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Outline

- N

® Soft Linear Logic and A-calculus

» Our aim: a type assignment system assigning to A-calculus
types of Soft Linear Logic

» The problem: subject reduction

o Our solution: a linear term construction

® Soft Linear Logic and Intersection Types
» Replacing !-modality by intersection
» A side effect result: a nice natural deduction version of the
type assigment
® |Intersection Types

» Structural complexity of \-calculus
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.

ight Logics (SLL, LAL, EAL) are variants of Linear Logic where it

M otivations

-

IS possible to characterize some complexity classes, in the following
sense:

9

»

the programming language is the proof-nets language

the computational model is the proof-net normalization
procedure

the time complexity measure is the number of cut-elimination
steps

the time complexity measure is expressed as a function of the
proof-net structure

|
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M otivations

-

fWe want to use A\-calculus as programming language , and
[-reduction as evaluation . So our aim is to design a type
assignment system assigning to A-terms light formulas, in such a
way that:

® the computational model is the A-calculus plus the g-reduction

® the time complexity measure is the number of S-reduction
steps

® the typing supplies an upper bound to time complexity
measure, which is expressed as a function of both the term and
the type derivation structure.

. |
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Some problems

-

fLight Logics are presented as sequent calculi, while A-calculus is
naturally related (through the C-H isomorphism) to logics in natural
deduction style, but:

Problem 1

There is no a standard way of designing a natural deduction version
of a logic In sequent calculus formulation in presence of a modality.

(some proposals: for EAL by (Coppola DalLago RdR), for LAL by
(Baillot, Terui) ) .

. |
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Some Problems

-

|iA type assignment system for A-calculus can be designed as
sequent calculus decoration, but in general in such systems, in
presence of a modality:

Problem 2
Subject reduction property does not hold.

Problem 3

There i1s a mismatch between S-reduction and cut-elimination.

| |

Soft Linear Logic, Lambda-Calculus and Intersection Types — p. 6/26



Lafont’s SL L

—

SLL can be seen as a subsystem of BLL which is powerful
enough to encode polynomial time.

Let us consider SLL restricted to the connectives — and !.
'-A A AFB

(1d) (cut)

A A T,A- B
I AF B o TEA BAvC
rFa s % aA<Brarc &V
n times
——
rA,..., A C T A
Tiarc e o (op)

If II : I" - o then the proof-net corresponding to II normalizes in a
number of steps < |TI| x n¢ (n is the maximum rank of a multiplexor
Lin IT and d is the maximum nesting of boxes ). J
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A decoration for SLL

-

fA “quite standard” decoration for SLL [MairsonTeruiO3] is the
following:

( I''e:AFp M . B
r:Abp o A 'y \e. M : A— B

Lk M:A 2:B,AFp N:C dom(I') Ndom(A) =10 yfresh< )
y:A— B,I,AFp NyM/x|:C

Lk M: A Ayjz:AFp N:B dom(I") N'dom(A) = ()
DAbFp NIM/x|: B

oyt Ao oy, t A M C (mpz) Ik, M:A
T,z dAFL Mz/ay, - 2/wa] i C 0 T, 344 P)

. |
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1) (— R)

(cut)




Problem: subject reduction

For the above system subject reduction is not valid. In fact, we can derive the following

(cut) y:A—o0A—oB,z:Am:AF, yzm: B
cu

s: B —olAjw: Bk (Az.sz)w :!A y:A—oA—oBx:!Abrp yxx: B
y:A—o0A—oB,s: B—-olAw: BFp yzx[(Az.52)w/z] = y((Az.s2)w)((Az.s2)w) : B

(mpz)
(cut)

y((Az.sz)w)((Az.s2)w) —g y((Az.sz)w)(sw)

but
y:A—o0A—oB,s: B—-olAw: Bt y(Az.sz)w)(sw) : B

This phenomenon arises since to (A\z.sz)w a modal type ! A is assigned from a not modal
context, so the term is not duplicable ((Az.sz)w occurs twice in the term but once on the
proof with a not duplicable proof).

. |

Soft Linear Logic, Lambda-Calculus and Intersection Types — p. 9/26



Problem: reduction size

fA mismatch between proof normalization and S-reduction [Baillot, Terui]. T
The following is derivable:

z 1A yp A —olA —lA ..y, NA —olA —olAFp (Ar.yrxx)(...(A\r.ynxx)2))...) 1A

by a proof II which is linear in the size of the term.

But this term normalizes in a number of 5-reductions which is
O(2™)m

Working with proof-nets instead than with A-terms generates gives no

such problem, since the dimension of 11 is linear in n, and it normalizes in
time linear in n.

Note that by a (m) rule from the statement before we can derive:

B 2 A,y 1A —olA —olA by, (Az.yzz)™ 1A o
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Linear Substitution

The problem of subject reduction we have stressed above is related to some well known
facts about linear logic and sequent calculus:

sequent calculus offers different ways to construct a term. E.g., the term
Ax.x M M can be built either as A\x.zy1y2[M /y1][M/y2] or as Ax.xyy[M /y], e.i,
the subterm M occurs twice in the term, but it can occur either once or twice in
the proof. In the presence of !, controlling duplication, the former situation can
break the subject reduction.

