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1. Introduction and motivations

As is well known each associative algebra becomes a Lie algebra under its commutator bracket. This
relation is functorial and admits a left adjoint, namely the universal enveloping algebra construction. As
a consequence of the Poincaré-Birkhoft-Witt theorem [5, Théoreme 1, p. 30], it is also known that as
soon as a Lie algebra is free as a module over its base ring (in particular, any free Lie algebra), then it
embeds as a Lie sub-algebra into its universal enveloping algebra. In other words, such Lie algebras have
a faithful representation in an associative algebra. There are still more elaborate embedding conditions.
E.g., this remains true over a Dedekind domain without assuming freeness of the Lie algebra [6], and
actually it suffices to consider a Lie algebra without additive torsion [8]. Nevertheless it is not true for all
Lie algebras [6].

If one only considers differential commutative algebras, there is another way to proceed, significantly
different, which consists in replacing the commutator bracket (here, the zero bracket) by another Lie
bracket, namely, the Wronskian: Wy(a, b) = a * d(b) — d(a) * b, where d is a derivation of the algebra
(A, %) under consideration. Once again this provides an algebraic functor (between varieties of universal
algebras), which as such also admits a left adjoint (see [25, Section 6.2, pp. 68-71]). This leads to the
notion of a “Wronskian envelope” of a (differential) Lie algebra. Therefore, given any (differential) Lie
algebra g, there is a unique (up to a canonical isomorphism) differential commutative algebra % (g) and
a canonical Lie map cang from g to 7(g) (seen as a Lie algebra under the Wronskian bracket) which is
universal among all such pairs (((4, *),d),¢: g = (4, Wy)).

This being said one may ask under which conditions the canonical Lie map from a Lie algebra to its
Wronskian envelope is one-to-one. For instance, over a field K of characteristic zero, s, (K) embeds into
its Wronskian envelope (Example 4).

This question about the embedding conditions was raised by Lawvere, in his PhD thesis [16],
in the following terms “is the adjunction [Author’s comment: between Lie algebras and differential
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commutative algebras under the Wronskian envelope construction] always an embedding, giving an
entirely different sort of «universal enveloping algebra»for a Lie algebra?” and was later reformulated
as follows “given a Lie algebra L, whether a sufficiently complicated vector field on a sufficiently high-
dimensional variety can be found so that L can be faithfully represented by commutators of those very
special vector fields which are in the module (over the ring of functions) generated by that particular
one” in [17].

In the work presented here one shows that the answer to the first question is negative, since it not true
that all Lie algebras embed into their Wronskian envelope. Notwithstanding this provides “an entirely
different sort of «universal enveloping algebra»”. Of course, the answer to the second question also is
negative in general, even if Lie algebras of vector fields (on a line) play an important role.

As the main result of this paper (Theorem 17) is provided a solution to this “embedding problem”.

The example of s(,(K) is rather relevant because it served as a guideline to solve the embedding
problem. For our purpose, the most important property of sl,(K) is the fact that it may be faithfully
realized as a sub-algebra of the Lie algebra of polynomial vector fields.

So a reasonable guess for a natural candidate to a positive answer for the embedding problem is a Lie
sub-algebra of “vector fields on a line”. Without providing all the details here, let us illustrate this notion.

Let (A, *) be any commutative algebra and let d be a derivation of (4, *). Let A - d be the set of all
derivations of (A, *) of the form a - d for some a € A (where (a - d)(x) = a * d(x), x € A). With the
commutator of derivations, it becomes a Lie algebra of vector fields on the line (A, d). One notices that
[a-d,b-d] = Wy(a, b) - d. Although A - d is not, in general, (isomorphic to) a Lie sub-algebra of (A, Wy)
(because some members of A may annihilate d), it is isomorphic to (A/I, W5) for some differential ideal
I, and, in particular, this implies that the canonical map cang.4 is one-to-one. This provides a sufficient
condition.

Actually, this even provides a necessary condition. Whence a Lie algebra embeds into its Wronskian
envelope if, and only if, it is isomorphic to a sub-algebra of a Lie algebra of vector fields on some line
(Theorem 17). E.g., the one-sided Witt algebra (C[x], Wdi ), the two-sided Witt algebra (C[x, x~1], Wdi),

the Virasoro algebra (without central extension) or the Lie algebra of smooth vector fields on the
circle S' ([20, Definitions 4.1, 4.2, 4.3.(a), 4.4, pp. 384-385]) embed into their respective Wronskian
envelope.

After establishing the above characterization, in the remaining parts of the note one analyzes some
of its consequences which, in particular, show that the Wronskian enveloping construction, while not
completely unrelated to the usual enveloping algebra construction (Corollary 19), provides a rather,
if not entirely, different theory. For instance, in the classical situation, a free Lie algebra is free as a
module, whence embeds into its universal enveloping algebra, in consequence of what a free Lie algebra
is isomorphic to its canonical image (consisting of “Lie polynomials”) into its universal envelope. In
contrast to this situation, it is never true that a free differential Lie algebra DiffLie[X], for some non-
void set X, embeds into its Wronskian envelope (see Theorem 37 and Corollary 41). In particular, the Lie
algebra of “differential Lie polynomials”, i.e., the smallest differential Lie sub-algebra of W (DiffLie[X])
generated by X, is generally not isomorphic to DiffLie[X]. This turns the differential Lie polynomials
into interesting objects on their own, and not just a specific realization of a free Lie object (Section 3).

Some relations with other universal envelopes (related to Lie-Rinehart and Jacobi algebras) are finally
studied in Section 4.

Because ultimately one compares algebraic structures, one uses rather intensively, except in Section 2,
some definitions and results from universal algebra, in particular, the fundamental fact that any algebraic
functor between varieties of universal algebras admits a left adjoint. In order to keep this text reasonably
self-contained, very few basic notions from universal algebra are recalled in the Subsection 3.1, Section 3.
The reader is kindly invited to refer to [9] for other known results. Category theory is also used
mainly for presentation purpose. The reader is assumed comfortable with standard definitions and
basic facts related to functors, in particular left adjoints. Not surprisingly, [19] is our reference on these
subjects.
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2. Statement of the main result
2.1. Preliminaries

Throughout this text, R denotes a non-trivial' commutative ring with a unit and every (Lie or associative)
algebra is taken over R. Every module is unital, and every morphism between algebras with a unit is
assumed to preserve the units.

Let A = (A, %) be a not necessarily associative nor unital R-algebra. Let Endr(A) be the R-algebra
of all R-linear endomorphisms of the R-module A. Let ®etr(A) € Endr(A) be the Lie R-algebra of all
derivations on A, whence any d € ®erg(A) is a R-linear map d: A — A which satisfies Leibniz’s rule:
d(axb) =d(a) *b+ axd(b),a,b e A. This definition applies equally for associative and Lie algebras.
(A, d) is called a differential (non-associative) algebra. In what follows, one denotes by |A| the underlying
module of an algebra A, whence if A = (4, %), then |A| = A (this notation will also serve to represent the
underlying set of an algebra, see Section 3.2). One notices that the zero derivation 0 (such that 0(a) = a,
a € A) is available for all algebras (associative or not).

In what follows in order to simplify we feel free to make the harmless and standard abuse of notation
that consists in identifying a differential algebra with its underlying algebra or an algebra with its
underlying module or even more generally it will be allowed to identify some algebraic structure with
the underlying object supporting it or with this carrier object with only a part of the algebraic structure
as e.g., (4, %) may represent an algebra with a unit, so without explicit mention of its unit.

Given a differential (not necessarily associative) algebra (A, d), a differential (two-sided) ideal is a
usual ideal (i.e., a set I such that AI € I D IA) closed under the derivation (d(I) < I). The quotient
of (A,d) by a differential ideal I becomes a differential (not necessarily associative) algebra denoted
by (A/I, d) (see, e.g., [12, 15]), where d is the quotient derivation. If X C A, then (X)4;7 denotes the
differential ideal of (A, d) generated by X.

By a differential algebra is meant a pair (A, d) where A is an associative R-algebra with a unit. If A is
commutative, then (A, d) is referred to as a differential commutative algebra. A morphism of differential
algebras (or a differential algebra map) is a usual algebra map (which is assumed to respect the identity
elements) commuting with the derivations. One thus gets categories Diff Com < DiffAss, and the
same without the derivations Com <> Ass (with obvious full inclusion functors). Of course “Ass”
(respectively, “Com”) stands for “associative (respectively, “associative and commutative”) algebras (with
a unit)”. There are obvious forgetful functors dCom: DiffCom — Com and dAss: DiffAss — Ass
which make commute the following diagram.

DiffCom“—— DiffAss (1)

dComl ldAss

Com——— Ass

Let Lie be the category of all Lie R-algebras (with usual Lie maps), and let DiffLie be that of all
differential Lie R-algebras (once again the morphisms, also referred to as differential Lie algebra maps,
are assumed to commute with the derivations). There is an evident forgetful functor dLie: DiffLie — Lie
which forgets the derivation.

2.2. The Wronskian envelope and some of its elementary properties

Any differential commutative algebra ((4,*),d) may be seen as a Lie algebra (A, W;) under the
Wronskian bracket W as defined in the Introduction. Actually, ((A, Wy), d) is even a differential Lie

algebra. This gives rise to forgetful functors DiffCom Y. DifiLie % Lie. By abuse of language

'The fact that R # (0) prevents us from dealing with trivial varieties (within the meaning of universal algebra) of R-algebras,
see Section 3.1.
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one also denotes the previous composite functor by W. These functors are algebraic functors between
(concrete categories concretely isomorphic to) varieties of universal algebras and thus admit a left adjoint
(see [25, Sections 3 and 4] for the details and also cf. [24]), the Wronskian envelope constructions for the
W’s functors, and the differential envelope construction for dLie.

