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Definition 1 A λ-algebra is of the form (D, ·,I) such that (D, ·) is a magma and I is a map
from Λ(D) ×DV to D such that :

• for x ∈ V and ρ ∈ DV, I(x, ρ) = ρ(x) ;

• for d ∈ D and ρ ∈ DV, I(cd, ρ) = d ;

• for v, u ∈ Λ(D) and ρ ∈ DV, I((v)u, ρ) = I(v, ρ) · I(u, ρ) ;

• for x ∈ V, v ∈ Λ(D), d ∈ D, I(λx.v, ρ) · d = I(v, ρ[x := d]) ;

• for v ∈ Λ(D) and ρ1, ρ2 ∈ D
V such that ρ1|FV(v) = ρ2|FV(v), I(v, ρ1) = I(v, ρ2) ;

• for v, u ∈ Λ(D), we have (v =β u⇒ ∀ρ ∈ DV I(v, ρ) = I(u, ρ)).
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Definition 2 A context Γ is a function fromV toM f (D) such that {x ∈ V ; Γ(x) , []} is finite. If
x1, . . . , xn ∈ V are distinct and a1, . . . , an ∈ M f (D), then x1 : a1, . . . , xn : an denotes the context
{(xi, ai) ; 1 ≤ i ≤ n} ∪ {(y, []) ; y ∈ V \ {x1, . . . , xn}}.

Definition 3 The typing rules of System R are the following :

x : [α] `R x : α

Γ, x : a `R v : α
Γ `R λx.v : i(a, α)

Γ0 `R v : i([α1, . . . , αn], α) Γ1 `R u : α1, . . . ,Γn ` u : αn
Γ0 + Γ1 + . . . + Γn `R (v)u : α

3



Relating semantics and types

Theorem 1 For any closed term t, we have ~t� = {α ∈ D ; `R t : α}.
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Some properties of System R

Theorem 2 For t ∈ Λ, t is normalizable if, and only if, there exist α ∈ D in which [] has only
negative occurrences and Γ ∈ Φ in which [] has only positive occurrences such that Γ `R t : α.

Theorem 3 For t ∈ Λ, t is head-normalizable if, and only if, t is typable in System R.
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Principal typing property

Definition 4 Principal typing of normal terms :

γ ∈ A
x : [γ] `P x : γ

Γ, x : a `P t : α
Γ `P λx.t : aα

Γ1 `P u1 : α1 . . . Γn `P un : αn (∗)∑n
i=1 Γi + {(x, [[α1] . . . [αn]γ])} `P (x)u1 . . . un : γ

(∗) the Γi are disjoint and γ ∈ A does not appear in Γi

Theorem 4 For any normal term t, for any (∆, β) such that ∆ `P t : β, we have Γ `R t : α if,
and only if, there exist (Γ′′, α′′) and a substitution r such that (∆, β)

∗
→ (Γ′′, α′′) and r(Γ′′, α′′) =

(Γ, α).
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A machine computing a head-normal form
Definition 5 For t, t′ ∈ Λ(S), we define, by induction on t, t � t′, where t respects the variable
convention :

• if t ∈ V, then t � t′ is false for any t′ ;

• if t = ((v, e), π) ∈ S, then :

– if v ∈ V, then :

∗ if v ∈ dom(e), then t′ = (e(v), π) ;

∗ else, if π = ((v1, e1), . . . , (vq, eq)), then t′ = (x)v1[e1] . . . vq[eq] ;

– if v = λx.u, then :

∗ if π is the empty sequence, then t′ = λx.((u, e), π) ;

∗ if π = (c, π′), then t′ = ((u, {(x, c)} ∪ e), π′).

– if v = (v2)v1, then t′ = ((v2, e), ((v1, e), π)) ;

• if t = (v)u, then t′ = (v′)u avec v � v′ ;

• if t = λx.v, then t′ = λx.v′ with v � v′.
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Theorem 5 For t ∈ Λ, we have l((t, ∅), ∅) = inf{|Π| ; ∃(Γ, α) Π ∈ ∆(t, (Γ, α))}.

Theorem 6 For any closed normal terms v and u, for any a, α such that (a, α) ∈
~v� and Supp(a) ⊆ ~u�, we have l(((v)u, ∅), ∅) ≤ 2|a| + |α| + 1.
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A machine computing the normal form
Definition 6 For t, t′ ∈ Λ(S), we define, by induction on t, t �′ t′, where t respects the variable
convention :

• if t ∈ V, then t �′ t′ is false for any t′ ;

• if t = ((v, e), π) ∈ S, then :

– if v ∈ V, then :

∗ if v ∈ dom(e), then t′ = (e(v), π) ;

∗ else, if π = (c1, . . . , cq), then t′ = (v)(c1, ∅) . . . (cq, ∅) ;

– if v = λx.u, then :

∗ if π is the empty sequence, then t′ = λx.((u, e), π) ;

∗ if π = (c, π′), alors t′ = ((u, {(x, c)} ∪ e), π′).

– if v = (v2)v1, then t′ = ((v2, e), ((v1, e), π)) ;

• if t = (v)u, then (t′ = (v′)u avec v �′ v′) or (t′ = (v)u′ with u �′ u′ and v ∈ Λ);

• if t = λx.v, then t′ = λx.v′ with v �′ v′.
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Theorem 7 For any s = ((t, e), (c1, . . . , cq)) ∈ S such that (t[e])c1 . . . cq is nor-
malizable, for any (Γ, α), for any derivation of Γ ` s : α without empty multisets
in axioms, we have l′(s) ≤ |Π|.

Theorem 8 For any normalizable term t, for any principal typing (Γ, α) of its
normal form, for any derivation Π of Γ `R t : α, we have l′((t, ∅), ∅) = |Π|.
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