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Assume 2. - signature, = - set of (meta)variables.
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Assume 2. - signature, = - set of (meta)variables.

t:=mnil |at|t+t|tRt

Qa / a /
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AT — 1 T4y —— T+y — Yy

a / a /
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SOS

Assume 2. - signature, = - set of (meta)variables.

t:=mnil |at|t+t|tRt

a / a /

AT — 1 T4y —— T+y — Yy

a / a /
r — X y—1Y

T ® y L il?/ ® y/
Hopefully:
- rules define an LTS in some way,

- our favourite equivalence is a congruence.

IFIPWGI .3, Etelsen, 04/07/10 3/19



Compositionality failures

t =1 |g|h(t) h(f) 1
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Compositionality failures
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r — X y—1UY
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Compositionality failures
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t:=f|g|h(t) h(f) - £ h(f) #% h(g)

a / a /
r — X y—1UY

t:=mnil |at|t+t|t®t -
.T@y%w/@y/

a.(b+ c) =~ci (a.b) + (a.c)
a.(b+c) ®a.b &gy (a.b) + (a.c) ® a.b

a a /
r —— T +— Y —

t=...|t;t - -
Ty — 5y vy — Y

a+ab~T ab (a+a.b);c %71, (a.b);c
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GSOS

.
{Xij — Yj}léjém {sz 7&}1§k§l

f(x1,...,%Xp) — t
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GSOS

{Xij o Yj}léjém {sz 7&}1§k§l

f(X1,...,%,) — t

- LTS obtained by induction on the structure
of transition sources

- Bisimilarity is a congruence

IFIPWGI .3, Etelsen, 04/07/10 5719



GSOS

{Xij o Yj}léjém {sz 7&}1§k§l

f(X1,...,%,) — t

- LTS obtained by induction on the structure
of transition sources

- Bisimilarity is a congruence

- but not necessarily other equivalences.

IFIPWGI .3, Etelsen, 04/07/10 5719



GSOS

{Xij o Yj}léjém {sz 7&}1§kgz

f(X1,...,%,) — t

- LTS obtained by induction on the structure

of transition sources

- Bisimilarity is a congruence

- but not necessarily other equivalences.

-

How to prove compositionality?

\_

~

J
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Modal logic decomposition

For each formula ¢ and operator £ € X, ar(f) = n,
find a tuple (@1, ..., ®») such that

E@1,. o ymn) 6 = 31 Gy Ao Am b
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Modal logic decomposition

For each formula ¢ and operator £ € X, ar(f) = n,

find a tuple (¢1, - ..

f(x1,...,Tn)

= ¢ <— I3

, &) such that

then the logical equivalence is a congruence.

f($1,...ﬂﬁn)

X X

£(Y1,---Yn)

1=3¢ < I
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Decomposition, actually:

For each formula ¢ and operator £ € 3, ar(f) = n,
find a family of tuples ({@i1, - - -, @in))icr such that

f(x1,...,%p) E ¢ < \/ /\ Tj = Qi

€1 3=1..n
then the logical equivalence is a congruence.
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Example: r— X y—1Y

z|ly — 2'|ly  z|ly — ||y’

IFIPWGI .3, Etelsen, 04/07/10 7 /19
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find a family of tuples ({@i1, - - -, @in))icr such that

f(x1,...,%p) E ¢ < \/ /\ Tj = Qi

€1 3=1..n
then the logical equivalence is a congruence.

a / a /
Example: r— X y—1Y

z|ly — 2'|ly  z|ly — ||y’

rlly = (@)T = (2= @)T)V(y=(a)T)
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For each formula ¢ and operator £ € 3, ar(f) = n,
find a family of tuples ({@i1, - - -, @in))icr such that
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a / a /
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Decomposition, actually:
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Example

a / a /
r — Yy —1Y

TRy — ' QY
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Example

a /
r — X

y — Y

QZ'@yLZU/@y/

rRy E(a)] <= (x
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Example

a /
r — X

y — Y

x@(yLw/@y/
@) T) Ny =
) A (y

rRy E(a)] <= (x
r@yE(@))T — (z
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Example

a / a /
r — Yy —1Y

a:.@yLw/@y/

2@y E@T <= (@FE@T)AN(yE@T)
@y FE(@)b)T <= (x E{a)d)T)A(y = (a)b)T)
rRQyYEZ <= V,caleE@QTAy=(a)T)

rRy FE ()0 <
Viueea (2 F @) Apep =B T) A (4 1= (@) Avee ~(C)T)
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Example