In details this means the following. Let g be any Lie algebra. There exists a differential Lie algebra
(Diff (9), d), called the differential envelope of g, and a Lie map cang: g — Diff (g), called the canonical
Lie map, such that for each differential Lie algebra (h, ) and each Lie map ¢: g — b there is a unique
differential algebra map v: (Diff (9),d) — (b, e) such that ¥ o cang = ¢ (more formally one should
write dLie(W) o cang = ¢, but there is not much risk forgetting a reference to dLie since it is a faithful
functor).

Similarly, given any differential Lie algebra (g,d), there is a differential commutative algebra
(W(g,d),D), called the Wronskian envelope of (g,d), and a Lie map canggq: (g.d) —
(1W(g,d)|, Wp) = W(W(g,d), D), such that for every differential commutative algebra (A, ) and every
differential Liemap ¢: (g,d) — (|A|, We), thereis a unique differential algebra map v : (W(g, d), D) —
(A, e) such that ¥ o can(g4) = ¢ (or, strictly speaking, W () o can(g 4y = ¢).

By the usual composition of left adjoints, (W(Diff(g),d), D) with the canonical Lie map
dLie(can(pig (g)d)) © cang: g — (|W(Diff (9),d)|, Wp) provides the Wronskian envelope of a usual
Lie algebra. When there is no risk of confusion one still denotes by cang the previous canonical Lie map.
Moreover one defines (W(g), D) := (W(Diff (g), d), D) for a Lie algebra g.

Of course, as usually, each of these universal constructions is unique up to a canonical isomorphism.

Remark 1. It is not reflected in the notation (%W(g, d), D) but the derivation D itself depends on the
differential Lie algebra (g, d).

Remark 2. Given a differential commutative algebra ((4, %), d), the multiplication a o b := a * d(b)
endows A with a structure of a pre-Lie algebra. This in turn provides a functor PL: DiffCom — PreLie.

We notice that the commutator bracket of PL((A, %), d) = (A, o) is the Wronskian bracket W,. So there

PL C reLie . . .
is a factorization W = DiffCom —> PreLie —% Lie, where by Cpreric is meant the functor which

consists in turning any pre-Lie algebra into a Lie algebra under the commutator bracket. Each of these
functors has a left adjoint (all of them left unchanged the carrier sets of the algebras, and the categories
under consideration are varieties in the sense of universal algebra). Therefore in a standard way the
Wronskian enveloping functor W may be seen as the composition of two left adjoints WhreLie © UpreLie
where Wprerie: PreLie — DiffCom (respectively, Uprerie: Lie — PreLie) is a left adjoint of PL
(respectively, Cpyerie). In this text we do not study the functor Whyerie nor the functor Upyerie, focusing
only on W. There is another notion [22] known as the “universal enveloping algebra of a pre-Lie algebra’,
defined by Oudom and Guin, which is essentially the composition U o Cperje: PreLie — Lie — Ass,
i.e., the usual universal enveloping algebra U(A, [+, -]) of the pre-Lie algebra (A, o) seen as a Lie algebra
(A, [+, -]) under its commutator bracket; in particular, this construction rarely provides a commutative
algebra. It follows immediately that % is not the same as this universal enveloping algebra of a pre-Lie
algebra.

Corollary 3 (of [25, Proposition 4.9, p. 71]). Let (g, d) be a differential Lie alggbm which is free as a module
with basis X. Then, (W(g,d), D) is (R[X]/(xd(y) — d(x)y — > _,cx y,f,yz),Dd), with R[X] the algebra of
polynomials with variables in X, Dg(x) = d(x) for eachx € X, [x,y] = ),y Viy% %y € X, using the
constants of structure of the Lie algebra g and (xd(y) — d(x)y — }_,cx V< %) the algebraic ideal generated
by xd(y) — d(x)y — 3 .cx Viy% %y € X, in RIX].

Proof. This follows immediately from [25, Proposition 4.9, p. 71] where it is stated that the Wronskian
envelope W(g, d) of a differential Lie algebra (g, d) is the quotient of the symmetric algebra S(|g|) of the
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underlying module of g by the algebraic ideal generated by x® d(y) —d(x) ® y — [x, ], x, y € g, together
with the quotient derivation D, where Dy is the unique derivation on S(|g|) which extends d. O

Example 4. Let R be a ring in which 2 is invertible. Let us consider the Lie algebra g freely generated by
e,f,h as a module, with bracket [e, h] = e, [e,f] = 2h and [k, f] = f. (When R is a field of characteristic
zero, one recovers sl (R).) Itis a dlfferentlal Lie algebra with derivation d(e) = 0, d(h) = eand d(f) =

2h. Then, W(g,d) = Rle, h,f1/{ e —e h(e—1),2h% — f(1 + e)) with the quotient derivation Dy, where
Dg € Derp(Re, h,f]) is given by D4(e) = 0, Dg(h) = e, Dy(f) = 2h. Moreover, the assignment f X2,
h+— xand e — 1 defines a differential algebra map from (R[e, h, 1, D) onto (R[x], d%), which factors
through Rle, h,f] — Rle, h,f] / e> — e, h(e — 1),2h* — f(1 + ¢)) and provides the differential algebra
map (W(g,d), Dj) — (R[x], dx) which is also induced by the one-to-one map (g,d) — (R[x], Wd ),

er> L,hrs xandf — x2,

using the universal property of the Wronskian envelope.

Let us enumerate a few elementary properties of the Wronskian envelope. First of all, it is an
augmented differential algebra (the augmentation ideal is a differential ideal). The trivial Lie algebra (0)
is a zero object for Lie, i.e., both an initial and a terminal object [19]. Let ty: g — (0) and iy: (0) — g
be the terminal and initial Lie maps of g. With the zero derivation, (0) is also a zero object for DiffLie
(one even has t(g,4) = dLie(ty) and i(g 4) = dLie(ig)). So given a Lie algebra (respectively, differential Lie
algebra) g (respectively, (g, d)), there is a unique differential algebra map €: (W(g),D) — (W(0),D)
(respectively, €: (W(g,d),D) — (W(0),D)) such that W(e) o cang = can) o ty (respectively,
Wi(e) o canigay = cangy o tgq)). Now, because W is a left adjoint functor, it preserves initial
objects and thus (7/(0),D) =~ (R,0) (canonically). Therefore, €: (W(g),D) — (R,0) (respectively,
€: (W(g,d),D) — (R,0)) provides the augmentation map. Of course, ker € is a differential ideal.

Remark 5. The initial map ig: (0) < galso canonically provides a differential algebra map : (R,0) —
(W(g), D) which coincides with the unit map 1p Lyy(g)-

Let g be a (differential) Lie algebra and h be a (differential) Lie sub-algebra of g (both of the same
type, differential or not). Let incl: h — g be the canonical inclusion. Then, there is a unique differential
algebra map I: (W(h), D) — (W(g), D) such that the following diagram commutes.

W(w(®), D) s w(w(g),D) @)

cany T Teang
T T—

b g

incl

Of course there is no reason why I would be one-to-one in general. The following result may be proved
similarly to [5, Proposition 3, p. 25].

Proposition 6. Let g be a (differential) Lie algebra, and let I be a (differential) Lie ideal of g (both
of the same kind, i.e., both differential or both not). The canonical morphism of differential algebras
W(rr): (W(g),D) — (W(g/I),D) induced by the canonical epimorphism wry: g — g/I is onto and
its kernel is the differential ideal ] := (cang(I))ayy of (W(g), D) generated by cang(I). In other words,
(W(g/I), D) ~ (W(g)/], D) (canonically).

Remark 7. Asan application of Proposition 6 one gets (g/ ker cang) ~ W(g)/(cang(ker cang))gig >
W(g) (as differential algebras). Hence the (differential) Lie algebras g and g/ ker cang share the same
Wronskian envelope.
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2.3. The main result

Because any Lie algebra g becomes a differential Lie algebra (g, 0) with the zero derivation, it follows
that cang: g — (Diff (g),d) is one-to-one. (Indeed, there is a unique differential Lie algebra map
Y (Diff (9),d) — (g,0) such that dLie(1/) o cang = idy.) So every Lie algebra embeds into its
differential envelope.

The situation is a little bit more subtle for the question of whether or not a (differential) Lie algebra
embeds into its Wronskian envelope, or, in other terms, when the corresponding canonical map is one-
to-one. The following easy result is useful in many situations (and is true in a more general setting, see
Lemma 22).

Lemma 8. Let (g, d) (respectively, g) be a differential Lie algebra (respectively, Lie algebra). The following

assertions are equivalent.

1. The canonical differential Lie map can(gay: (g,d) — W(W(g,d), D) (respectively, the canonical Lie
map cang: g — W(W(g), D)) is one-to-one.

2. There exists a differential commutative algebra (A, e) and a differential Lie map (g, d) — ((|A], We), e)
(respectively, a Lie map g — (|A|, W,)) which is one-to-one.

Proof. One only treats the case of differential Lie algebras. That 1. implies 2. is immediate. Let us
assume the existence of a one-to-one differential Lie map ¢: (g,d) — (|A|, W,) for some differential
commutative algebra (A, ). Then, there is a unique differential algebra map ¥ : (W(g,d),D) — (A, e)
such that W(y) o can(g,4) = ¢ which in turn shows that can g 4 is one-to-one. O

Remark 9. In particular, it follows from Lemma 8 that a (differential or not) Lie algebra g embeds
canonically into its Wronskian envelope, i.e., cang is one-to-one, if, and only if, there is a not necessarily
canonical embedding from g into its Wronskian envelope. Therefore there is no need to distinguish
between “canonical” or “non canonical” embeddings.

