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Lineal [Arrighi, Dowek 2008]

Higher-order computation
t,r,s:=  x|Axt|(t)r

> (Ax.t) b — t[b/x]

b an abstraction or a variable.

Linear algebra
a€(S,+,x
t+r|at|0 o

» Elementary rules such as
u+0— uand
a.(u+v) = au+ a.v.

» Factorisation rules such as
au+ Bu— (a+8).u.

» Application rules such as
u(v+w)—= (uv)+ (uw).
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Higher-order computation
t,r,s:=  x|Axt|(t)r

> (Ax.t) b — t[b/x]

b an abstraction or a variable.

(Ax.(x) %) (v +2) =
(Ax.(x) x) y + (Ax.(x) x) z =>*
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Lineal [Arrighi, Dowek 2008]
Higher-order computation
t,r,s:=  x|Axt|(t)r

> (Ax.t) b — t[b/x]

b an abstraction or a variable.

(A.(x) x) (v +2) =
(Ax.(x) x) ¥ + (W (x) x) 2 =

) y+(2) 2

(W) X) (y+2) =" (v+2) (y+2) =
W) y+ ) z+(2) y+(2) 2

Linear algebra

t+r|at|0 S Y

commutative ring

» Elementary rules such as
u+0— uand
a.(u+v) = au+ a.v.

» Factorisation rules such as
au+ Bu— (a+8).u.

» Application rules such as
u(v+w)—= (uv)+ (uw).

Challenge: Type it!
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A straight extension of System F (A2") jarighi, Diaz-Caro 2009]

ax r-t.:U—T Fr=r:U Mx:UFt: T
_— —E —_—
Lx:Ukx:U TH@E) T MEat:UosT

Mt VX.T FFeT  xervn
— Ve 7
[t T[U/X] Mt vX.T
Fr=t: T e T Fr=t: T
ax +i —

reo: 7 Fr=t+4+r: T NlN-at: T
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A straight extension of System F (A2") jarighi, Diaz-Caro 2009]

L TruUusT  TEnu Mx:UFt:T
- - —_—
Fx:Ukx:U re@reT Meact:UsT

r=t:vXxX. T y r-t: 7 XgFv(r)
— VE
M=t T[U/X] F-t:vX.T

Fr=t: T e T Fr=t: T

reo: 7 Fr=t+r: T M-ot: T

Strengths
» Simple

» Strong normalization: straight
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A straight extension of System F (A2") jarighi, Diaz-Caro 2009]

ax r-t.:U—T M=r:U Mx:UFt: T
] ] —E —_—
Fx:Ubx:U rE@eT MEXct:U— T
Mt vX.T FE6T  xervn
— Ve 7
Mkt T[U/X] MFtvX.T
Fr=t: T FEr: T Fr=t: 7
P—— + —_—
reo: 7 FTEt+r: T NlN-at: T
77777777777777777777777777 Weaknesses
Strengths
. » Too restrictive
» Simple

> Algebraic features not

> lization: igh .
Strong normalization: straight reflected in types
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The Scalar Type System [Arrighi, Diaz-Caro 2000]

T,R,S := U|VXT|aT|O
U V.W:=X| U= T|VYX.U
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The Scalar Type System [Arrighi, Diaz-Caro 2009]
R

T,R,S = U|VXT|aT|0 a.(B.T)=(axB).T
Uv,w=X|U-=T]|VX.U

a0=0
0.T=0 VX.aT=aVX.T
1.T=T
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The Scalar Type System [Arrighi, Diaz-Caro 2009]

T,R,S = U|VXT|aT|O ald=0 oa(B.T)=(axp).T
UVW=X|U-=T|VX.U 0T=0 VXaT=aVX.T
1.T=T
lNt:a(U—-T) TErpU Mx:UFt: T

) TR —E =1
Mx:UkFx:U Fr=@)r:(axp).T FrExxt:U—T

—VE | _— =

M=t T[U/X] Mr-t:vXxX. T r-t:R

l-t:a.T TErB.T r=t. 7

+ —
r=0:0 FrEt+r:(a+B8).T lN-aot:aT
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The Scalar Type System [Arrighi, Diaz-Caro 2009]

