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0
0

0
0

1
0

0
0

0
1

1
0

1
0

0
1

∞
1

1
1

0
1

0
0

0
0

0
1



X
1

X
2

X
3

X
4

X
5

[K
ristian

sen
&

N
.]

If
th

e
b
o
d
y
Q

of
a

lo
op

P
h
as

n
o

“con
trol

circle”,

th
en

P
cau

ses
n
o

b
low

u
p

in
com

p
lexity.

A
s
C

Ŷ
∗

is
th

e
refl

exive,
tran

sitive
closu

re
of
C

Y
,
th

at
su

ggests
th

e

follow
in

g
criterion

on
Y

:
∞

/∈
D

iag
(Ŷ

∗)



'&

$%

M
e
th

o
d

–
9

L
e
m

m
a

(C
e
rtifi

ca
te

fo
r

lo
o
p
I).

L
et

P
:≡

l
o
o
p
I
X
h
[Q

]
b
e

a
program

in
X
1 ,...,

X
n
.

If
Y

is
a

certifi
cate

for
Q

su
ch

th
at
∞

/∈
D

iag
(Ŷ

∗),

th
en

P
h
as

a
certifi

cate
Z

of
th

e
form

Z
=



z
1...z
n

0
n
1



t
1

n
+

1

w
h
ere

z
1 ,...,z

n
fall

in
to

tw
o

grou
p
s:

z
i
:=

{

ad
d
(z

i )
if

i
∈

A
D

D
(Y

)

else(z
i )

else
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T
h
e

A
D

D
-ca

se
–

1

D
e
f .

A
n

i∈
{1,...,n

}
is

ad
d
itive

in
Y

,
i∈

A
D

D
(Y

),
if

Y
+
[i]
≤

1
n
∞

.

F
or

i∈
A

D
D

(Y
)

an
d

j
∈
{1,...,n

},
on

e
h
as

j
→

Y
i
⇐
⇒

Y
[i][j]=

1,

an
d

each
p
∈

p
o
l
y
(Y

+
[i])

satisfi
es

p
≤

c
i
+

∑

j
→

Y
i

X
j .

 
F
or

i∈
A

D
D

(Y
),

on
e

can
read

from
Y

+
[i]

a
b
p

on
X

i
w

.r.t.

l
o
o
p
I
X
h
[Q

],
excep

t
for

th
e

co
effi

cien
t

for
X

h
,
an

d
th

e
con

stan
t

c
i .

exam
p
les

for
Y

+
[i]
≤

1
n
∞

b
ou

n
d
in

g
p
olyn

om
ial

∞
/∈

Y
+
[i]

(e.g.
variab

le
assign

.)
Y

+
[i][n

+
1]+

∑

j
Y

+
[i][j]·

X
j

Y
+

[i]=
0

n
∞

(e.g.
con

st.
assign

.)
c
i
≥

0

Y
+

[i]=
0

i−
110

n
−

i∞
(e.g.

p
u
sh

/in
c)

X
i
+

c
i
·
X

h
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T
h
e

A
D

D
-ca

se
–

2

In
th

e
gen

eral
situ

ation
of

an
ad

d
itive

i
in

Y
,

X
i

w
ill

d
ep

en
d

on
oth

er
variab

les
X

j
for

w
h
ich

j
is

also
ad

d
itive

in
Y

.

In
th

ose
cases,

th
ere

w
ill

b
e

an
accu

m
u
lation

of
valu

es
for

c
h

or
c
i .

E
xa

m
p
le

.
C
on

sid
er

th
e

follow
in

g
program

Q
:≡

p
u
s
h
(a

,
X
j );

X
i =

X
j ;
p
u
s
h
(a

,
X
i ).

T
h
en

X
i

w
.r.t.

Q
is

p
olyn

om
ially

b
ou

n
d
ed

by
(X

j
+

1)
+

1.

H
en

ce
X

i
w

.r.t.
l
o
o
p
I
X
h
[Q

]
is

p
olyn

om
ially

b
ou

n
d
ed

by

X
i
+

(X
j
+

1)
+

1.
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T
h
e

A
D

D
-ca

se
–

3

D
e
f .

