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A cellular automaton is a local synchronous system, that
evolves on a discrete regular space (line, grid).

Definition 1 (Automate cellulaire) A cellular automata of

imension d is a triple (S,V, f) where S is a set of states,
V a subset of Z¢ and f a mapping of S'V! into S. A
configuration is an element of SZ°.
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space-Time Diagram

Definition 2 (Global function) The global function of a cel-
lular automata is the mapping f : S z¢ _, SZ° that maps a
onfiguration C onto the image configuration f(C):

(w)=f ((u+x"),....,(u+x")).

Thus, a sequence of configurations can be defined by iter-
ation. This sequence is called the space-time diagram of
the cellular automaton.




Wolfram created an empirical classification of CA in 4

classes: nilpotents, periodical behavior, random and com-
plex.

This classification was meant to help studying dynamical
behaviour of CA (especially in class IV).









"=

r'I-;I' e

g
...__L._l'_|.|i|-_l.-,..-...|_.|...._L|-_'.

s Errm e F
el i Class || it

- T |.—I__ I._ :r = = K

FFoF e :_I'-",.Fi:."r_"l- 1y

I Fr rE r'r'll'-l_.- L':I-"_FI r

Frer r|'.|_ -

ot L e e il ot

AR

g T A b
ik .-..||_:|-r_l'F|.-|.-—_.|;l_1;|_:|_

- Ir_’l S -
el LT -
Tl T o n=E Fh
Lt i i oy L Bt i













von Neumann Moore Trellis
Dimension 1
Dimension 2
Mathematically
2|z <1 z| <1 z| =1




von Neumann Moore Trellis
Dimension 1
[ ] [ ] [ ]
Dimension 2
Mathematically
YN =1 z;) <1 25| =1




von Neumann Moore Trellis
Dimension 1
Dimension 2

e

4

4r77

Mathematically

YN =1




—_
Tp]
QD
i
(0]
i
(0p]
(@)

N

<C

O
(qo]

Gl
o
&
4°]
-
on

(O

-
(«b)
=

Y
QD
&)
(qo]
o
(Tp)]

<
o
=
(qe]

(Vp)




Sample space-time diagram of a CA (9 states):

Construction Partition the states.



Sample space-time diagram of a CA (9 states):

Construction Partition the states.



Sample space-time diagram of a CA (9 states):

Construction Partition the states.



Sample space-time diagram of a CA (9 states):

Construction Partition the states.

Detection Decide of a direction.

Support Use a finite automaton.




| Definition 3 (Impulse CA) We shall use CA A with two dis-
tinguished states, [l and

such that f(

)

)

We study the space-time diagram of A applled to

oo/.

i




Definition 3 (Impulse CA) We shall use CA A with two dis-

tinguished states, [l and [ ] such that f(__], Jr
. We study the space-time diagram of A applled to
0/ [ ] /=,

Definition 4 (Signal) A V-signal T is a sequence of sites
1(u(t),t)},>, such that

e u(0) =0.

oVt>0:u(t+1)—u(t) eV.



Definition 3 (Impulse CA) We shall use CA A with two dis-

tinguished states, [l and [ ] such that f(__], Jr
. We study the space-time diagram of A applled to
0/ [ ] /=,

Definition 4 (Signal) A V-signal T is a sequence of sites
1(u(t), )}~ such that

e u(0) =0.
oVt>0:u(t+1)—u(t) eV.

Definition 5 (Base signals) Base signals are the ultimately
periodic signals.
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The ‘fastest’ signal one can find is the real-time signal:

Time
N——"

A signal ‘defines’ a function f, either by the signal (n,n +

f(n)), or by the signal (n — f(n),n + f(n))
— ratio of the signal.



We show that not all signhals can be generated.

Theorem 1 Let A be a q-states CA. It is not possible to

suport a signal which is not ultimately periodic with a ratio
maller than:

e log,(n) in dimension 1,

e log)...1.,(n) in higher dimension.
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Dimension 1: periodic Strips

We consider a strip of cells of width L. The strip can be
cut into layers. Each layer is completely determined by the
former layer. Hence the periodicity.
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D; is defined as follows:

Di=(t-1—/it)

D. — (Df)tZ(maX(il,...,ik)/ﬂ if i & Nk
1 A°  else.

e Dy is the real-time signal.

e Infinite words, defined starting with a potentially non-
quiescent state.
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As Di*!is a function of D}___; for x € Vjyo0re» there is a
relation between the period of D; and the period of D;_,_;
for x € VN\OOI’E‘

Di_x—1 is periodic (x € V\oore)

= D; is periodic.

The periods do collapse:

2,3,5,6,10 = 30 and not 1800.
Therefore, the period of the 8-tuple is

the lcm of the periods.

— Thus, each period divides lem(1, . . ., ¢)".



((t) = |log,(t + 1)]. Itis possible to detect the signal
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Let £(t) = |log,(t
I'

Gein O ces - dal A Calhs e A T ERONe #
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X e 2G, gt 1 #3
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1)|. Itis possible to detect the signal
(t—4L(t),t—L(t), t+£(t)) with trellis neighbourhood.

a, b, ¢ and d are
the cells with rela-
tive coordinates:

o ais (1), 2 states + \
.« ois (1), (dimension 2)
e cis( 1), 3 states + A
e ais (). (dimension 1)

The rules are sorted
by order of prece-
dence.
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= Let x and y be numbers such that ged(z, y) = 1.

a b B d fla,b,c,d) Rule #
A A A A A #o
Rules forl = 0
T A A A Tji+1 (0r71'1ifj:k) #1
Ty A T Kok 0 (k # x) #2
s A T Kok T (o k=i #3
T A T K ™0 (k#y—1) #4
j A T K T etk ey ) #5
% A o S B (1 | ) #6
A A T Ky—1 | 1 #7
Rulesforl =1
Ky—1 Tz A, Ky A Ky #8
AT SAND By A K0 (hictz) #9
Ky Tx A, Ky A K1 #10
K T A, Ky A kidr (I Fy—1,9) #11
Ky T K A K0 (=l #12
K Tx K A | Ky (G # vy k#y) #13
A ) Jp =Xy Ry A K1 #14
* * * * A #15

Function log,,
in max(z,y) +
2 states (with
minor enhance-
ment).

— C(Clear gain
over 1D (at least
ry + 1 states).
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e Gap for signal construction, independently of the
dimension;

e Conjecture: the number of states necessary to build log,
is related to the decomposition of ¢ with prime numbers;

e Possible link between the constructible signals and OCA
recognisable languages.
e Functions equivalent to integer logarithm:

— Non-integer logarithms,
— Other functions (lcm inverse function).