Properties

» Strong normalization (re-using proof of \2)
» Subject reduction
» Accounting for scalars

Possible application: A barycentric A-calculus (B):

> Take scalars in R
» Contexts with only C (classical types)
> Ve: only for C

Theorem

IfT = t:C, then t reduces to a barycentric term.
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The Scalar Type System [Arrighi, Diaz-Caro 2009]

Properties

» Strong normalization (re-using proof of \2)
» Subject reduction
» Accounting for scalars

Possible application: A barycentric A-calculus (B):

> Take scalars in R
» Contexts with only C (classical types)
> Ve: only for C

Theorem

IfT = t:C, then t reduces to a barycentric term.

Weakness: Still too restrictive!

» MEt+r: T implies t and r have the same type (up to scalars)
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The Additive Type System [piaz-caro, Petit 2010]

Simplifying the language: Removing scalars

Higher-order computation
tr,s:=  x|Axt|(t)r

> (Ax.t) b — t[b/x]

b an abstraction or a variable.

Linear algebra

t+r[g/|0

» Elementary rule:
t+0—-t

» Application rules:
(t+r)s—(t)s+(r)s
(t)(r+s)=(t)r+(t)s
0)t—0

(t)0—10

» AC equivalences
t+r=r+t
t+(r+s)=(t+r)+s

7/29



The Additive Type System [piaz-Caro, Petit 2010]
T.RS=U|T+R|0
UV,W:=X| U= T|YX.U
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The Additive Type System [piaz-caro, Petit 2010]
T,R,S=U|T+R]|O T+0=T T+4+R=R+T
UV,W=X|U—-T]|VX.U (T+R)+S=T+(R+Y9)
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The Additive Type System [piaz-caro, Petit 2010]

T,R,S=U|T+R|0 T+0=T T+R=R+T
UV,W=X|U—-T]|VX.U (T+R)+S=T+(R+Y9)

@ B
TEt:Y (U=T) Thr> U
j=1

i=1 Mx:UFt:T
B E
- FrEXxt:U—T
eSS ST X
i=1 j=1
— VE \Z _ =
M=t T[U/X] Fr-t:vX.T lr-t:R

r-t«.7 ITere:R
axo B — L

+1 ) .
Mt+rT+R Lx:Ukx:U

e Strong normalisation v/ e Subject reduction v/
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The Additive Type System [piaz-caro, Petit 2010]

System F with pairs

tbu = x| Ax.t|tu] x| (t,u)y | m(t) | ma(t)
AB:= X|A=B|VX.A|1|AxB
(Ax.t) u— t[u/x] mi((t1, ) = t;
Abpt:A Atru:B
Ax 1 i L
A x:AFpx: A AFpx:1 Abe (t,u): Ax B
Abpt:Ax B Abpt:Ax B Arrt:A=B AFru:A
XE XE, =E
A}—Fﬂ1(t)ZA A"FTFQ(I‘)ZB AFrtu: B
MNx:A AFrt: A xervn AFpt:VX.A

=1 ]
AFrXx.t:A=B AFpt:VX.A Atrt: AB/X]
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The Additive Type System [piaz-caro, Petit 2010]

Translation of types

Additive System F with pairs
X ~ X
U—>T ~ |U| = |T]
vYX.U o~ vX.|U|
0 > 1
T+S ~ |T| x|S|
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The Additive Type System [piaz-caro, Petit 2010]

Sums as Pairs

+,0 ~ x , 1
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The Additive Type System [piaz-caro, Petit 2010]

Sums as Pairs

+,0 ~ x, 1
T+S=S+T AxXB#BxA
T+(S+R)=(T+S)+R Ax(BxC)#(AxB)xC

T+0=T Ax1+#A

Type ~» Binary tree (leaf: U or 0)
Example: T =(Ui+U,) + 0

ol

U, U,

We first keep structured sum types

11/29



The Additive Type System [piaz-caro, Petit 2010]

Structured Arrow-elimination

[e3

5
r-e:> (U=T) Tke> U
j=1

i=1

=t Al — (U — Ty)] Frer AW — U]
M (t) riAo A[00 s Tyl
t)r

U—=T, U—T,
T T T2



The Additive Type System [piaz-caro, Petit 2010]

Structured Arrow-elimination: An example

t=(t1+t2)+0 (t) r =" (t1) (ro+ (r2+r3))+
(t2) (ri+(ra+1r3)) +0
=" (t1) ri+ ((t1) r2 + (t1) r3)+
S (t2) i+ ((t2) ra + (t2) r3)+0
0
U—-T U=T,
0
r=ry+(r2+r3)
U T T
U U i T T> T
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The Additive Type System [piaz-caro, Petit 2010]
Equivalence in System F
What about associativity, commutativity and neutral element?