Corollary 10. Any abelian Lie algebra g embeds into its Wronskian envelope. This remains true if g is seen
as a differential Lie algebra with the zero derivation.

Proof. Let g be any abelian Lie algebra. Let 0 be the zero endomorphism of g. According to [5,
Proposition 7, p. 36], it extends uniquely as a derivation Dy on the symmetric algebra 5(g). Of course,
because 0 is also a derivation on $(g), 0 = Dy. Now, the canonical embedding g < $(g) provides a one-
to-one Lie map from g into (|.5(g)|, 0) = W(5(g),0). Hence, by Lemma 8, g embeds into its Wronskian
envelope. The second assertion is already provided by the proof. O

Let us now introduce our most fundamental ingredient. Let (A, d) be a differential commutative
algebra. Let d € Derg(A) and a € A. Then, a - d: x — ad(x) is again a derivation so that Detgr(A)
becomes a left A-module. Let A - d = {a - d: a € A} be the cyclic (left) sub-A-module generated by
d € Derg(A). It is a R-module, and, because [a - d,b - d] = Wj(a,b) - d it is a Lie R-sub-algebra of
Derg(A). This is a particular kind of Passman’s Lie algebras of Witt type [23].

Definition 11. Let us call A - d the Lie R-algebra of vector fields on the line (A, d).

Letann(d) = {a € A: Vx € A, ad(x) = 0} be the annihilator of d, i.e., the kernel of the A-linear map
y:a > a-d,which is an ideal of the R-algebra A. It is even a differential ideal because if a € ann(d),
then 0 = d(ad(x)) = d(a)d(x) + ad*(x) = d(a)d(x) for every x, so that d(a) € ann(d). Therefore,
A - d becomes a differential Lie R-algebra with derivation d;(a - d) = d(a) - d. (This is well defined since
d(ann(d)) < ann(d).) When there is no ambiguity one writes 9 := 9.
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Observe that in general A - d, while being a A-module and a Lie R-algebra, is not a Lie A-algebra (it is
rather related to Lie-Rinehart algebras; see Section 4) because its Lie bracket is not A-linear. Next lemma
is fundamental.

Lemma 12. (A-d,9) ~ W(A/ann(d), d) = ((|A/ann(d)], W3), d) (as differential Lie R-algebras) under
a-dv— a+ ann(d).

Proof. Let us consider A oA d, y(a) = a-d.Itis a A-module map (and a R-module map)
whose kernel is ann(d). Since A - d = im(y), it follows that, as A-modules, and so also as R-
modules, A/ann(d) ~ A - d (where A/ann(d) is a left A-module under the canonical epimorphism
A — A/ann(d)). Let y: |AJann(d)] — A - d, y(a + ann(d)) = y(a), be the induced R-linear
isomorphism. Since [y (a), y (b)] = y(W4(a, b)), a, b € A, it follows easily that y lifts to an isomorphism
of Lie R-algebras from (|A/ann(d)|, W3) to A - d. Because furthermore ann(d) is a differential ideal,
and y(d(a)) = 9(y(a)), a € A, y turns out to be an isomorphism of differential Lie R-algebras from
((IA/ann(d)|, W), d) to (A - d,3). The fact that ((|A/ann(d)|, W>),d) = W(A/ann(d), d) is clear. This
completes the proof. O

One says that the derivation d on A is faithful if ann(d) = (0). In such case, by Lemma 12,
(A-d,0) = W(A,d) (as differential Lie algebras). It is clear that the quotient derivation d on A/ann(d),
from Lemma 12, is faithful for every differential commutative algebra (A, d).

Definition 13. A (differential) Lie algebra of vector fields on a line is a (differential) Lie algebra which is
isomorphic to a (differential) Lie sub-algebra of some A - d (respectively, (A - d,d)).

Let Vect (respectively, Diff Vect) be the full sub-category of Lie (respectively, DiffLie) spanned by the
(differential) Lie algebras of vector fields on a line. The following diagram of functor commutes (where
the two vertical arrows are the embedding functors, so that the bottom horizontal arrow is obtained by
restriction and corestriction of the top horizontal arrow).

DiffLie -£°  Lie 3)

DiftVect —— Vect
dLie

The following result is immediate.

Lemma 14.

1. DiffVect and Vect are closed under sub-algebras, i.e., given any object g of Diff Vect (respectively, Vect),
then every differential Lie sub-algebra (respectively, Lie sub-algebra) b of g is also an object of DiffVect
(respectively, Vect).

2. Moreover, given any object g of DiftVect, then every (non-differential) Lie sub-algebra by of dLie(g) is an
object of Vect.

3. DiffVect and Vect are closed under direct products (even the empty one).

According to Lemmas 8 and 12, (A - d, 3) embeds into its Wronskian envelope for every differential
commutative algebra (A, d). This is also true from Lemma 14 for any (differential or not) Lie sub-algebra
of A - d. Again by Lemma 8 this remains valid for any (differential) Lie algebra of vector field on a line.
Therefore the following lemma is proved.
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Lemma 15. Every (differential or not) Lie algebra of vector fields on a line embeds into its Wronskian
envelope.

Let us now prove an assertion somewhat reciprocal to Lemma 15.

Lemma 16. If (A, d) is a differential commutative algebra, then W(A,d) = ((|A|, Wy), d) is a differential
Lie algebra of vector fields on a line.

Proof. Let A[x] be the R-algebra of polynomials on A. Let Dy € ®Derr(A[x]) given by Dy(ax) = d(a)x+a
for each a € A and extended to the whole A[x] using Leibniz’s rule and R-linearity. Of course, the
canonical embedding A — Al[x], a > al, lifts to a one-to-one map (A,d) — (A[x],Dy) (because
Dgj(al) = d(a)l + aD4(1) = d(a)l). Furthermore ann(Dyg) = (0), i.e., Dy is a faithful derivation.
Indeed, if P belongs to ann(Dy), then, in particular, P = PDy(x) = 0. Therefore, W(A[x],D;) =
((JA[x]l, Wp,),Dg) =~ (Alx] - Dg,dp,). Finally, the embedding a + al still defines an embedding
WA, d) = ((|A, Wy),d) — W(A[x],Dy) and thus provides an embedding W(A,d) — (A[x] -
Dy,0p,),a > a- Dy. O]

We are now in position to establish our main result, providing the necessary and sufficient embedding
conditions of a (differential) Lie algebra into its Wronskian envelope, and thus a satisfying solution to
the embedding problem.

Theorem 17. A (differential) Lie algebra embeds into its Wronskian envelope if, and only if, it is a
(differential) Lie algebra of vector fields on a line.

Proof. Lemma 15 provides the sufficient conditions. By Lemma 16, W(W(g), D) is a differential
Lie algebra of vector fields on some line, for every (differential or not) Lie algebra g. When can:

g — W(W(g),D) is one-to-one, this implies that g is also a (differential or not) Lie algebra of vector
fields on some line (by Lemma 14 since g ~ im(cang)). The necessity is proved. O

Given a (differential) Lie algebra g (respectively, (g, d)) which embeds into its Wronskian envelope,
according to Theorem 17 and from the proof of Lemma 16, g (resp., (g, d)) may be seen as a (differential)
Lie sub-algebra of vector fields on the line (W(g)[x], Dp) (resp., (W(g, d)[x], Dp)).

Remark 18. Corollary 10 in conjunction with Theorem 17 shows that any abelian Lie algebra is a Lie
algebra of vector fields on some line.

As already stated in the Introduction, using Theorem 17 one gets many - and some interesting -
examples of Lie algebras which embed into their Wronskian envelope. Would it be possible that every
Lie algebra be a Lie algebra of vector fields on a line? No. Indeed, such Lie algebras satisfy a non-trivial
identity (i.e., which is not satisfied by all Lie algebras) called the “standard Lie identity of degree 5” in [26],
the identity T4 in [14] (see Appendix A where this identity is displayed in some expanded form). It is
defined as follows:

Ty(xr, X0, %2, X0, )) 1= Y €(0) %0 1), %0 2)> %0 3)> %o (a7, 1111 = 0 (4)

0664

for every y, x1, X2, X3, x4 in a Lie algebra, where € (o) denotes the sign representation of the permutation
0. As shown in [2, pp. 19-20], in the free Lie algebra Lie[x, y] on two generators, over a field, the Lie
polynomial given by T4 (x, y, [x, y], [x, [x, ¥1], x) is not reduced to zero. Therefore such a Lie algebra does
not embed into its Wronskian envelope. Actually, the Lie polynomial T4(x, y, [x, ], [x, [x, y1], %) is a
linear combination of monomials of length 8, with integer coefficients, in the free associative algebra
R(x, y) over R (see below Eq. (5)). Of course, some coeflicients may be equal to zero in R but it remains a
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non-void linear combination. Thus it is equal to zero if, and only if, the coeflicient of each monomial is
equal to zero, which is impossible at the exception of R = (0). Whence for each non trivial ring R, no
free Lie algebras on two generators embed into its Wronskian envelope, and clearly it remains the same
for every free Lie algebra on at least two generators.