L
et

Y
∈
M

n
[A

]
b
e

an
y

p
ossib

le
certifi

cate.

V
Y

(i)
:=
{j
∈
{1,...,n

}
\
{i}

|
j
→

Y
i}

(im
m

e.
pred

ecessors
of

i
in

Y
)

V
+Y
(i)

:=
{j
∈
{1,...,n

}
\
{i}

|
j

+→
Y

i}
(pred

ecessors
of

i
in

Y
)

L
e
m

m
a

(P
artia

l
O

rd
e
rin

g
I
a
n
d

A
D

D
-C

lo
su

re
).

If
∞

/∈
D

iag
(Ŷ

∗),
th

en
th

e
follow

in
g

h
old

s:

•
∗→

Y
is

a
p
artial

ord
erin

g
(p

o)
of
{1,...,n

}

•
i
∈

A
D

D
(Y

)
an

d
j

+→
Y

i
=
⇒

j
∈

A
D

D
(Y

)

•
i
∈

A
D

D
(Y

)
an

d
i
→

Y
i

=
⇒

∀
j
∈

V
+Y

(i):
j
6→

Y
j

T
h
u
s,

on
e

can
pro

ceed
by

in
d
u
ction

on
∗→

Y
,
an

d
th

e
A

D
D

-case
can

b
e

treated
sep

erately .
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T
h
e

A
D

D
-ca

se
–

4

F
or

i
∈

A
D

D
(Y

)
on

e
d
efi

n
es

ad
d
(z

i )
:=

(y
1 ,...,y

h
−

1 ,Y
∗[i][h

]+
K

i ,y
h
+

1 ,...,y
n
,C

i )

w
h
ere

y
j

:=
Y
∗[i][j]

for
j

=
{1,...,n

}
\
{h
},

an
d

C
i
:=



0
if

Y
[i][i]

=
1

Y
[i][n

+
1]+

∑

j
∈

V
Y

(i) C
j

if
Y

[i][i]
=

0

K
i
:=



Y
[i][n

+
1]+

∑

j
∈

V
Y

(i) C
j

if
Y

[i][i]
=

1

∑

j
∈

V
Y

(i) K
j

if
Y

[i][i]
=

0
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T
h
e

A
D

D
-ca

se
–

5

P
ro

o
f
ske

tch
.
F
or

i∈
A

D
D

(Y
),

an
d

for
each

rou
n
d

m
≥

0
d
efi

n
e

q
i,m

( ~X
)

:=
n

∑j
=

1

Y
m

[i][j]·
X

j
+

K
i
·m

+
C

i .

B
y

in
d
u
ction

on
m

,
sim

u
ltan

eou
sl y

for
all

i
∈

A
D

D
(Y

),
on

e
ob

tain
s:

{| ~X
|=

~s}
Q

m
{|X

i |
≤

q
i,m

(~s)}

A
s

Y
s

h
[i][j]

≤
Y
∗[i][j],

a
p
olyn

om
ial

b
ou

n
d

p
i
∈

p
o
l
y
(ad

d
(z

i ))
on

|X
i |

w
.r.t.

l
o
o
p
I
X
h
[Q

]
is

ob
tain

ed
by

settin
g

p
i ( ~X

)
:=

n
∑j
=

1

Y
∗[i][j]·

X
j
+

K
i
·
X

h
+

C
i

recallin
g

ad
d
(z

i )
=

(y
1 ,...,y

h
−

1 ,Y
∗[i][h

]+
K

i ,y
h
+

1 ,...,y
n
,C

i ).
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T
h
e

E
lse

-ca
se

F
or

i
/∈

A
D

D
(Y

),
w
e

kn
ow

i
6=

h
(sin

ce
h
∈

A
D

D
(Y

)),
an

d
w
e

con
stru

ct
(in

th
e

style
of

[K
ristian

sen
&

N
.]

a
p
olyn

om
ial

b
ou

n
d

p
i
on

|X
i |

w
.r.t.

l
o
o
p
I
X
h
[Q

]
of

th
e

form

p
i
=

X
i
+
X

h
·
q
i

for
som

e
p
olyn

om
ial

q
i

in
{
X

j
|
j
∈

V
Y

(i)}
∪
{
X

h
}.