Theorem

T=T implies  |T| < |T'|

Where A & B means
|_F€A73:A:>B and I—FEBA:B:>A
for some terms €AB,€B,A S-T.

EABOEBAR idA and EBACEAB = idB



The Additive Type System [piaz-caro, Petit 2010]

What happens with linearity?

t+r o~ ([t][r])

(t1 + tz) (I’1 + I’2) —* but <t1, t2> <I’1, f'2> -
tin+tirn+trn+tn <<i‘1l‘17 t1r2>, <t2r1, t2f2>>

No linearity in System F with pairs
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The Additive Type System [piaz-caro, Petit 2010]

What happens with linearity?

t+r o~ ([t][r])

(t1 + t2) (I’l + I’Q) —* but <I’17 t2> <r1, r2> -+
tint+tinttrn+trn ((tin, tir), (tan, tar2))

No linearity in System F with pairs

Main ideas:

» The sum is distributed during the translation of application

[(t) r] = (([tal[ra], [ta][r2]) , ([ta][r], [t][r2]) )

ft=ti+trandr=ri+nr
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The Additive Type System [piaz-caro, Petit 2010]

What happens with linearity?

t+r o~ ([t][r])

(t1 + t2) (I’l + I‘g) —* but <I’17 t2> <I’1, I’2> -+
tint+tinttrn+trn ((tin, tir), (tan, tar2))

No linearity in System F with pairs

Main ideas:

» The sum is distributed during the translation of application

[(t) r] = (([tal[ra], [ta][r2]) , ([ta][r], [t][r2]) )

ft=ti+trandr=ri+nr

» The "sum structure” of a term is known thanks to its type
TEt:(Ti+To)+Ts  ~ t'> (ti+t)+t;

with Tt : T;
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The Additive Type System [piaz-caro, Petit 2010]

Translation of terms

Mx:Tkx:T ~ [xX]p = x
I’I—OG ~ [O]DZ*
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The Additive Type System [piaz-caro, Petit 2010]

Translation of terms

Fr=t:T ~ Tl F¢ [tlp: | T|
Mx:TkEx: T ~ [x]p = x
FI—O@ ~ [O]D:*
rt: 7 7T=T
et T/ ~ [l = g7, 7 [tlor
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The Additive Type System [piaz-caro, Petit 2010]

Translation of terms

Fr=t: T ~ Tl Fr [tlp:|T]

Mx:TkEx: T ~ [x]p = x
r-0:0 ~s [O]D:*
rt: 7 7T=T
Tt 7/ ~ [tlo = &7 [t
Fr-t: 7 Tkr:S
FTFt+r:T+S ~ [t+rlo = ([tpy, [Fp.)

Mx:UFt: T
FrNFXxt:U—T ~ o [Axt]p = Ax[t]pr
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The Additive Type System [piaz-caro, Petit 2010]

Translation of terms

Fe=t:T ~ Tl F¢ [tlp:|T]|

Mx: TkEx:T s X]p = x
M=t: T TET/

ret: 7/ ~ [tlo = &7, 7 [t
Fe:T Thr:S
FTFt+r:T+S ~ [t+r]p = ([t]p,, [F]D,)
Mx:UFt: T
FrMNExxt:U—>T ~ o [Axt]p = Ax[t]pr

MN-t: Alw=u-=1.)] TEr: Av=u]
M=(t) r: Ao A'lwve—T.,]
~ [(t) rlp = A o A [wisma((tlp, ) me((u]p,)]
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The Additive Type System [piaz-caro, Petit 2010]