T4(x, y, [x, y], [x, [x, y]], x) = —x4yxy2 + 2x4y2xy - x4y3 x + 6x° yx2 y2 —13%° yxyxy + 5x° yxyzx

+ 2x3y2x2y + x3y2xyx - x3y3x2 - 13x2yx3y2 + 28x2yx2yxy

— 7% yx2 yzx —x yxyx2 y— 15x% YXYyxXyx + 7x% yxy2x2 —6x° y2x3 y

+ 13x2y2x2yx - 7x2y2xyx2 + x2y3 X+ 12xyx4y2 - 23xyx3yxy

+ xyx3 y2x - 12xyx2yx2 y+ 37xyx2yxyx - 13xyx2y2x2 + 21xyxyx3 y

- 37xyxyx2 VX + 15xyxyxyx2 - xyxy2x3 - 2xy2x4y - xy2x3 yx

+ 7xy2x2 yx2 - 5xy2xyx3 + xy3 Xt — 4yx5 y2 + 6yx4yxy + 2yx4y2x

+ 1ny3yx2y - 21yx3yxyx + 6yx3y2x2 - Inyzyx3y + 12yx2yx2yx

+ yx2 yxyx2 - 2yx2 y2x3 - 6yxyx4y + 23)/xyx3 yxX — 28yxyx2 yx2

+ 13yxyxyx® — 2yxy2x4 + 4y2x5y - 12y2x4yx + 13y yx?

— 6)°x°yx’ + yiayxt, (5)
Theorem 17 also provides a sufficient condition for the embedding of a Lie algebra into its universal

enveloping algebra.

Corollary 19. If a Lie algebra g embeds into its Wronskian envelope, then it embeds also into its universal
enveloping algebra (as a Lie sub-algebra under the commutator bracket).

Proof. From Theorem 17 one may assume the existence of a differential commutative algebra (A, d) such
that g < A - d. The result follows from the following sequence of inclusions of Lie algebras because g
admits a faithful representation into an associative algebra: g < A - d C Detr(A) € Endgr(|A|). O

3. Free (differential) Lie algebras of vector fields

Every (differential) Lie algebra freely generates a (differential) Lie algebra of vector fields, namely its
canonical image into its Wronskian envelope. By contrast with the classical situation, free (differential)
Lie algebras are almost never isomorphic with their canonical images, which equivalently means that
they rarely embed into their Wronskian envelope (Theorem 37 and Corollary 41). To see this we first
consider more general embedding problems, and related functorial relations, at the level of universal
algebra.

3.1. Aglance at universal algebra

Our main reference about universal algebra is [9]. A signature is a N-graded set (X (n))sen. A member
f of ¥ (n) is called a function symbol of arity n when n > 0, or a constant symbolif n = 0. A X-algebra is
a pair (A, F) where A is a set and F = (Fy,) pen is a family of maps F,,: X(n) — A4 n e N, sometimes
referred to as the X-algebra structure of A (when ¢ € 2(0), Fy(c) is usually interpreted as a member of
A and not as a map from A® — A). A homomophism ¢: (A,F) — (B, G) between X-algebras is a map
¢: A — B that commutes to the “basic operations” of A and B, i.e., for each n € N and each f € X(n),
O (Fn(f)(ar, -+ ,an) = Gu(f)(@(a1), - ,¢(an)), a1, - ,a,. X-algebras and their homomorphisms
form a category. This category has a faithful forgetful functor to the category Set of sets, and it is well
known that it admits a left adjoint that makes possible the construction of the free ¥-algebra X[X]
generated by the set X.
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An equation is a pair (s, t) of two elements of X[N] (the members of N are customary denoted by
X1, %2, x3 and so on, and called the variables). A class of ¥ -algebras that satisfy a given set of equations
(i.e., in which the equations hold) is called a variety. For instance, the empty set of equations provides
the variety of all X -algebras.

Such a variety V spans a full sub-category of ¥ -algebras (and, in what follows we make no distinction
between the variety and its associated category) the objects of which are X-algebras which satisfy the
defining equations of the variety V, hereafter referred to as X-algebras in V. As such it also has a forgetful
functor to Set, so is a concrete category, and when the variety is non-trivial (i.e., when it admits algebras
with at least two elements), it has a left adjoint, which provides the free X -algebra V[X] relatively to the
variety V generated by a set X.

3.2. Ageneral embedding problem

From now on one only considers non-trivial varieties without further ado.
Given a variety V of X-algebras and a variety W of Q-algebras, a functor U: V. — W is called
algebraic when the following diagram of functors commutes (where | - | denotes the forgetful functors).

v—Y . w (6)

A fundamental result states that such an algebraic functor admits a left adjoint (see [3, Corollary 8.17,
p- 28]).

Definition 20. In the situation depicted by Diagram (6), for each 2-algebra (A, F) in W, one has a
> -algebra V[A, F] (called the free X-algebra in V generated by (A, F) or the universal V-envelope of
(A, F)) and a homomorphism can py: (A, F) — U(V[A, F]) of Q2-algebras, called the canonical map,
such that for every X -algebra (B, G) in V and every homomorphism ¢ : (A, F) — U(B, G) of Q-algebras,
there is a unique homomorphism v : V[A, F] — (B, G) of X-algebras such that U({) o cana r) = ¢.
Of course, this provides the “free algebra” functor V[-]: W — V.

Remark 21. In a situation where both notations V[X] for a set X and V[A, F] for a Q-algebra (A, F)
occur, in order to avoid confusion, one denotes the former X -algebra by V[A, Flw

There is an associated embedding problem: what are the conditions under which can4 F) is one-to-
one? As already announced in Section 2.3 (Lemma 8) one has the following useful result, whose proof
follows the same principle as that of Lemma 8.

Lemma 22. Let (A, F) be a Q2-algebra in W. The following assertions are equivalent.

1. The canonical map canap): (A, F) — U(V[A, F]) is one-to-one.

2. There exists a X-algebra (B, G) in V and a homomorphism of Q2-algebras from (A, F) to U(B, G) which
is one-to-one.

3.3. The category of algebras which embed into their envelope

In this section one assumes that we are in the situation illustrated by Diagram (6).

Definition 23. Let Wy be the full sub-category of W spanned by those 2-algebras (A, F) in W whose
canonical map cania ) : (A, F) — U(V[A, F]) is one-to-one.
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Remark 24. It is clear from Lemma 22 that for all (4, F) in V, U(A, F) is an object of Wy.

The notion of sub-algebras is rather evident. It is clear that Wy is closed under sub-algebras (i.e.,
every sub-algebra of an object of Wy is also an object of Wy;). Furthermore, it is also closed under
direct products (cartesian products of the underlying sets of algebras with the component-wise algebra
structure). Finally, the obvious inclusion functor Eyy: Wy < W is (of course) full, but also faithful and
injective on objects.

Example 25.

1. With V = DiffCom, W = Lie (respectively, DiffLie), U = W one has Wy = Vect (respectively,
DiffVect) by Theorem 17.

2. With V. = Ass, W = Lie, U = C which transforms the algebra into a Lie algebra under the
commutator bracket, then Wy is the category of all Lie algebras which embed into their universal
enveloping algebra. In particular, when the base ring R is a field, Wy = Lie.

3. With V. = Com, W = Ass, U is the evident forgetful functor, then Wy = Com (since an algebra
embeds into its abelianization if, and only if, it is commutative).

4. With V the category Ab of abelian groups, and W that of commutative monoids, and with U the
obvious forgetful functor, Wy is the category of all cancellative commutative monoids [7].

Before going on, one recalls the following facts: let (4, F) and (B, G) be two X -algebras in a variety
V,andlet ¢: (A, F) — (B, G) be a homomorphism.

1. The image im(¢) = ¢(A) is a sub-algebra of (B, G) and, as such, is an object of V (since a variety is
closed under sub-algebras, cartesian products and homomorphic image).

2. The kernelker¢p = {(a,b) € A%: ¢p(a) = ¢p(b) }isa congruence (i.e., an equivalence relation on A
compatible with the X -algebra structure F [8]), the quotient set A/ ker ¢ admits a natural structure of
¥ -algebra denoted by (A/ ker ¢, F), which is an object of V, and, finally, the canonical epimorphism
w: A — A/ ker ¢ lifts to a homomorphism of X-algebras 7: (A, F) — (A/ker ¢, E).

Let us go back to the situation illustrated by Diagram (6). One observes that for every $2-algebra (A, F)
in W, im(cana,r)) is a 2-sub-algebra of U(V[A, F]) which belongs to W, and thus is an object of Wy.
It is of course the least §2-sub-algebra of U(V[A, F]) generated by im(can,r)) (i.e., the intersection of
all 2-sub-algebras of U(V[A, F]) that contain im(can,r))).

Definition 26. Hereafter im(can r)) as above is referred to as the canonical image of (A, F) into its
universal V-envelope.

Moreover, as Q-algebras inW,
im(cana,r)) = (A/ ker can ), F).

This follows from the first isomorphism theorem for (universal) algebras as indicated in the diagram
below (where (A, F) is a Q-algebra in W, éana ) denotes the induced isomorphism, and incl is the
canonical inclusion).

Can(A,F)

(A,F) — = U(VIA,F]) (7)

| [

(A/ ker cana F), F) o~ im(cana,r))

Can(A,Fr)

Remark 27. It follows from Diagram (7) that i is one-to-one (whence an isomorphism) if, and only if,
canga,p) is one-to-one if, and only if, (A, F) is an object of Wy.
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Actually, (A,F) +— im(cana,r)) is the object component of a functor Sp;;: W — Wy which is
defined as follows. Let ¢: (A, F) — (B, G) be a homomorphism of 2-algebras in W. Let qu VI[A,F] —
V[B, G] be the unique homomorphism of X-algebras in V such that the following diagram commutes.

vvia F) 22, uviB, 6] (8)

Can(A)F)T TCQH(B,G)

(A F) T> (B,G)

Let y = cana,r)(x) for some x € A. So,

can(p,G) (¢ (x)) = Ud)(canc r) (x) = U@) ().

Therefore there is a unique map ¢g: im(cani,r)) — im(canep)) such that the following diagram
commutes.