NB. (a.b+a.c) ® a.c =
but a.(b+c¢)®a.c E(a)D
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Example 2

a a
r —— rA4—  y—

: a /. : a /
LyYy — XY LYy — Y
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Example 2

vy ()T — (z
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Ly Y

Example 2

Qa /
r — I

TSy —y

. a /.
LyYy — XY
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Example 2

Ly Y

3y =

(a

a /
r — X

TSy —y

. a /.
LyYy — XY

= (a) ] <— (@
(@){0) T <= 17

=(a)T) V (

3y — Y

=Ny E(a)T)

+ a.c);b = (a)(b)T but (a.c);b = (a)(b)T
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Example 2

a a
r —— rA4—  y—

: a /. : a /
LyYy — XY LYy — Y
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Looking for decomposition

Induction on formulas:

For each logical operator [ (of arity n)
and formula variables v¥;
with decompositions P;

define ® for B(¢1,...,dn)

so that the decomposition property holds.
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Looking for decomposition

Induction on formulas:

For each logical operator (5 (of arity n)
and formula variables v¥;
with decompositions P;

; : |X| — Prop({“z; =

define ® for B(¢1,...,dn)

so that the decomposition property holds.
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Example

Qa / Qa /
r — y—1UY

TRy — ' QY
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Example

Qa /
r — X

y — Y

TRUY =Y =
TRy

IFIPWGI .3, Etelsen, 04/07/10
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Example

rTRUYEY = x =

Qa / Qa /
r — y—1UY

x®ny/®y/

TRy E(a)) = xFE(a)p Ny

x@yzw < 33:¢1/\y: 2

T XY

= (a)p = x
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Example

Qa /
r — X

y — Y

x®ny/®y/

TRY =Y = x =0

rTRQUYUEY <= x

TRYFEY <= x

T XY

Ty (a)y

— rE={(a)p Ny

— 01 \NY = @2

TRy E (@)Y < v (a)p1 Ny

= (a)) < =
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TRY =Y = x =0
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— rE={(a)p Ny

— 01 \NY = @2
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Coalgebras and predicate liftings

LTSs are B-coalgebras for BX = (P,X)*

Modal logic: ¢ =T |{a)p| D | DN

Predicate liftings: B(Q”) — 2 2 = {tt,ff}
T:8B1 —2 T(8) =

(a) : B2 — 2 <>(6)=tt<:>tt66()

@ : Bl — 2 (B) =tt < Vaec A. 3(a) =10
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Coalgebras and predicate liftings

LTSs are B-coalgebras for BX = (P,X)*

Modal logic: ¢ =T |{a)p| D | DN

Predicate liftings: 5: B(2") — 2 2 = {tt,ff}
T:Bl—2 T(6) =tt
(a) : B2 — 2 (a)(P) =tt < tt € [B(a)
@ : Bl —2 F(B) =1t < Va <€ A. f(a)
(a)y(—1 N+ N—p): B2" — 2
(a)(—1 A - AN —p)(B) =tt <= (tt,...,tt) € B(a)

I
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Predicate liftings for syntax

t:=nil|a|t®t
"X =1+A+ X?
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Predicate liftings for syntax

t:=nil|a|t®t
"X =1+A+ X?

T: X1 — 2 T(t
a:xl — 2 a

IFIPWGI .3, Etelsen, 04/07/10

(1) =t
(1) =t

[:32 -2 [Qt) =tt <= t=tt®tt
(®):32 -2 (®)(t) =tt <= t=
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Predicate liftings for syntax

t:=nil|a|t®t
"X =1+A+ X?

etc.