Translation of terms: An example

ti=mu1([t])ie=m12([t])its=m2([t]);

r=m1([r]);rz=m2([r]);

(t)r: [(t) rlp =

T3 T3

T, i, T» t3n t3r;

tin tin torn trn
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The Additive Type System [piaz-caro, Petit 2010]

Translation of terms: Correctness

Correctness of typing:

Theorem

Correctness of reduction:

Theorem
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The VeCtoria| Type System [Arrighi, Diaz-Caro, Valiron 2010]

Grammar

Types grammar:

T.RS=U|T+R|a.T  (notype0!)
UV,W =X | U—T|¥X.U

Equivalences:

1.T = T
a.(8.T) = (axp).T
a.T+aR = a(T+R)
a.T+B.T = (a+p).T
T+R = R+T

T+(R+S) = (T+R)+S

19/29



The Vectorial Type System [arighi, Diaz-Caro, Valiron 2010]

Not one zero... a lot of them

Nr:R N--r: - R
N-= xx:U—=U Frr—r:0
NEXxx+r—r:U—=U Mr-t.v
N-=Mxx+r—r)t:U

20/29



The VeCtoria| Type System [Arrighi, Diaz-Caro, Valiron 2010]

Not one zero... a lot of them

MN=r:R N--—-r: —R
M= xx:U— U F=r—r:0
M=Xxx+r—r:U—U Mr-t.v
N-=Mxx+r—r)t:U

However, (Ax.x +r—r) t = (Ax.x) t+ (r) t — (r) t.
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The Vectorial Type System [arighi, Diaz-Caro, Valiron 2010]

Not one zero... a lot of them

Nr:R N--r: - R
N-= xx:U—=U Frr—r:0
NEXxx+r—r:U—=U Mr-t.v
N-=Mxx+r—r)t:U

However, (Ax.x +r—r) t = (Ax.x) t+ (r) t — (r) t.
We need to keep track of the zeros... where they came from!
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The VeCtoria| Type System [Arrighi, Diaz-Caro, Valiron 2010]

Not one zero... a lot of them

MN=r:R N--—-r: —R
M= xx:U— U F=r—r:0
M=Xxx+r—r:U—U Mr-t.v
N-=Mxx+r—r)t:U

However, (Ax.x +r—r) t = (Ax.x) t+ (r) t — (r) t.
We need to keep track of the zeros... where they came from!

Instead of 0, we have 0.R and T +0.R# T
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The Vectorial Type System [arighi, Diaz-Caro, Valiron 2010]

The factorisation rule problem

-7 rFeT
MlMNat+pt:a.T+B.T

> However, a.t + .t = (a + f).t
» In general a.T + 5. T # (a+ B).T # (a+ 5). T

21/29



The VeCtoria| Type System [Arrighi, Diaz-Caro, Valiron 2010]

The factorisation rule problem

Several possible solutions:

» Remove factorisation rule (Done. SR and SN both work)

> —+ in scalars not used anymore. Scalars = Monoid
> It works!... but it is no so expressive, no so useful

N

N

~



The VeCtoria| Type System [Arrighi, Diaz-Caro, Valiron 2010]

The factorisation rule problem

Several possible solutions:

» Remove factorisation rule (Done. SR and SN both work)

> —+ in scalars not used anymore. Scalars = Monoid
> It works!... but it is no so expressive, no so useful

> Add several typing rules to allow typing (o + 8).u with a.A+ 3.B

> As soon as we add one, we have to add many to make it work
» Too complex and inelegant

N
N

~



The VeCtoria| Type System [Arrighi, Diaz-Caro, Valiron 2010]

The factorisation rule problem

Several possible solutions:

» Remove factorisation rule (Done. SR and SN both work)

> —+ in scalars not used anymore. Scalars = Monoid
> It works!... but it is no so expressive, no so useful

> Add several typing rules to allow typing (o + 8).u with a.A+ 3.B

> As soon as we add one, we have to add many to make it work
» Too complex and inelegant

> Church style (work-in-progress)

» Seems to be the natural solution
» Big complexness with polymorphism and distributivity

N
N

~



The VeCtoria| Type System [Arrighi, Diaz-Caro, Valiron 2010]