U(VIA, F]) & U(VI[B, G]) 9)

incl incl
im(cana,r)) T im(can(g,g))

That ¢ is a homomorphism of €2-algebras is obvious. One thus defines Sp;(¢) := ¢o. The remaining
details to check functoriality of Sp;;: W — Wy are left to the reader.

Remark 28. “Sp” stands for “special” because of [9] where the Lie algebras that embed into their
universal enveloping algebra are referred to as “special Lie algebras”

The result below shows that Wy is a reflective sub-category of W [19].
Theorem 29. The functor Spy; provides a left adjoint of the canonical embedding Ey: Wy — W.

Proof. One uses the notations from Diagram (7). Let (A, F) be a Q-algebra in Wy. Then, (can,r) o
7)1 Spy(Eu(A, F)) =~ (A, F) (Remark 27). So one has a natural isomorphism? e : Spy o Ey =
idw,: Wy — Wy. Now, from Diagram (7), one gets n := 7 o can: idw = Ey o Spy: W — W.
By definition, the composite Ey(€(a,r)) © (a,Fr) = id(a,F) for every algebra (A, F) in Wy. Now, let (A, F)
be a 2-algebra in W. The following commutative Diagram (10) implies that Sp(n4,r) = Nim(can s p))
so that €im(can(y ) © SP(1(4,F)) = id(a,r). Therefore the two natural transformations satisfy the usual
triangle equalities that characterize an adjunction [19], and shows that Sp; is a left adjoint to Ey.

Spy (AR,
ll’l’l(CaT’l(A F)) —1 m(canzm(cun(A p))) (10)

incl incl

(AP U(VIA, F)) *> U(Vlim(cana,p))]) | Tim(canapy)

TCGM’I(A F) f‘mrm(cun(A F))J\

(A,F) 4> im(cana,r))

2a: F = G: C — D denotes a natural transformation from F to G which are functors from C to D.
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Remark 30. It follows from Theorem 29 that given a Q-algebra (A, F) in W, im(can(a,r)) = Spy(A, F)
satisfies the following universal property. Let (B,G) be an algebra in Wy and let ¢: (A,F) —
Ey(B, G) be a homomorphism of Q-algebras. Then, there is a unique homomorphism of €2-algebras
¥ im(cancap)) — (B, G) such that Ey(¥) o 7 o can,py = ¢, under the notation from Diagram (7).
This makes it possible to call im(can r)) the free Q-algebra in W which embeds into its V-envelope
generated by (4, F).

Let us summarize the situation by the following commutative diagram of functors, where U is the
functor from Diagram (6), and Uy is obtained by co-restricting U to Wy.

One already knows that U and Ey have a left adjoint. In general that does not imply that also Uj has a left
adjoint (in particular because Wy is not a variety since it is generally not closed under homomorphic
images, and thus Uy is not algebraic), but it does in this particular situation.

Lemma 31. Let C, D, E be three categories such that the following diagram of functors commutes, where E
is fully faithful and U admits a left adjoint F: D — C.

c—Y b (12)

N A

E

Then, F o E: E — C is a left adjoint of V. Under the previous assumptions, if, moreover, E also has a left
adjoint, say G: D — E, then F o Eo G: D — C s also a left adjoint of U, and thus F and F o E o G are
naturally isomorphic.

Proof. Let e be an object of E and ¢ an object of C. The following holds.

E(e, V(c)) >~ D(E(e), E(V(0)))
(because E is fully faithful)
= D(E(e), U(0))
(sinceEo V = U)
~ C(F(E(e)),c¢)
(since F is a left adjoint of U)

(13)

The second assertion follows from the fact that, by composition of adjoints, F o E o G is a left adjoint of
EoV="U. O

Lemma 31 applies in the situation depicted in Diagram (11), and thus

1. Up has a left adjoint given by V[-] o Ey,

2. V[-] o Ey o Spy; = V[-] (naturally) is a left adjoint of U. This means that given (A, F) a Q-algebra
in W, then V[A, F] =~ V[Ey(Spy (A, F))] = V[Ey(im(can,r)))]. (Remark 7 was merely a special
instance of this result.)

3.4. The free algebra on a set that embeds into its envelope

Before applying the results of the previous section to the case of (differential) Lie algebras, as some final
comments one adds that in the following commutative diagram (combining Diagrams (6) and (11)),
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each functor has a left adjoint. Here | - |: Wy — Set is the evident restriction of the forgetful functor
|+]: W — Set.
v— w (14)
\m %
AN
\t
Set
What is new in the above diagram is the fact that | - |: Wy — Set also has a left adjoint, although

Wy is in general not a variety. This does not follow from an application of Lemma 31, but from an
evident composition of left adjoints: given a set X the free Q2-algebra in Wy is given by Sp,(W[X]) =
im(canwrx]), and thus consists of the canonical image of the free algebra W[X] into its universal
V-envelope. There is another way to describe Wy [X].

Lemma 32. Given a set X, the least Q-algebra (X)q in U(V[X]) generated by X, where V[X] is the free
Y-algebra in V over X, is the free Q2-algebra Wy [X] in Wy on X.

Proof. Indeed, first of all, (X)q is an algebra of Wy (it belongs to W since U(V[X]) does and W is
closed under sub-algebras, and it embeds into its universal V-envelope because of Lemma 22). Second, let
¢: X — |(A,F)| = Abeamap, where (A, F) is a Q-algebra in Wy, whence can, r) is one-to-one. There
is a unique homomorphism of X-algebras v : V[X] — V[A, F] such that || o canx = |cana,r)| o ¢,
where cany: X — |V[X]] is the canonical embedding (the canonical map from a set to the free algebra
over this set in a non-trivial variety is always one-to-one [9]). The restriction of U(yr) on (X)q is a
homomorphism of 2-algebras which extends ¢. Because it is determined by its values on X, it is unique.
Therefore (X)q has to be the free X -algebra in Wy generated by X. O

Remember the use of notation V[A, Flw for V[A, F] from Remark 21 to distinguish the former from
V[X] when both notations occur.

Corollary 33. Let X be a set. Then,

VIX] = VIW[X]lw = VIEy(WulX]D Iw.

Proof.
VIX] >~ VIW[X]lw

(by composition of left adjoints)

~ V[Eu(Spy(WIXD) Iw
(according to the paragraph following the proof of Lemma 31)

= VIEu(Wyl[XDIw
(by definition of Wy [X]) (15)

O

Finally it may be useful to recall the explicit (or rather inductive) construction of (X)q = Wy[X] (see
[8, Proposition 5.1, p. 79]). Let Xy := X, and foreach n € N,let X, 1 := X, U{ Fx(f)(t1,--- ,tx): k € N,
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fe k), t1, -+ ,tx € X, } (Where (Fp), is the 2-algebra structure on U(V[X])). Then,

(X)o = X

k>0

Remark 34. Every Q-algebra in W which embeds into its V-envelope is a quotient of some free algebra
WylX].

3.5. Free (differential) Lie algebras of vector fields

The constructions from the previous sections apply without fail to the case of Lie algebras. More
precisely, one first has the following commutative diagram which consists in three particular instances
of Diagram (6), where the role of U is played by the functors W and C, which transforms a differential
commutative algebra (respectively, an associative algebra) into a (differential) Lie algebra under the
Wronskian bracket (respectively, commutator bracket, see Example 25.2). The unnamed arrows are the
evident forgetful functors.

DiffCom 2 Lie < Ass (16)

d
DiffLie
Set

As we proceeded to pass from Diagram (6) to Diagram (11), one obtains the following diagram from
Diagram 16, completed with some already known functors.

DiffVect (17)
N

Wo DiffLie

w
dLie /'dLiel

DiffCom —Y— Lie ¢S Ass

Vect€ - Liec

In Diagram (17), DiffVect = DiffLiey and Vect = Liey, according to Theorem 17. Moreover, the
full inclusion functor E from Vect and Liec is just a translation of Corollary 19. By Theorem 29, both
functors denoted by Ey have a left adjoint Spy,.. Ec also has a left adjoint Sp- for the same reason.
Applying Lemma 31 one time on each of the three triangles, with vertices Diff Com, DiffVect, DiffLie,
with vertices DiffCom, Vect, Lie and with vertices Ass, Liec, Lie, provides a left adjoint, respectively, for
the two Wy’s and for Cy. Another application of Lemma 31 on the triangle with vertices Vect, Lie, Liec
provides the existence of a left adjoint for E. The fact that the leftmost occurrence of dLie has a left adjoint
also follows from an application of Lemma 31 on the triangle with vertices Diff Vect, Vect and Lie (since
Ew: Vect — Lie s fully faithful, and dLieo Ey: DiffVect — Lie has a left adjoint). In conclusion, every
functor in this diagram has a left adjoint. In consequence of that, there is a corresponding commutative
diagram (up to natural isomorphisms) of left adjoints (where ¥ is the usual universal enveloping
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algebra functor).

DiffVect (18)
Spw

WoEyw DiffLie

SpyoDiff oEw / T@lﬁ(

DiffCom Lie u Ass

w
WoEw UoEc
Spw k T

Vect Liec
SpywoEc

Diagram (18) makes it possible to exhibit a major difference between the universal enveloping algebra
and the Wronskian envelope. Given a Lie algebra g, its image, by the canonical map, into U(g), seen as
a Lie algebra under its commutator bracket, is Sp-(g). In particular, if one considers the free Lie algebra
Lie[X] on a set X, then U(Lie[X]) is the free associative algebra R(X) on X, and thus Sp(Lie[X]) is the
Lie algebra LiePol(X) = (X)vie of Lie polynomials in R(X) (cf. [27]). But, as is well known [5], Lie[X]
is free as a module, whence, by Poincaré-Birkhoff-Witt theorem, embeds into its universal enveloping
algebra, so that Lie[X] >~ LiePol(X). In this situation there is no difference between free Lie algebras
and free Lie algebras which embed into their universal enveloping algebras.

