphisms
in semisimme,ISem(ﬂ-lﬁ[lb) are unitary and they are automatically also isomorphisms of coalgebras
between the adjoint coalgebras.

Proof. Let (Kf(X,xO),,u(X,xO)) LA (Ef(Y,yo),,u(Y,yo)) be an isomorphism in the category [Sem(Hilb).

According to Theorem 40 there exists a unique isomorphism (Y, yy) EN (X,x0) in Sets <; such
that Wy =/2(f). By Remark 18, ¢ is a unitary transformation.  Since

Y= =y
(Y50 1y, ) ———

that its inverse ¥ also is an isomorphism of Hilbertian coalgebras.

(A(X, xo),,uErX)XO)) is an isomorphism in .,.Cosem(Hilb), it follows

Now let (H, 1) A (K,7) be an isomorphism of semisimple special algebras. There is a unique

isomorphism (£2(G,(H, 1))s Kg, (4, ) A (Ef(g,(lC,y)),/,tg_(,C,y)) such that the following diagram
commutes in |Sem(Hilb).
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(H, 1) (K,7)

- - a
H o) K,v)
((Ge (M, 1)) 1gurt.0)) —5— (L(Ge (KoM Hguiic))

By semisimplicity, the components of the Gelfand-Riesz transform are both unitary transforma-
tions and morphisms of Hilbertian coalgebras (e.g., for Ry, : given u € H, one has

(R, ) &2 R(H,u))(#T(“)) = erg(H, u)<”> X) R, 1) (%) @ Rz, (%) = EXGG(H, u)<u’ X)0x ® Oy =
,ug (1, i (R, (1)), and by the above so is i, and thus also ¢. O

Remark 20. The category [Sem(Hilb) (respectively semisimple, | Sem(Hilb)) is closed under unitary
isomorphisms from Sem(Hilb), i.e., if (H,u) ~ (K,y) under such an isomorphism, then either
both algebras are special (respectively, semisimple and special) or none of them are. But they are
not closed under topological isomorphisms from .Sem(Hilb). For example, for a bounded map

a:X — [1, ool a Z 1, ((E2(X), {~-),)s tx) = (£*(X), ux) but never unitarily so (by Theorem 9).

Corollary 42. The structures of semisimple special Hilbertian algebras on a given Hilbert space H,

that is, the maps H &, H - H that turn (H, u) into an object of semisimple, | Sem(Hlb), are in one-
one correspondence with the Hilbertian bases of H and the corresponding Hilbertian algebras
(H, ) are pairwise (unitarily) isomorphic.

Proof. Given a Hilbertian basis X of H, (H, ux) is a semisimple special Hilbertian algebra, when
fix is given on the basis elements x ® y,x,y € X, by uy(x ® y) = é,,yx. The map X — (H, uy)
between Hilbertian bases of H and structures of semisimple special Hilbertian algebras on H is
onto since G(H,u) is a Hilbert basis of H (Remark 9) and u(g® h) = dg1n8.8.h € G(H, )
(Corollary 28). It is also one-to-one as G(H,ux)=X. The operator on H,D:
U 3 ey(u ¢ '(y))y induced by a bijection ¢ : X — Y between Hilbertian bases X, Y of H, is
a unitary isomorphism from (H, py) onto (H, uy). O

One finally provides a dual equivalence of categories between the category Set .. from
Remark 16 and a subcategory of semisimple special Hilbertian algebras, which is similar to the
Gelfand duality between the opposite of the category of locally compact spaces and proper maps
and that of commutative (nonunital) C*-algebras and proper morphisms ([16, p. 33]).

Let (H, u) LA (K,7) be a morphism in Sem(Hilb) (here the multiplications are not assumed
contractive). It is said to be proper (see e.g., [16, Theorem 6.6, p. 33]) when ran(f) is not included
in any maximal modular (closed) ideal of (K,7) or alternatively for each y € G(K,7), there exists
u € H such that (f(u),y) # 0. In other words, G(K,y) € kerfT. Observe that any isomorphism
of Hilbertian algebras is proper. Since id and the composition of proper morphisms are proper
too, the category Sem(Hilb), e, of commutative Hilbertian algebras and proper morphisms is
available to us, so is its full subcategory [Sem(IHiIb);ope, (resp., semisimple, | Sem([Hlb)

spanned by special (resp. semisimple special) Hilbertian algebras.

proper)

Given a proper morphism (7, ,u)L(IC, 7), since f' is a morphism of coalgebras,

f1(G(K,7)) C G(H, 1) according to Lemma 25. Let G(K, v)gﬁ?g(H, ) be the co-restriction of fT
thus obtained. If one furthermore assumes that (KC,7) is special, in a way similar to what was
proved for G,(f) in the proof of Proposition 35, it can be shown that G(f) €
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Set. o (G(K,y), G(H, 1)) (see Remark 16). All of this provides a func-

o g
tor fSem (HiIb),,per — Set2 .

Given f € Setoo(Y,X), ((2(f)(), 3, = (u, ()" (5,)) = (u, Of(y)) for each ycY and uc
/2(X), so that (£*(X), ,uX)Z—q)(KZ(Y), Uy) is a proper morphism. Whence the functor from Remark

. op £ o
16 co-restricts as Set, ., — [Sem(Hilb) ;;ope,-

Proposition 43. (> is a right adjoint of G, and this adjunction restricts to an equivalence of catego-

. o] o]
ries between Set<p+C>C and Semisimpb,ISem([l—luU[b)proper.

Proof. Let X EA G(H, 1) be a morphism in Set .., where (H,y) is a special Hilbertian algebra.
'
Let us define the morphism of Hilbertian algebras (M, u) i (P(X), uy) =

L 2(f)

(H,w) = () LA (C(G(H, 1)); gr, ) i (*(X), uy), where U is the unitary isomorphism

. T
i =(m;L)

given by U(x) = 0y, x € G(H, w). Since (J*, (1;:)") —= (H, u") is a one-to-one coalgebra mor-
phism, it follows that i;.(G(J*5, ;1)) € G(H,u), so that m;. is a proper morphism, so is U
because it is an isomorphism. Therefore f* itself is a proper morphism and it satisfies (f*)"(d,) =
f(x),x € X. Let g: (H, ) — (#*(X),1y) be a proper morphism such that g"(8,) = f(x),x € X.
Then it follows easily that g = f*. So the adjunction is proved.

The unit of the above adjunction is 7, ) = (H, 1) i J AN 0*(G(H, 1)) and the counit is the
obvious bijection ex : G(#*(X), ix) = {6, : x € X} — X. The adjunction restricts to an equiva-

lence exactly when the unit is an isomorphism, i.e., when (H, u) is semisimple. O

The following diagram commutes (this completes Remark 16) up to natural isomorphisms,
where ~ stands for one of the above equivalences of categories, and the rightmost hook shaped
arrow is the obvious (nonfull) embedding functor.

Seto7<+<x> — sem;s;mmeVZSem([Hﬁ[l[b)
Oy (19)

Set oo —~— semisimple,isem([Hﬁ[l[b)proper
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