The factorisation rule problem

Several possible solutions:

v

Remove factorisation rule (Done. SR and SN both work)

> —+ in scalars not used anymore. Scalars = Monoid
> It works!... but it is no so expressive, no so useful

v

Add several typing rules to allow typing (a4 3).u with a.A+ 8.B

> As soon as we add one, we have to add many to make it work
» Too complex and inelegant

v

Church style (work-in-progress)

» Seems to be the natural solution
» Big complexness with polymorphism and distributivity

v

Weaker subject reduction (this presentation)

N
N

~



The Vectorial Type System [arighi, Diaz-Caro, Valiron 2010]
Typing rules

MrM=t: 7 M=t:7
ax

. . 0 a
LUk x:U r-0:0.7 MataT

]
FEEY aVX(U—=T)  TEed BV, w3 uy/R=y
i=1 Jj=1

F ) S0 a4 TW/A]

i=1 j=1

—E

Mx:UFt: T Fr=t:.T N-r:R
—_———— +
FrM=-Xxt:U—T r~t+r: T+ R

FI—t:U X¢FV(I) rFtVXU

W7 — Ve
MEt:vX.U Mt UV/X]
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Vectorial type system

Example

Fl—bl:Vl
MEby: Vs

24 /29



Vectorial type system

Example

Fl—bl:Vl

M by Vs =TI+ ﬁl.bl —‘rﬁz.bg:ﬂl.vl—f—ﬁz.\/g
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Vectorial type system

Example

Fl—bl:Vl

M by Vs =TI+ ﬁl.bl +62.b2:ﬁ1.V1+52.V2

M= /\xl.tl:VX.(U — Tl)
I+ )\xz.tQ:VX.(U — T2)

=Tk (al.)\xl.tl)+(a2.)\x2.t2):(ozl.VX.(U — Tl)) + (anX(U — Tg))
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Vectorial type system

Example
Fl—bl:Vl . U[Wl/X]:Vl
MEby: Vo =Tk B1.by+ Brby: 5. Vi+6,. Vs U[Wg/X]Z Vs

MEAxq .t VX.(U — Tq)
M= )\xz.tQ:VX.(U — T2)

=Tk (al.)\xl.tl)+(a2.)\xz.t2):(ozl.VX.(U — Tl)) + (anX(U — Tg))

MR A+ Y VX.(U = T1) + as¥X.(U = T)
FrEA4+v:81.Vi+ . Vo

—E

2 2
FH(A+Y)(&+9): > aix 8. Ti{W;/X]

i=1 j=1
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Vectorial type system

Example
Fl—bl:Vl . U[Wl/X]:Vl
MEby: Vo =Tk B1.by+ Brby: 5. Vi+6,. Vs U[Wg/X]Z Vs

MEAxq .t VX.(U — Tq)
M= )\xz.t2:VX.(U — T2)

=Tk (al.)\xl.tl)+(a2.)\xz.t2):(ozl.VX.(U — Tl)) + (anX(U — Tg))

MR A+ Y VX.(U = T1) + as¥X.(U = T)
FrEA4+v:81.Vi+ . Vo

—E

2 2
FH(A+Y)(&+9): > aix 8. Ti{W;/X]

i=1 j=1

(A+VY)(24+V) =" (A) A+ (A)VH(Y)2a+ (V) V
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Vectorial type system

Example
Fl—bl:Vl . U[Wl/X]:Vl
MEby: Vo =Tk B1.by+ Brby: 1. Vi+6. Vs U[WQ/X]Z Vs

MEAxq .t VX.(U — Tq)
M= /\xz.tQ:VX.(U — T2)

=Tk (Oél.>\X1.t1)+((l’2.)\X2.t2)I(Oll.vx.(U — Tl)) + (OczVX(U — T2))

NEA+Vv:a;.VX(U—= T1)4+ VX (U = Ta)
FrEA4+v:81.Vi+ . Vo
2 2

FH(A+Y) (& +9): > ai x 8. Ti{W;/X]

i=1 j=1

(A+VY)(24+V) =" (A)A+(A)VH(Y)2r+ (V) V
e.g.