Now, given a (differential) Lie algebra g, its image, by the canonical map, into %(g), seen as a Lie
algebra under its Wronskian bracket, of course is Spy,,(g). Let X be a set. Then, the Wronskian envelope
W (Lie[X]) (respectively, W (DiffLie[X])) of the free (respectively, free differential) Lie algebra Lie[X]
(respectively, DiffLie[X]) on X, is the algebra R{X} := DiffCom[X] of differential polynomials (see
e.g. [15]). (This follows by composing some left adjoints of the functors occurring in Diagram (16).)
As a commutative algebra R{X} = R[X x N], and it has a derivation d determined by the relations
d(xD) = xtD x € X, i € N (the notation x® is usually preferred than (x,7) and also x = x©). The
derivation d(P) of a differential polynomials P € R{X} is denoted by P'.

Let us consider the canonical images. Let Vect[X] = Spy (Lie[X]) and DiffVect[X] =
Spy, (DiffLie[X]) be, respectively, the free Lie and the free differential Lie algebras of vector fields on
a line. These Lie algebras thus are (differential) Lie sub-algebras of R{X}.

Definition 35. The members of DiffVect[X] will be referred to as differential Lie polynomials.

In detail, let Xy := X and let X;,1; = X, U{aP:a € R, P X,}U{P+ Q: P,Q € X,,} U{PQ —
P'Q: P,Q € X}, n € N, and then Vect[X] = |J,-Xn, andlet Yo = X, Y41 = Y, U{aP: a €
R,PeY,)U{P+Q:P,Qe Y,JU{PQ —PQ:P,Qe Y,JU{P:P € Y,},n € N, and then
DiffVect[X] = - Yn
Remark 36. Every (differential) Lie algebra of vector fields on a line is a quotient a free (differential) Lie
algebra of vector fields on a line.

Of course, Lie[)] =~ (0) so that, as an abelian Lie algebra, it embeds into its Wronskian envelope
R{#} =~ W(0) = (R,0) (Corollary 10), whence Lie[()] ~ Vect[(]. Similarly, Lie[x] =~ Rx (abelian Lie
algebra) and thus by Corollary 10 again, it embeds into its Wronskian envelope R{x}, so that Lie[x] =~
Vect[x]. The crucial argument of a major difference with the case of Lie polynomials appears now. One
already knows that Lie[x, y] does not embed into its Wronskian envelope R{x, y} (because it does not
satisty the T4 identity). Therefore, Lie[x, y] is not isomorphic to the Lie algebra Vect[x, y] (Remark 27).
Moreover, since for every set X with |X| > 2, Lie[X] contains a free Lie algebra on 2 generators, it cannot
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be isomorphic to the free Lie algebra Vect[X] of vector fields on a line. The following result thus is
proved.

Theorem 37. No free Lie algebra on at least two generators embeds into its Wronskian envelope, nor is
isomorphic to its canonical image.

In order to get a similar result for the free differential Lie algebras, one first needs to analyze them.
A magma is a pair (M, *) consisting of a set M and a binary operation *: M x M — M satisfying no laws.
Let Mag[X x N] be the free magma (i.e., “non-associative” words or trees) on X x N [5]. One writes
x rather than (x,i), x € X, i > 0, following the same convention as used for R{X}, and, of course,
x® will be interpreted as the ith-derivative of x. The (non-associative) multiplication in Mag[X x N] is
denoted by . Recall that Mag[X x N] admits a canonical N-gradation defined as the number of leaves
of a tree: £(x?) = 1, (x,i) € X x N, and £(s x t) = £(s) + £(t). Let M, := £~ ({n}), n € N. Then,
Mag[X x N] = | |, M, (disjoint union), My = ¥, M1 = X x N, and M,, * M, S Myqn, m,n € N.
Actually, M, = | o, M * Mg, n > 1.

The free non-associative R-algebra Alg[X x N] on X x N is the free R-module on Mag[X x N] with
multiplication, again denoted by x, inherited from the product law of Mag[X x N].

Let us define a derivation d on Alg[X x N] as follows: d(xD) = x+D on X x N, and d(s * t) =
d(s) * t + s d(t), s,t € Mag[X x N] (this is a well-defined construction as shows an easy induction
on the number of leaves of a tree), and then extend d by linearity to the whole Alg[X x N]. Let
DiffAlg[X] := Alg[X x NI.

Lemma 38. The pair (DiffAlg[X], d) is the free non-associative differential algebra generated by X.

Proof. Let ((A, %), e) be a not necessarily associative differential algebra. Let f: X — A be a map. Define
fixD) = €l (f(x)) (with e@ = id), (x,i) € X x N, and let f,: Mag[X x N] — (A, %) be the unique
homomorphism extension of fi, i.e., , = fi on X x N, and fo(s * ) = f2(s) * f2(t), s,t € Mag[X x N].
Let finally f3: Alg[X x N] — (A, %) be the extension by linearity of f,. Because f, is a homomorphism
of magmas, f3 is an algebra map. It is easy to see by induction on the degree that f3 commutes to the
derivations, whence provides a differential algebra map f3: (DiffAlg[X],d) — ((A, %), e). Uniqueness
follows because f; is determined by its values on X. O

Let us now consider the two-sided ideal L of Alg[X x N] generated by t ¢, and by s * (¢ * 1) + t %
(sxu)+ux*x(sxt),stuc Alg[X x N]. From [5, Proposition 1, p. 18], Alg[X x N]/L = Lie[X x N],
where the Lie bracket is the quotient multiplication on Alg[X x N]J/L.

Lemma 39. L is a differential ideal of (DiffAlg[X], d).

Proof. Lets,t € DiffAlg[X]. Then, (s+ 1)« (s+ 1) =sxs+txt+sxt+txssothatsxt+txs=
s+t)x(s+1t)—sks—txt € L Thus,d(t xt) = d(t) xt + t * d(t) € L. Furthermore, let
s, t,u € DiffAlg[X]. Then,

d(s* (txu)) = d(s) * (txu) + s* (d(t) * u) + s * (t x d(u)),

dt* (uxs)) = dt) * (uxs) +t* (d(u) *s) +t* (uxd(s)), (19)
dux(sxt)) = dw) *x (sxt) +ux*(d(s) xt) +ux*(s*xd1)).
Therefore, d(s * (t x u) +t* (u*xs) +ux* (sxt)) € L. Whenced(L) C L. O

By Lemma 39, the Lie algebra Lie[X x N] thus admits the quotient derivation d.

Lemma 40. The Lie algebra Lie[X x N1, with the derivation d, is the free differential Lie algebra DiffLie[X]
on X.
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Proof. Let (g,e) be a differential Lie algebra, and let f: X — g be a map. According to Lemma 38
there is a unique homomorphism of differential algebras f: (DiffAlg[X],d) — (g,e) (since (g,e) is a
particular kind of a not necessarily associative differential algebra) such that f(x(©) = f(x), x € X.

Since the multiplication in g is alternating and satisfies the Jacobi identity, it follows that L < ker f,
which completes the proof. O

According to Lemma 40, one finally observes that (DiffLie[?], cNI) = ((0), 0), whence embeds into its
Wronskian envelope (see Corollary 10). Therefore the following corollary to Theorem 37 holds.

Corollary 41. No free differential Lie algebra on at least one generator embeds into its Wronskian envelope,
nor is isomorphic to its canonical image.

Proof. This follows by an application of Theorem 37 from the fact that W (DiffLie[X]) = W(Lie[X]) =
R{X} and because the underlying Lie algebra of DiffLie[X] is the free Lie algebra on X x N. O

Remark 42. Corollary 41 implies in particular that it is generally not true that if g is an object of Vect,
then its differential envelope Diff (g) is an object of DiffVect (consider g = Lie[x], Diff (Lie[x]) =
DiffLie[x] = Lie[{x} x N]).

4, Other universal envelopes

In this final section are introduced some other universal envelopes related to differential commutative
and to Lie algebras. Some results about embedding conditions into these envelopes are provided.

4.1. Lie-Rinehart algebras

Given a differential commutative algebra ((4, x), d), the algebra structure (A, x) and the Lie structure
(A, Wy) interact rather nicely. Indeed, the triple ((4, %), (A, W4), 94) is a Lie-Rinehart algebra over R
([11, 28] and see below), with 94: (A, W;) — Detr(A, %), a — a-d (where as in Section 2.3, (a-8)(x) =
ax*x8(x),a,x €A, S € Derr(A, %), provides the structure of left (A, *)-module on Derp (4, *)).

Definition 43. A Lie-Rinehart R-algebra is a pair ((A, ), g, d), where (4, *) is a commutative algebra
with a unit, g is a Lie R-algebra which is also a left (A, *)-module (the left (A, %)-action is denoted by
a-x,a€ A, xeg),d: g—> Derr(A,*) is a Lie R-algebra map, called the anchor, such that

1. 9(a-x) = a-9d(x), ie., 0 is left (A, *)-linear,

2. [xa-yl=a-[xyl+3x)(a) -y

forallae A, x,y € g.

Remark 44. The algebraic laws of a Lie-Rinehart algebra are modeled on those of the pair
(C®(V),X(V)) where V is a finite-dimensional smooth manifold, C*°(V) is the ring of smooth
functions on V and X(V) is the Lie algebra of smooth vector fields on V, and the underlying Lie algebra
g of a Lie-Rinehart algebra (A, g, 9) is the algebraic counterpart of a Lie algebroid [21] from differential
geometry.