The way we propose to overcome to this problems is by limiting the way of construction of
terms to the ones which use only linear substitutions. This corresponds to restrict some
rules:

'EM: A Ajx: AEN:C dom(I") N dom(A) =0 x occurs once in N
IVAFN[M/z| - C

(cut)

I'-M:B Ajx: AFN:C dom(I") Ndom(A) =0 yfresh vy occursoncein N
Iy:B—oAAF NyM/z|:C

(—o L)

The above side conditions in fact can be internalized and we do this in what follows.
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Soft Type Assignment System

‘ We can define the set T of Types as:

A = al|o—oA (Linear Types)

o = Allo

and the Soft Type Assignment System by the following rules:

Le:obp M: A

Id
x:AI—T:U:A( ) 'tk Ao M 0 —0 A (= R)
Ckp M:T r: AJAbFp N:p  dom(T") Ndom(A) =0 y fresh (o)
DS
Dyy:7 —o A AbFp NlyM/z|:p
Lk M: A Ajx:Abp N:o dom(F)ﬂdom(A):(Z)( .
DA N[M/z| 2o “
' M :o | R T e R ol s ALY o) Lk M:o
! (m) (weak)

T 7 M :lo ) Dyx:lrbp Mlx/xq, .. ,x/zy] c o I'e: Abp M .o
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Linearity Properties of 1

| N

® I'Hp M:oandxz: A e I'imply x occurs at most once in M;

® [1:'T"+7 M :lo implies II can be tranformed into a derivation
IT:
I l_T M :o (')
' M o

So the modality ! is truly a witness of the possibility of
duplication!

L |
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Subject Reduction for

-

Theorem 1 (Subject Reduction) I' ¢ M : pand M —g M’ imply T
r l_T M/ v/
Proof idea. By induction on the derivation, clearly the difficult case
IS
y:obp P: B (o R) OFrQ:o A,z:BI—TN{z}:,u(
' Ay.P:0 —oB O,Ax:0 —oBFp N{zQ} : n (cut)
IO,AFr NM\y.P/xz] = N{(Ay.P)Q} : n

—oL)

The standard cut elimination procedure would produce the cut:

OFrQ:o F,y:JI—TP:B(Cut)

If o Is a linear type, all is OK. Otherwise this cut is not available!

. |
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Subject Reduction for

fAssume o =1C. T

® Dby the linearity properties, the proof can be transformed:

@, }_T Q . C
(N9 (weak)
I'y:'9C+r P: B R ©OFr Q:lC A,z:BI—T(NEz)}:/,L
—o0
' Ay.P:19C — B (= O,A,x:0 —oBFp N{zQ} : u

,0,AFr Ny.P/z] = N{(Oy.P)Q} : u (cut)

® there are > ¢ variables corresponding to vy (introduced either by
axiom or (— L) or (weak))

® each one of such variables can be replaced by a disjoint copy
of a subproof proving (an instance of) ©' -+ Q : C

#® all such instances can be unified through a multiplexor rule.

LThe reduction corresponds to a global proof transformation! J
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Comparing ; and Fr

| N

® T'p M:oimpliesthere are I/, o’ such thatI’ -7 M : o’

® T+ M:oimpliesthere is M’, which is a partial linearization of M, and I'’, ¢’ such
that IV =7 M : o/

Examples of partial linearization :

® )\oi..z,.yzx ..z, is a partial linearization of \z.y z...z
———

n
® \z.yzzxztis apartial linearization of Ax.yzxxzz
Examples:

® y:A—oA—oBs:B oA w:BFpy((Az.s2)w)((Az.52)w) : B
and
y:lA —lA —oB,s:(B — A),w:|BFp y((Az.52)w)((Az.s2)w) : B

O Ay A DA DA L yy TA A A Azayrzx) (. (ATynTT)2))..) 1A

and
20" Ay 1A —oA—-o0A)(1<i<n)kr Azyrzz)(...(A\z.ynzx)2))...) : A
‘ $ (A\z.yxx)™z can be typed in 1, but it cannot be typed in . \
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Complexity in ¢

- N

Theorem 2 Let M be typable in =7 and let M/ —5 M’ . For all
derivation II in 7 with subject M,

emma 1 For all derivation II in 7 with subject M,

M| < |11

m < W(H) < ‘M‘d(H)—I—l

where d(II) is the maximal nesting of (!) rule in II.