IFIPWGI .3, Etelsen, 04/07/10
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Construction of liftings

Variable renaming:

g B2" — 2 f:n—m

Bl B2™ — 2
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Construction of liftings

Variable renaming:

g B2" — 2 f:n—>m T1 @ Xy 1 122 — 9
|
®|x
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Construction of liftings

Variable renaming:

g B2" — 2 f:n—m

Bl B2™ — 2

Composition:
3:B2" —2 (0;:X2™ — 2)

T1 R Ty 1 12% — 2

B(o1,y...,0p): BX2™ — 2

IFIPWGI .3, Etelsen, 04/07/10
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Example

X =1+A+ X*

®] X2 — 2
(a) : B2 — 2
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Example

X =1+A+ X*

®] X2 — 2
(a) : B2 — 2

®(a) : XB2 — 2
(a)|®] : BY2 — 2

IFIPWGI .3, Etelsen, 04/07/10

BX = (P,X)"

15719



Example

X =1+ A+ X0 BX = (P,X)"
®] X2 — 2
<CL>:BQ%2
-
a , a /
[®]<Q>EB2—>2 _ Qjﬁyaaj —
(a)|®] : BY2 — 2 a—nil TR -y
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Example

X =1+A+ X*

22— 2
- B2 — 2

B2 — 2
. BY:2 — 2

B2 — 2

IFIPWGI .3, Etelsen, 04/07/10

BX = (P,X)"

a .
a—nil

a ;] a /
L' —1Yy LT —Y

xR — Yy

A B — B
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Example

YX =1+ A+ X° BX = (P, X)"
®] X2 — 2
(a) : B2 — 2
-
a ,a /
®(a) : XB2 — 2 rT—Y T —Y
ai>n11 x@x/i>y®y/
(a)[®] 0 Ag : EB2 — 2 A:YB — BY
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Example

YX =1+ A+ X° BX = (P, X)"
®] X2 — 2
(a) : B2 — 2
p
a , a ,
®(a) : XB2 — 2 rT—Y T —Y
| a — nil TR — Yy
(a)[®] 0 Ag : EB2 — 2 A:YB — BY
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Example

YX =1+A+X" BX = (P,X)4
®] X2 — 2
(a) : B2 — 2
i )
a , a ,
®(a) : XB2 — 2 rT—Y T —Y
| a —nil TR — Yy
(a)[®] 0 Ag : EB2 — 2 A:YB — BY
~ J

)\ validates (a)|®] = [®|(a)
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Valid equations

6(01(33117 S 7561711)7 .o 70-m(33m17 .o 7ajmnm))

U(ﬁl(ylla « 7y1k1)7 R 75l(yl17 R 7ylkl))
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Valid equations

6(01(33117 S 7561711)7 .o 7O-m(ajm17 .o 7ajmnm))

o (51 (‘?\Jn, Lo 7?Jlk1/:/aﬁl(vjlly .- -7\ylkl))

IFIPWGI .3, Etelsen, 04/07/10 16/ 19



Valid equations

6(01(33117 S 756177,1)7 .o 7O-m(ajm17 .o 7ajmnm))

o (51 (‘?\Ju, Lo JJlkl/Z/aﬁl(lely .- -7\ylkl))

- LHS defines a B> -lifting

- RHS+/ define a ¥ B-lifting of the same arity.
then use )\ to get a B> -lifting
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Valid equations

6(01(33117 S 756177,1)7 .o 7O-m(ajm17 .o 7ajmnm))

o (51 (‘?\Ju, Lo 7?Jlk1/:/aﬁl(vjlly .- ->lkl))

- LHS defines a B> -lifting

- RHS+/ define a ¥ B-lifting of the same arity.
then use )\ to get a B> -lifting

The equation is valid
if the two B -liftings are equal.

IFIPWGI .3, Etelsen, 04/07/10
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Compositionality

Thm. For a family (8;):cr of B-liftings,
- find a family (0;) e of X -liftings,
- for every possible LHS:
B(o1(x11y -y T1iny )se e s Om(Tm1y oy Tonn, )
-- find an RHS
o(B1(Y1ts -+ Y1ky )s - Wity - -5 Yiky )
s.t. the equation is valid wrt A,
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Compositionality

Thm. For a family (8;):cr of B-liftings,
- find a family (0;) e of X -liftings,
- for every possible LHS:
B(o1(x11y -y T1iny )se e s Om(Tm1y oy Tonn, )