Given two Lie-Rinehart R-algebras (A, g, d) and (B, h,9), a morphism between them is a pair (f, g)
such that f: A — Bis a (unit-preserving) algebra map, g: g — b is a Lie map such that
1. g(a-x) = f(a) - g(x), and
2. fOG)(@) = D) (f (@)
a € A, x € g. All of this provides a category LieRin.
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There are two obvious forgetful functors Com £ LieRin 2% Lie. As explained above at
the beginning of this section, there is also a functor LR: DiffCom — LieRin with LR((4,*),d) =
((A, %), (A, W), 05). At the level of morphisms, it maps a differential algebra map ¢: ((4,%),d) —
((B, %), e) to the Lie-Rinehart map (¢, W(¢)). These functors interact as in the following commutative
diagram (where the unnamed arrows are the usual forgetful functors, and dCom is as in Diagram (1)).
(“LR” of course stands for “Lie-Rinehart”)

DiffCom

DiffLie (20)

LieRin is not (at least in an obvious way) a variety of universal algebras as introduced in Section 3.1 (it
could be however described as a variety of heterogeneous algebras [4]), because it has two carrier sets
(that of the underlying commutative and that of the underlying Lie algebras). In consequence of what
one cannot rely entirely on the theory of algebraic functors between varieties to deduce the existence of
left adjoints for those functors with domain or codomain LieRin in the above diagram, namely, LR, Com
and Lie. Nevertheless these adjunctions do exist as we now observe.

Let F: Com — LieRin be given by F(A) := (A, (0), iDecz(a))> Where, as in Section 2.2, ig: (0) — g
is the initial map of a Lie algebra g, and for f: A — B, an algebra map, F(f) := (f,id()): F(A) —
F(B). It is not difficult to check that F provides a left adjoint to Com. (Given an algebra map f: A —
B = Com(B, g, 9), there is a unique Lie-Rinehart algebra mapf: (A, (0), iDecp(a)) — (B, g,d) such that
Com(f‘) =f, namely,j‘ = (f,ig).)

Let G: Lie — LieRin be given by G(g) = (R, g, ty), where, again as in Section 2.2, t5: g — (0) is
the terminal map of the Lie algebra g. (Since if d € Derp(R), d(1) = 0, it follows that Detr(R) = (0).)
G is a left adjoint to Lie. (Given a Lie map g: ¢ — h = Lie(A, b, d) there is a unique Lie-Rinehart
algebra map g: (R, g,tg) — (A,h,0) such that Lie(g) = g, namely ¢ = (9a,g), where na: R — A'is
given by na(r) = r1.) One may call (R, g, t4) the free Lie-Rinehart algebra generated by g or the universal
Lie-Rinehart envelope of g (this terminology is inspired from Section 3).

Let us finally prove directly, by constructing a universal object, that LR also has a left adjoint, enabling
the definition of the Wronskian envelope of a Lie-Rinehart algebra. Let (A, g, d) be a Lie-Rinehart algebra.

Let us consider D(A, g) as the free commutative differential R-algebra R{|A| U |g|} generated by the
disjoint sum |A| U |g| (where, |A|, and respectively |g|, denotes the underlying set of the algebra A,
respectively, Lie algebra g). Let gjag): 1Al U [g] < D(A, g) be the unit of the adjunction, i.e., the

insertion of variables in the algebra of differential polynomials. Let ga: |A| 1A, [Alulg| ELELIN DA, 9),

andqq: |gl Jel, |AlU|g] KLY D(A, g) (wherebyix: X — XuYandiy: Y < XUY are the canonical

injections).

The differential algebra D(A, g), by definition, satisfies the following universal property: given a
differential commutative R-algebra (B, e) and a set-theoretic map h: |A|U|g| — |B| there exists a unique
homomorphism of differential algebras h: D(A, g) — (B, e) such that |h| o qiALlg) = h.
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One denotes by D the R-derivation of the differential algebra D(A, g), and by 1 its identity element.
The multiplication, and scalar action, on D(A, g) are denoted by juxtaposition. Now, let us consider the
differential ideal I(A, g, d) of the differential algebra (D(A, g), D) generated by ga(a + b) — qa(a) —
qa(b), qa(ab) — qa(a)ga(b), ga(1a) — 1, qa(ra) — rqa(a), gg(x +y) — gg(x) — qg(), 44 (rx) — rqg(x),
gg([xy]) = qg(x)D(q4(y)) — D(q4(x))qg(»)> gg(a-x) — qa(a)qy(x), and ga(9(x)(a)) — q4(x)D(qa(a))
foralla € A,x € gandr € R. Let w: D(A,g) — D(A,g)/I(A, g) be the canonical epimorphism
(which is an homomorphism of differential algebras, where D(A, g)/I(A, g, d) is equipped with the
quotient derivation D o 7 = 7 o D). By definition of the differential ideal I(A, g, d) it is clear that
7 o gp defines an algebra map from A to D(A, g)/I(A, g, 9), and that 7w o g4 defines a Lie map from g to
(DA, 9)/1(A, g,9), Wp).

Let (B,e) be a commutative differential R-algebra (and B be the underlying module of B), and let
(f.9): (A,g,0) — LR(B,e) = (B,(B,W,),0.) be a homomorphism of Lie-Rinehart algebras. Let
h: |A| U |g] — |B| be the unique set-theoretic map such that h o ija; = |f| and h o ijg = |g|. By
the universal property of D(A, g) there is a unique differential algebra map h: (D(A, g9),D) — (B,e)
such that || o gjajug) = h. In particular, |h] o go = |f| and |h| 0 g4 = |g]. It is easily checked that
the map h passes to the quotient by I(A, g, 3). Hence, there is a unique well-defined homomorphism
h: (DA, g)/1(A,g,9), D) — (B, e) of differential algebras such that how = h.In particular, horw oga =
hoga=fandhom o qg = ho qg = g Itis clearly the unique differential algebra map with those two
properties.

Remark 45. The map w o ga: A — D(A,g)/I(A, g,9d) is an algebra map, while 7 o0 g4: g —
(D(A, 9)/I(A, g,9), Wp) is a Lie map by definition of the ideal I(A, g, 3). Moreover,

m(ga(a - x)) = w(ga(a)qg(x)) = m(ga(a))m(qq(x))

and
7(qrQ()(@))) = 7(qg(x)D(ga(@)))
= 7(qg(x))m(D(qa(a)))
= 7(qg())D( (ga(@))), (21)
so that (7t 0 ga, 7T 0 qy) is a morphism of Lie-Rinehart algebras from (A, g, d) to LR(D(A, g)/I(A, g,9)).

In conclusion, (W(A,g,9),D) = (D(A,g)/I(A, g,9),D) is the Wronskian envelope of the Lie-
Rinehart algebra (A, g, 9). It follows from Diagram (20) (more precisely, by using the corresponding
diagram for left adjoints obtained by reversing the direction of the arrows) that the Wronskian envelope
(W(g), D) of a Lie algebra g is (isomorphic to) the Wronskian envelope (W(R, g, t;), D) of the universal
Lie-Rinehart algebra (R, g, tg) of g. The following result thus is immediate.

Lemma 46. A Lie algebra g embeds into its Wronskian envelope (as a Lie sub-algebra for the Wronskian
bracket) if, and only if, the map w o q4: g — (|W(R, g, tg)|, Wj) = Lie(LR(W (R, g, tg), D)) is a one-to-
one Lie map.

Remark 47. Herz in [11] and Rinehart in [28] both provide a universal enveloping algebra construction
for a Lie-Rinehart algebra (A, g,d) (see also [21]) which is rather different from our. It is given as
an associative algebra with a unit U(A, g, d) together with an algebra map to: A — U(A,g,9) and
a Lie map (y: g — C(U(A,g,0)) (recall from Section 3.5 that C turns an associative algebra into
a Lie algebra under the commutator bracket) which interact nicely: ta(a)ig(x) = t4(a - x) and
tg(X)ta(a) — ta(@)ig(x) = ta(d(x)(a)), a € A, x € g. All of this satisfies a universal property: given
an associative (not necessarily commutative) R-algebra B, an algebra map f: A — B and a Lie map
g: g — C(B) such that f(a)g(x) = f(a-x) and f(3(x)(a)) = [g(x),f(a)],a € A, x € g, there is a unique
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algebra map h: U(A,g,0) — Bwith hota = f and h o1y = g. This notion is thus different from our,
and does not provide a left adjoint construction.

4.2. Jacobi algebras: The associative side

Definition 48. A Jacobi algebra over R [10, 29] is a unital commutative R-algebra A (the unit is denoted
by 1) together with a R-linear Lie bracket [, -] (called Jacobi bracket) satisfying the following version of
Leibniz rule, called Jacobi-Leibniz rule,

[ab, c] = a[b,c] + bla,c] — ab[1,c], a,b,c € A.

One obtains the category Jac of Jacobi R-algebras (a morphism between Jacobi algebras is a morphism
between both the underlying unital R-algebras and the underlying Lie R-algebras).

Remark 49. Jacobi algebras have been introduced as the algebraic counterpart of Jacobi manifolds or
local Lie algebras [13, 18] from differential geometry.

Such Jacobi algebras may be seen as a common generalization of differential commutative algebras
and Poisson algebras. Recall that a Poisson algebra is a pair (A, {-,-}), where A is a commutative (unital)
algebra, {-, -} is a Lie bracket on the module |A|, and for each a € A, {g,-} € Detr(A), or, in other terms,
{a, bc} = {a, b}c+ b{a, c}, a,b,c € A. By amorphism of Poisson algebras is meant an algebra map which
is also a Lie algebra map. It is clear that one has an obvious full embedding functor P: Poi < Jac.

