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We take the following notations : if A be an algebra and f € A*,
— [z :y— f(ay) (left shift);

- of ry— f(yzx) (right shift);

STl e flyen):

— A° denotes the finite dual (also called Sweedler’s dual).

Theorem 0.1. Theorem by Abe (extended by Schiitzenberger’s condition (property (vi) be-
low)) - Characterization of the elements of A° :
Let A be an algebra and f € A*. The following properties are equivalent :

- (1) ‘u(f) e A @ A

= (#1) The family (fz),c 4 is of finite rank ;

— (i) The family (,f),c 4 is of finite rank ;

= (iv) The family (. fy), e i of finite rank;

~ () flay) =Y fi@)gily) ;

i=1
— (vi) Ja: A— K" and (A7) € kY™ x k"L such that
Vee A, f(z) =la(x)y;
— (vii) Ker(f) contains an ideal of finite codimension (i.e. there exists an ideal I such that

dim(Ker(f)/I) < o0). (1)

Proof : We begin by two lemmas :

n

Lemma 0.2. Let t be an element of V @ W. If we decompose t as Z fi ® g; with n minimal, then the
i=1

fi’s and the g;’s form free families.

n—1
Proof : Indeed, if that was not the case, one could write that y, = Z a,y; and
i=1

n—1

n
t=2n @Y+ Y T @Y =Y (iTn + ;) DY;.
=1 =1

But this equation shows that n is not minimal and it is impossible by hypothesis. O

Lemma 0.3. Let U,V and W be vector spaces and ¢ : U x V. — W a bilinear map. Then if z € Im(¢)
and if z =Y i, ¢(x;, ;) with n minimal among all decompositions of this form, the families (x;)1<i<n
and (y;)1<i<n are free in their respective spaces.

Note that the first lemma is a consequence of the second one : take ¢ = ®.



Proof : Assume, without loss of generality, that x,, = Z:l 11 o;x;. Then

n—1

z = Z A4, ys) + O(Tn, Yn)

i=1

n—1 n—1

= Z o(i, i) + (b(z a;Ty, Yn)
=1 i—=1
n—1 n—i

= Z (i, ) + Z ;i d(Ti,Yn)
=1 j=1

since ¢ is bilinear. The same argument allows us to “factor” the x;’s in the two sums :
n—1
z= Z (i, yi + aiyn)
i=1

Therefore, there would be another decomposition of z with n’ = n — 1 < n terms. This is impossible
since n is minimal. Therefore, (x;); is a free family. The same argument also applies for (y;);. O
The first lemma is in fact a consequence of the second (take p = ®).

1. (i) = (v) and (v) = (4i), (#4¢) : We assume that ‘u(f) € A* ® A*. Therefore ‘u(f) => 1", fi ® gi.

Now
n

Cu(le @) = flon) = D 4@ gile @ v) = - file)ay) (2)

i=1
which is the condition (v).
Hence we can write that

zz:gz .ﬁv_Af stpan(fﬁ

Zfz g’u fA - Span(gz)

The orbits and 4 f and f4 are of finite rank.
2. (v) = (iv) : If the g;’s are in f4, their shifts are also in this orbit (which is finite dimensional).

Thus, they are of finite rank and g¢;(y2) Z 9i;(y gU

flyzz) = Z Z FiW)gl;()g?(2), V2 € A.

This is equivalent to the following equation :
=> > fiwa; W (4)
i=1 j=1

Let us show now that (g;); C f4. We assume now that n is minimal (it is always possible). Since
¢y is bilinear, the 1emma applied to eq. implies that the f;’s and g;’s form free families.

(94): is a free family of minimal rank. Hence, (g;); is a basis of span,c 4(f;) and the g;’s are in f4.
Therefore Eq. implies that

(zfy)x’yeA

is of finite rank.



3. (#13) = (vi): Let . f, ., f,..., ., fbeabasisof the orbit ,f of f under the actionof A. | f = f € 4f.

Thus,
o
F=00000) ( : )
et

)
@) =) )
2, f ()

Now, if we do another shift on the left, we stay in the same space generated by . f, ., f,...,, f
and we have another decomposition which involves a (uniquely defined) matrix a(y) :

(wlf(y)) (yxlf(y))
Afw)  \ s
with . f(y) = Z @ij(y) 5, f- Therefore,
j=1
(wlf(y)> (au(y) am(y)) (llf(y))
) \ow@ - o)\, 1w
o /W)
y=1 :()\1)\71)
\e f(W)
o [ (W)
= |(A1... \)a(z) :
end W)

Ay
f(z)=(1... \)a(z) : .

e d (D)

4. (#1) = (i) : If (,f) 4 is of finite rank, there exists a linear representation (A, «,) of f :

o f @)
fz)=01... \)a(z) :

a(z +y) = a(z) + ay),
a(dz) = da(x),

and

y=1

Finally,

with :

a(zy) = a(z)a(y).



Therefore,

Aioue(TY)ve
1

Aok (@) evie(y)ve

e
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£ () ()

This equation tells us that f(zy) and therefore ‘u(f) belongs to A* @ A*.
We proved the following implications :

Il
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(iv)

The proofs of the following implications are straightforward now : (it) = (i), (iv) = (i) and
(vi) = ().