This result is based on the definition of weight of IT (W (IT) ),
measuring the possible growth of II during the reduction. In

particular:

I: Tk M:o
T l_T M :lo

Lwhere n IS the maximum rank of a multiplexor in II. J

w( (1)) = nx W)
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| nter section Types

‘ The intersection connective N, in a linear setting, splits naturally into a multiplicative version: \

: : I'e: Ajy: BFM : C
THFM:A AI—M.B(HR) Yy (AL)
rmAFM:ANB Iz:ANBFMz/x,z/y] : C
and an additive version:
''-M:A I''M:B e: AFM:C
QAR QL
TM:A@B @F)  t o aeBra.c @Y

Multiplicative intersection connective contains contraction modulo the equivalence

A =1ANTA

So we will use multiplicative intersection types without idempotency!

| |
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Replacing ! by intersection

The set T of Intersection Types is defined as follows:
A == alo—oA (strict types)
o = AloNn..No

The Soft Intersection Type Assignment System is composed by the following rules:

'e:obr M: A
' Ae.M:0—o0A

(Id) (— R)

r:AFjax: A

'k M T z:AAFr N:p  dom(I') Ndom(A) =0 y fresh
Dyy: 7 —o A/ AFr NlyM/z]: p

(= L)

P M: A Ax:AFr N:o dom(I") Ndom(A) =0
VAR N[M/x] : o

(cut)

Tk M:o (1<i<n)
AL Mon...No

(NR)

ey co,...,zp, o M 2 p ' M:o
(NL) (weak)
,z:on...Nobp Mlz/x1,....2/xn] 1 p De: A M :o
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Complexity of ;

L M| <[ .

Theorem 3 Let M be typable int; and let A/ —7 A" . For all
derivation II in ; with subject M,

emma 2 For all derivation II in 7 with subject M,

m < ‘M‘d(H)—I—l

where d(II) is the maximal nesting of (NR) rule in II.

The definition of weight of IT (W (II) ) now can measure exactly the
growth of II during the reduction. In particular:

IL: Tk M:o (1<i<n) )
— W (11;
( ML, M:0N..No (NE) 2 W)

. . |
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A natural deduction for I-;

Let 2 and B denote multisets of variable assignments.

where 2

.

AN M:0 —oA BEy N:o

Id E
:(::AI—N:(;:A( ) A, By MN : A (— )
r:ocN...Nokny M: A x ¢ dom(%2A) ;

Ay e M :0N...No —o A — 1)
I'iFnM:0 (1<1<n
Al 1sis )(mI)
;I FNM:onN...No
AX,x:0...,x:0Fn M : A= M :
i T ON P (m) N ° (weak)

T
N

A,z :0N...NokFny M : p Ax: ANy M : 0o

I'-r M:oifandonlyif Ay M : o
c0,..,x: 0,8 and x € dom(B) impliesT'=T"z:0N...No
Y N———

~/
n n
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Extending the inter section

Let types be considered modulo commutativity of M.

AFAM:0 —oA BFAN:o

1
a::Al—Na::A(d)

A, x:01N...NopnFAM: A

ABEFA MN: A

(— E)

x ¢ dom(2A)

A-A e M :01N...Nop —o A

Fil_mMZO'Z' (1§‘L§’n)
AL FAM:o1N...Non

A, :01...,x:0,FA M :p

AN+ M : o

(= 1)

(m)

A,x: 01N ...NopFA M :p

A, x: A M : o

(weak)

® )/ can be typed in - if and only if M is strongly normalizing

® Let M be typable in -~ and let A/ —"2 M’ . For all derivation IT in -~ with subject M,

B

m < ‘M|d(H)+1

where d(II) is the maximal nesting of (N7) rule in II.

.

|
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Redundancy

‘ In order to derive: \

z:7Fg (Ary.yrzxx)z : (A —oB —o(C —D)—oD

which type could be assigned to z?

Each of the following types:

z:(ANBNC)
z:(ANB)NC
z:AN(BNCQC)

z: (CNBNA)

| |
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Thesmplest system

Ax:AFgx: A (1d)

Abg M :BiN..NBp —oA B;FsN:B; (1<i<n)
m,%l,...,%nFSMN:A

(— E)

A,z : B1,...,x: BpFg M : A x & dom(2)
Absg Az M :B1N...NB, —oA

(= 1)

The system g gives type to all and only the strongly normalizing terms

|
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~¢ and structural complexity

Every type assignment derivation gives an upper-bound on both space and time
complexity of the 5-reduction.

In particular, the following properties hold:
Letll: I'Fg M : 0.
$ LetM —5 N.ThenthereisIl’ : T'tg N : o and |II| > [II'].

9o Let M —7* N'. Then m < |LI] .

9 Let My —3 Mo —B ... 3 M, = fn(M) . Then ‘Mz‘ < ‘H‘

where |II] is the dimension of I1, i.e., the number of used rules.

These results has been independently proved by Kazushige Terui.
Similar results have been proved by Mairson and Mgller Neergaard, but they use particular
proof-nets as model of computation.

. |
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Future work

f.. Polynomial completeness for
# adding second order types

# adding suitable constants to A-calculus

#® Polynomial completeness for n

# advantage with respect to -, : we can write more
programs, so gaining in expressivity
# problem: there is not a uniform encoding of integers

® More investigation on the structural complexity of A-calculus

. |
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