Likewise, let (A, d) be a differential commutative algebra. Then, (A, Wy) turns to be a Jacobi algebra
since one has Wy(ab, ¢) = abd(c) — d(ab)c = abd(c) — d(a)bc — ad(b)c, aW (b, c) = abd(c) — ad(b)c,
bW (a,c) = bad(c) — bd(a)c = abd(c) — d(a)bc, and abW (1,c) = abd(c), a,b,c € A, which shows
that the Wronskian bracket is a Jacobi bracket. This clearly provides a functor DC: DiffCom — Jac,
(A,d) — (A, W), which is full (since any differential algebra map is automatically a Lie algebra map
for the corresponding Wronskian brackets), faithful and injective on objects (the derivation d of A is
recovered from the Jacobi algebra (A, Wy) as Wy(1,-)).

So Poi and DiffCom may be seen as full sub-categories of Jac. In particular, a Poisson algebra is a
Jacobi algebra with [1, x] = 0 for every x (as is easily checked from Jacobi-Leibniz rule).

Whence one has P: Poi < Jac <= DiffCom: DC, and the following diagram is commutative (as
usually the unnamed arrows are the forgetful functors).

Poi’ Jac <2 ODiffCom 22)

N7

Set

It follows from Diagram (22), because the categories here are varieties of universal algebras, that both
P and DC have a left adjoint, which makes possible to define the universal Poisson envelope and the
universal differential commutative algebra envelope of a Jacobi algebra.

These constructions are easily provided.

1. Given a Jacobi algebra (A, [, ‘]), let us consider its Jacobi ideal Ip (i.e., both an ideal and a Lie ideal)
generated by [1,x], x € A. Then, A/Ip, with its quotient Jacobi bracket, is the universal Poisson
envelope of (A, [-,-]) [1]. The left adjoint functor is denoted by Poil-Jjac: Jac — Poi.

2. Given a Jacobi algebra (A, [+, -]), let (Diff [A], d) be the differential envelope of A (i.e., obtained using
the left adjoint of the algebraic functor dCom: DiffCom — Com), and let I be the differential
ideal of (Diff[Al],d) generated by W;(x,y) — [x,y], x,y € A. Then, (Diff[Al/I, ¢~i) is the universal
differential commutative envelope of (A, [-,-]). In what follows, (DiffCom[A, [, -]], d) denotes this
universal object.
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Contrary to what it seems, Jac does not play a symmetric réle for Poi and for DiffCom. It follows
from the Jacobi-Leibniz rule, with ¢ = 1, that ad;: [A| — |A|, a + [1,4a], provides a R-derivation
on A (since [1,ab] = a[l,b] + b[1,a]). It is then possible to turn such a Jacobi algebra (A, [-,-]) into
a differential commutative algebra (A, ad;). Moreover, let f: (A,[-,-]) — (B, [,-]) be a morphism of
Jacobi algebras. Then, f is a (unital) algebra map from A to B, and, furthermore, f (ad; (x)) = f([1,x]) =
[f(D),f(x)] = [1,f(x)] = adi(f(x)), so that f: (A,ad;) — (B,ad;) is a differential algebra map. This
readily provides an algebraic functor AD;: Jac — DiffCom which makes it possible to consider the
universal Jacobi algebra Jac[A, d]piicom of a differential commutative algebra (A, d) as a left adjoint to
AD;. One observes that ADy o DC = idpificom> whence ida 4): (A,d) — AD;(DC(A, d)) provides an
embedding of a differential commutative algebra into a Jacobi algebra (seen as a differential commutative
algebra under the derivation ad;). From these observations the following result is obtained.

Lemma 50. Any differential commutative algebra (A,d) embeds into its universal Jacobi envelope
Jac[A, d]pificom-

4.3. Jacobi algebras: The Lie side

Clearly, (A,[,-1) = (|Al,[-,-]) provides an algebraic functor L: Jac — Lie. One observes that the
following diagram commutes.

DiffComP%— Jac (23)

| A

Lie

Note also that one has another algebraic functor L': Jac — Liegivenby L’ := WoADy,ie,L'(A[-,-]) =
W(A,ad1) = (JA|, Waq,). In general L # L', ie, L'(A,[,-]) = (|A, Waq,) # (|AL[-D, or, in
other terms, Wyq, # [-,-]. Indeed, in general, [-,-] — Wyy, is a non-zero alternating biderivation (i.e.,
alternating bilinear map which is a derivation of A in both of its variables), i.e., [x, y] # x[1,y] — [1, x]y
(it suffices to consider a Poisson algebra with a non-zero bracket).

So we are left with two different algebraic functors L,L’: Jac — Lie. Each of them admit-
ting a left adjoint, one has two different kinds of universal Jacobi algebra of a Lie algebra. Let
Jac[-ILie, Jac'[-]Lie: Lie — Jac be the corresponding left adjoints.

According to Diagram (23), one has a commutative (up to isomorphisms) diagram of left adjoint
functors.

DiffC .
DiffCom ﬂ Jac (24)

w
T Ajie
Lie

In other terms, for every Lie algebra g, (W(g),D) =~ (DiffCom[Jac[g]Lic],d) (as differential Lie
algebras).
From the definition of L, one gets another commutative diagram of left adjoints.

Jac[-Ipificom

DiffCom —— Jac (25)

w
T A‘ie

Lie

In other terms, for every Lie algebra g, Jac[%(g), Dlpificom == Jac'[g]Lie (as Jacobi algebras).
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Theorem 51. Let g be a Lie algebra. The following assertions 1 and 2 are equivalent, and both of them
imply 3.

1. g embeds into W(W(g), D).

2. g embeds into L’ (Jac'[g]Lie)-

3. g embeds into L(Jac[g]Lie)-

Proof.
1=3: By Lemma 22 since g <— W(W(g),D) =~ W(DiffCom[Jac[g]Lic],d) = L(DC(DiffCom
DaclglLiel, d)).

1=2:1f gembedsinto W(W(g), D), then, since by Lemma 50 W (g, D) — AD; (Jac[W(g), Dlpiicom)>
it follows that
g < W(AD;(Jac[W(g), Dlpificom))
= L'(Jac[W(9), Dlpificom)

~ L'(Jac[g]Lie)- (26)
2=1: By Lemma 22 since g <> L'(Jac'[glLie) = L'(Jac[W(g), Dlpificom) = W (AD1(Jac[W(g),
Dlpificom))- =

Theorem 17 together with Theorem 51 provides a sufficient condition for the embedding problem of
Lie algebras into Jacobi algebras with respect to the functor L.

Corollary 52. Every Lie algebra g of vector fields on a line embeds into its universal Jacobi envelope
L(Jac[g]) seen as a Lie algebra under L.

There is another sufficient condition for the same embedding problem. Let us consider the algebraic
functor L o P: Poi — Lie (this is also the obvious forgetful functor, whence an algebraic functor, from
Poi to Lie, and it has a left adjoint denoted by Poil-Jpie). One has a corresponding commutative diagram
of left adjoints.

Jac[-ILie

Jac <—— Lie (27)

Poi[-ha{ A ]
‘ILie

Poi

Corollary 53. Let g be a Lie algebra. If g embeds into its universal Poisson envelope L(P(Poi[g]Lie)), seen
as a Lie algebra under L o P, then g embeds into L(Jac[g]Lie)-

Proof. It is obvious according to Diagram (27). O

A. Standard Lie identity of degree 5

The computation of T4(x1,x2,x3,%4,y) in Z{x1,%2,%3,%4,y} is displayed in the following Equa-
tion (28) (see pages 1663-1666). After factorization and simplification, it gives the value 0. Since
T4(x1, %2, X3, X4, ¥) is a member of Vect[x1, x2, x3, X4, y] (over the integers), which is the free Lie algebra
of vector fields on 5 generators (see Section 3.5), it is satisfied by all Lie algebras of vector fields on a line.

T4(X1, X2, X35 x4>)’)

(2) (2)

= (Y = xy@)x; — ol — 2y + () — x4y 4+ ol — xgyM)al?
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— o — @ 4 206D _ D)0 (1 —xyy® 0D D@y Dy
— (0 = xay@)xg — (ad” = 2y + (g = xay@)a? + (gl — xgyMaf?
_ (yxf) _ x4y(4) + 2),(1)&(13) _ zxfll)y(3))xl — (x ( ) x4y(3) _|_y(1) 2 x(l)y(z))x(l))X2)X3
— (O = xy®Px2 = o = xayMd D + (02 — %yl + ) — x4y D))
— o — @ 4 2p0xD D00 () O 40D D@y Dy

+ (o

— (g

+ (o

_ (yx(4)

_ x4y(2))x2 _ (yx( —x y(l))x(l))x?) + ((yx(2> x4y(2))x(2) + (yx(l) (1))x£3)
— xgy® + 2y — 2Dy D)) — (P — x4y 4 O x(l)y(z))x(l))xl)x3
— xayP)xs = e = 2y + (0 — xay@)al” + g — xay )Y
_ x4y(4) + zy(l)x(3) _ 2x(1)y(3))x3 — (x ( ) x4y(3) +y(1) 2) _ x(l)y(z))xgl))xz)xl

((()/X(Z) x4y(2))x3 (yx(l) x4y(1))x§1))x(2) + ((yX(Z) x4y(2))x(2) + (yx(l) x4y(1))x§3)

— o — 2y @ + 2O — 221y )xs — o — gy 4y D@ — 1Py @) V)x )y
2 Dy (2 2 2 1 3
= (O = xay @ — (! = xay D))l + (x5 = 23y + ! — gy
@ ey ® 42D B) 5 (D) Cea® D@ @)y (D)
(yx; x3y )+ 2y xs X3y 7)x (yx3 X3y +y X3 X3y 7)x; )X4) X2

+ (g
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