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Definition 1 A A-algebra is of the form (D, -, 1) such that (D, -) is a magma and I is a map
from A(D) x DV to D such that :

o forxeVandpeDV, I(x,p)=p);

o forde Dandp e DV, I(cs,p)=d;

o forv,ue A(D)andp e DV, I(Vu,p) =IT(v,p) - I(u,p)

o forxeV,ve AD),de D, IT(Axv,p)-d=1(v,p[x:=d]);

o forve A(D) andp;,pr € DV such that p1pvi) = P2iEvey: L0sp1) = 1(v,02) ;

o forv,u e A(D), we have (v =gu = VYp € DV Iv,p) = I(u,p)).



Definition 2 A contextI is a function from <V to M¢(D) such that {x € V; I'(x) # [l} Is finite. If
X1,...,x, € Varedistinctand ay, ...,a, € M¢(D), then x; : ay,...,x, : a, denotes the context

{(xi,a); 1 <i<npU{(y,[D; yeV\{x,...,x:}}1

Definition 3 The typing rules of System R are the following :

x:[lalrpx:a

INx:argrv:a
't Ax.v i i(a, @)

I'orprv:i(lay,...,au,@) Tivrpu:ap,....I,ru:a,
Ip+I1+...+41, Fr Wu :




Relating semantics and types

Theorem 1 For any closed termt, we have [t ={a € D ; rr t : a}.



Some properties of System R

Theorem 2 Fort € A, t is normalizable if, and only if, there exist « € D in which [] has only
negative occurrences and I € @ in which [] has only positive occurrences such thatl +x t : a.

Theorem 3 Fort € A, t is head-normalizable if, and only if, t is typable in System R.



Principal typing property

Definition 4 Principal typing of normal terms :

vyeEA
x:[ylrpx:vy

INx:atpt:«
I'kp Ax.t: ax

I'Fpup:a I, kpu, : a,
2o Lo+ [l L)y DY bp (Ouy ooy 2y

(*)

() the I'; are disjoint and y € A does not appear inI';

Theorem 4 For any normal term t, for any (A,B) such that A vp t : B, we havel +gr t : a f,

and only if, there exist I'”’, @’") and a substitution r such that (A, 3) 5 IT”,a”)and r(I’”,a’) =
T, @).



A machine computing a head-normal form

Definition 5 Fort,t' € A(S), we define, by induction ont, t > t’, where t respects the variable
convention :

o ifteV,thent >1t isfalse foranyt ;

e ift=((v,e),n)€S, then:
— ifveV,then:
« ifv € dom(e), thent = (e(v),n) ;
x else, ifr = ((vi,e1),...,(vg,ep), thent = (x)viler]...vyleql ;
— ifv = Ax.u, then :
« If m is the empty sequence, thent = Ax.((u,e), ) ;
x ifr=(c,n"), thent = ((u,{(x,c)} Ue),n).

— ifv= (v, thent = ((v2,e),((vi,e), 1)) ;
o ift=)u, thent = (V)u avecv >V ;

o ift=Axv, thent = AxVv withv > V.



Theorem 5 Fort € A, we have I((t,0),0) = infi|I1| ; AT, @) IT € Az, T, @))}.

Theorem 6 For any closed normal terms v and u, for any a, « such that (a, @) €
vl and Supp(a) C [u]l, we have I[((v)u, 0),0) < 2la| + |a| + 1.



A machine computing the normal form

Definition 6 Fort, ¢t € A(S), we define, by induction ont, t >" t', where t respects the variable
convention :

o ifteV,thent>"1 isfalse foranyt ;

e ift=((v,e),n)€S, then:
— ifveV,then:
« ifv € dom(e), thent = (e(v),n) ;
* else, ifmr=(cy1,...,cq), thent = (v)(c1,0)...(cy,0) ;
— ifv = Ax.u, then :
« If m is the empty sequence, thent = Ax.((u,e), ) ;
x ifr=(c,n"), alorst = ((u,{(x,c)} Ue),n").

— ifv = (), thent = ((va, e),((v1,€), 7)) ;
e ft=Wu,then( = O)uavecv>"Vv)or(t' =W withu>"u andv € A);

o [ft=Axv, thent = Axv withv >" V.



Theorem 7 For any s = ((t,e),(cy,...,cq)) € S such that (t[e])cy ...cq Is nor-
malizable, for any (I', @), for any derivation of I' + s : @ without empty multisets
in axioms, we have l’(s) < [I]].

Theorem 8 For any normalizable term ¢, for any principal typing (I', ) of its
normal form, for any derivationI1 of T +g t : a, we have I'((z, 0), 0) = |I1].
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