T
h
erefore,

w
e

d
efi

n
e

else(z
i )

com
p
on

en
tw

ise
as

follow
s:

else(z
i )[j]:=



1
if

j
=

i

∞
if

j
=

h

0
if

j
=

n
+

1

Ŷ
∗[i][j]

else.

F
or

th
e

“ else”
case,

Ŷ
∗[i][j]

is
provab

ly
in
{∞

,0}.
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M
e
th

o
d

–
1
0

R
ecall

th
at

for
l
o
o
p
I
I
X
h
[Q

],
th

e
b
o
d
y
Q

is
execu

ted
2
|X

h
|−

1
tim

es.

L
e
m

m
a

(P
artia

l
O

rd
e
rin

g
II).

F
or

an
y

Y
∈
M

n
[A

],
if

(II)
Y

+
[i]=

1
n
+

1 [i]
or

Y
+

[i][i]
=

0
for

i=
1,

...,
n

th
en
→

Y
∗

is
a

p
artial

ord
erin

g
of
{1,...,n

}.
(Y

∗
:=

1
n
t

M
+
)

L
e
m

m
a

(C
e
rtifi

ca
te

fo
r

lo
o
p
II).

L
et

P
:≡

l
o
o
p
I
I
X
h
[Q

]
b
e

a
program

in
X
1 ,...,

X
n
.

If
Y

is
a

certifi
cate

for
Q

w
ith

(II),
th

en
Y
∗

is
a

certifi
cate

for
P
.
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M
e
th

o
d

–
1
1

P
ro

o
f.

F
or

m
≥

0
d
efi

n
e

q
1
,m

( ~X
),...,q

n
,m

( ~X
)

su
ch

th
at

for
i=

1,...,n
:

(A
)
{| ~X
|
=

~s}
Q

m
{|X

i |
≤

q
i,m

(~s)}
for

all
m
≥

0

(B
)

q
i,m

∈
p
o
l
y
(Y

m
[i])

for
all

m
>

0

(C
)
∃

m
i
≥

0
su

ch
th

at
q
i,m

=
q
i,m

i
for

all
m
≥

m
i .

O
n
e

ob
tain

s
a

p
b

p
1
∈

p
o
l
y
(Y

∗[1]),...,p
n
∈

p
o
l
y
(Y

∗[n
])

on
P

by

p
i
:=

⊔

m
≤

m
i q

i,m

B
y

(B
)

an
d

S
tru

ctu
re:

p
i
∈

p
o
l
y
(
⊔

m
≤

m
i Y

m
[i])

⊆
p
o
l
y
(Y

∗[i])

B
y

(A
)

an
d

(C
):
{| ~X
|=

~s}
P
{|X

i |
≤

q
i,2

s
h
−

1 (~s)
≤

p
i (~s)}.
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M
e
th

o
d

–
1
2

C
on

stru
ction

of
q
1
,m

( ~X
),...,q

n
,m

( ~X
)

satisfyin
g

(A
),(B

),(C
):

S
in

ce
Y

is
a

certifi
cate

for
Q

,
th

ere
exist

q
′1
∈

p
o
l
y
(Y

[1]),...,q
′n
∈

p
o
l
y
(Y

[n
])

s.t.:

(∗)
{| ~X
|=

~s}
Q
{|X

j |
≤

q
′j (~s)}

W
e

d
efi

n
e

th
e

req
u
ired

p
olyn

om
ials

q
i,0 ,q

i,1 ,q
i,2 ,...

in
d
u
ctively

by:

q
i,0

:=
X

i

q
i,m

+
1

:=
q
′i (r

1 ,...,r
n
),

w
h
ere

r
j
:=



q
j
,m

if
j
∈

V
Y

(i)
∪
{i}

0
else.