(V) N = ((,Yz.)\XQ.tg) 51.by —*
(042 X ﬂl).()\Xz.tg) b1



Vectorial type system

Example
Fl—bl:Vl . U[Wl/X]:\/l
MEby: Vo =Tk B1.by+ Brby: 1. Vi+6. Vs U[W2/X]: v,

M Axqt:VX.(U — Tq)
ME Axo.ts: \V/X(U — T2)

=TI+ (a1.>\X1.t1)—|—(()ﬁ2.>\X2.t2)2(Oll.vx.(U — Tl)) + (QzVX(U — T2))

NEA+Vv:a;.VX(U—= T1)4+ VX (U = Ta)
FrEA4+v:81.Vi+ . Vo
2 2

FH(A+Y)(&+9): Y>> i x 8. Ti{W;/X]

i=1 j=1

(A+VY)(24+V)=" (M)A +(A)VH(Y)2a+(V)V
eg.

(V) A = (042.)\X2.t2) ﬁl.bl —* MNEXAxo.tr: V1—>T2[W1/X] N=by:
RN
(a2 x f1). (Mxa-t2) by M (\o.to) b : To[Wa/X] g




The Vectorial Type System [arighi, Diaz-Caro, Valiron 2010]

A weaker subject reduction

(a+p8).TEa.T+p5T flfr~at:a.Tand TFB.t:6.T'
(and its contextual closure)

25/29



The Vectorial Type System [Arrighi, Diaz-Caro, Valiron 2010]

A weaker subject reduction

(a+8).TCa.T+p.T iffrFat:a.Tand M- B.t:8.T
(and its contextual closure)

Theorem (Weak subject reduction)

» Extra: orthogonality

25/29



Orthogonality

Why

Now, say we would like normalised terms
at+ s

with |af? + |82 = 1.
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Orthogonality

Why

Now, say we would like normalised terms
at+ s

with |af? + |82 = 1.

. 1 1
So, we want to allow —.t + —.s and disallow =.t + =.s

V2 V2

2

2
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Orthogonality

Why

Now, say we would like normalised terms
at+ s

with |af? + |82 = 1.
1 1
So, we want to allow —2.t 4+ ——.s and disallow =.t + =.s

V2 272

Or do we? What happens if t —* s?
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Orthogonality

Why

Now, say we would like normalised terms
at+ s

with |af? + |82 = 1.

So, we want to allo t+ L s and disallo L t+ L s
. We w. W —. —. i wo—. —.
2 V2 2 2

Or do we? What happens if t —* s7
We need a notion of orthogonality between terms (and also a way to
check it).

26 /29



Orthogonality

Inner product

Definition (Terms inner product)
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Orthogonality

Inner product

Definition (Terms inner product)

Examples

(Ax x) vlvy =1
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Orthogonality

Inner product

Definition (Terms inner product)

Examples
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Orthogonality

Inner product

Definition (Terms inner product)

Let t,s,r be any term, and let u, v be terms in normal form which are not
sum of terms nor a scalar times a term. We define the function ‘delta’ as
follows:

5. -] 0 ift#Esve=0Vs=0

Y* 7 ) 1 in any other case

Then, we define the inner product between terms recursively by
(ulv) :ﬂ‘> = duy

(tls) = TSIt = (£ Is1)

(a.t + B.slr) = a x (t|r) + B x (s|r)

Examples

1

(Ax x) vjv) =1 (J5-true + - false|true) =
vz

(true|false) = 0 L x (true|true) + \% x (false|true) =

V2
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Orthogonality

How to check it
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Orthogonality

How to check it

LetT'Fu:Tand M v:S.

Doesu Lve T L S?
(for some definition of orthogonality between types)

»ulvATL1S » TLSAulv
Counterexample Counterexample
F true: Bool yWkEXMy:U—>W
F false: Bool yWEXMy: Vo> W
Workaround

» Church-style=T L S=ulv

28/29



Summary

The Scalar TS : Accounts for scalars. Barycentric calculus v/

The Additive TS: Intuitions about sums v

The Vectorial TS: Curry not compatible with vectors v/
Church-version: subject reduction & orthogonality (work-in-progress)

vV v.v. vy

May lead to a quantum computational logic
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