-- find an RHS
U(ﬁl(ylla RN 7y1k1)7 N 76l(yl17 R 7ylkl))

s.t. the equation is valid wrt A,

Then the logical equivalence defined by (5;)icr
is a congruence on the coalgebra induced by .
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Example

r——z y——q
o il TRy -— QY
¢ =T [ ()¢
B-liftings: > -liftings:
T :B1 —2
(a) : B2 — 2
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Example

r——z y——q
o il TRy -— QY
¢ =T [ ()¢
B-liftings: > -liftings:
T :81—2 (none)
(a) : B2 — 2
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Example

r——z y——q
o il TRy -— QY
¢ =T [ ()¢
B-liftings: > -liftings:
T:B1 —2 (nOne)
(a) : B2 — 2
T 2
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Example

r—z y——
o - nil TRy — ' QY
¢ =T [(a)¢
B-liftings: > -liftings:
T :81—2 T: X1 — 2
(a) : B2 — 2
T =7
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Example

a / Qa /
r — X y—1Y

o il TRy -— QY
¢ =T [(a)¢
B-liftings: > -liftings:
T :81 —2 T: X1 — 2
(a) : B2 — 2
T =T
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Example

a / Qa /
r — X y—1Y

o il TRy -— QY
¢ =T [(a)¢
B-liftings: > -liftings:
T:B1 —=2 T: 21— 2
(a) : B2 — 2
T=T
<a,>T — ?
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B-liftings: > -liftings:
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Example

a / Qa /
r — X y—1Y

o il TRy -— QY
¢ =T [(a)¢
B-liftings: > -liftings:
T:B1 —=2 T: 21— 2
(a) : B2 — 2 aVv | ®|:>¥2—2
T=T
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Example

a / Qa /
r — X y—1Y

o il TRy -— QY
¢ =T [(a)¢
B-liftings: > -liftings:
T:B1 —=2 T: 21— 2
(a) : B2 — 2 aVv | ®|:>¥2—2
T=T
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Example

a / Qa /
r — X y—1Y

o il TRy -— QY
¢ =T [(a)¢
B-liftings: > -liftings:
T:B1—2 T: 21 — 2
(a) : B2 — 2 aVv | ®|:¥2—2
®| 32— 2
T =T

()T =aV [®]{a)T
(a)(bV [®]x) =7
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Example

a / Qa /
r — X y—1Y

o il TRy -— QY
¢ =T [(a)¢
B-liftings: > -liftings:
T:B1—2 T: 21 — 2
(a) : B2 — 2 aVv | ®|:¥2—2
®| 32— 2
T =T

()T =aV [®]{a)T
(@)(bV [®]z) = [®{a)x
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Example

a / Qa /
r — X y—1Y

o il TRy -— QY
¢ =T [(a)¢
B-liftings: > -liftings:
T:B1—2 T: 21 — 2
(a) : B2 — 2 aVv | ®|:¥2—2
®| 32— 2
T =T

()T =aV [®]{a)T
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Abstract view

|. Modal logic lifts B to a slice category

2. If \ lifts as well, the logical equiv. is a congruence
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Abstract view

|. Modal logic lifts B to a slice category

2. If \ lifts as well, the logical equiv. is a congruence

=D
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Abstract view

|. Modal logic lifts B to a slice category

2. If \ lifts as well, the logical equiv. is a congruence

e
\B--- 2_ )
[1+A+X2]
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Abstract view

|. Modal logic lifts B to a slice category

2. If \ lifts as well, the logical equiv. is a congruence

=D

-

a ;) a /
r—vYy T — Y

~N

\_

R —yRY
J

[1+A+X2]
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Abstract view

|. Modal logic lifts B to a slice category

2. If \ lifts as well, the logical equiv. is a congruence

=D

-

a ;) a /
r—vYy T — Y

~N

\_
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Abstract view

|. Modal logic lifts B to a slice category

2. If \ lifts as well, the logical equiv. is a congruence

(50 [ (7

-

\_

a a A 7/\
Sy o Sy |, Q

x@x’$y®y’) Qe v O
s o]
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Abstract view

|. Modal logic lifts B to a slice category

2. If \ lifts as well, the logical equiv. is a congruence

=D
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a ;) a /
r—vYy T — Y
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R —yRY
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