(A
),

(B
)

follow
by

an
easy

in
d
u
ction

on
m
≥

0,
u
sin

g
(∗)

an
d

S
eq

u
en

ce:

q
′i ∈

p
o
l
y
(Y

[i]),r
1 ,...,r

n
∈

p
o
l
y
(Y

m
[i])

=
⇒

q
i,m

+
1
∈

p
o
l
y
(Y
⊗
Y

m
[i])

(C
)

follow
s

by
easy

in
d
u
ction

on
∗→

Y
.
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E
m

b
e
d
d
in

g
o
f

µ
-m

e
a
su

re
0

p
ro

g
ra

m
s

L
e
m

m
a

(E
m

b
e
d
d
in

g
o
f
C
o
n
tro

l).

L
et

P
b
e

an
y

lo
op

/stack
program

,
an

d
let

Z
∈
M

n
[A

]
b
e

a
certifi

cate

for
P
.
T

h
en

for
all

i,j
∈
{1,...,n

},
on

e
h
as:

(a
)

Z
[i][j]

≥
1

an
d

i
6=

j
=
⇒

X
j
�

P
X

i

(b
)

Z
[i][i]=

∞
=
⇒

X
i
�

P
X

i
(top

circle!)

N
o
te

.
(a),

(b
)

are
d
istin

ct
cases,

e.g.
P

:≡
f
o
r
e
a
c
h
X
h
[p
o
p
(X

i )].
A

s

M
(p
o
p
(X

i ))=
1

n
+

1 ,
w
e

ob
tain

M
(P

)=
1

n
+

1 ;
h
en

ce
M

(P
)[i][i]=

1,
b
u
t

X
i
6�

P
X

i .

T
h
e
o
re

m
(E

m
b
e
d
d
in

g
o
f

µ
-m

e
a
su

re
0).

E
very

lo
op

/stack
program

of
µ
-m

easu
re

0
h
as

a
certifi

cate.
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O
p
tim

a
lity

F
a
ct

([K
ristia

n
se

n
&

N
.]).

T
h
ere

is
n
o

certifi
cation

m
eth

o
d

for
th

e

p
sb

-prop
erty

th
at

certifi
es

all
p
sb

program
s.

D
e
f .

A
certifi

cate
Z
∈
M

n
[A

]
for

a
program

P
is

h
o
n
e
st,

if
th

ere
exist

con
stan

ts
~m
≥

~1
su

ch
th

at
for

all
i
6=

j
in
{1,...,n

},

Z
[i][i]

≥
1

=
⇒

{| ~X
|
=

~s
≥

~m
}
P
{|X

i |
≥

s
i }

Z
[i][j]

≥
1

=
⇒

{| ~X
|
=

~s
≥

~m
}
P
{|X

i |
≥

s
i
+

s
j }

Z
[i][i]=

∞
=
⇒

{| ~X
|
=

~s
≥

~m
}
P
{|X

i |
≥

2
·s

i }

Z
[i][n

+
1]
≥

1
=
⇒

{| ~X
|
=

~s
≥

~m
}
P
{|X

i |
≥

s
i
+

1}.

C
o
re

p
ro

g
ra

m
s

are
b
u
ilt

from
h
on

estly
certifi

ed
b
asic

in
stru

ction
s

by

seq
u
en

cin
g

an
d

lo
op

statem
en

ts.

T
h
m

(O
p
tim

a
lity).

F
or

core
program

s
P
,
th

e
follow

in
g

h
old

s
tru

e:

P
h
as

a
certifi

cate
⇐
⇒

P
is

p
sb
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E
xa

m
p
le

s
o
f
ce

rtifi
e
d

a
lg

o
rith

m
s

•
elem

en
tary

sch
o
ol

m
eth

o
d

algorith
m

s
like

b
i
n
a
r
y

a
d
d
i
t
i
o
n

b
i
n
a
r
y

m
u
l
t
i
p
l
i
c
a
t
i
o
n

•
b
en

ch
m

ark
algorith

m
s

like
i
n
s
e
r
t
i
o
n

s
o
r
t

T
h
ere

exists
a

Java
ap

p
let

of
th

e
presen

t
certifi

cation
m

eth
o
d

by

Jan
M

eh
ler

(T
U

-Ilm
en

au
)

E
veryb

o
d
y

is
in

vited
to

a
d
em

on
stration

at
an

y
tim

e
!


