
Signals for Cellular
Automata in dimension

2 or higher
Jean-Christophe Dubacq � LRI, Orsay, France
Véronique Terrier � GREYC, Caen, France
LATIN'02 � CANCÚN, MEXICO�FRIDAY, APRIL 5TH



Cellular Automata
A cellular automaton is a local synchronous system, that
evolves on a discrete regular space (line, grid).



Cellular Automata
A cellular automaton is a local synchronous system, that
evolves on a discrete regular space (line, grid).

De�nition 1 (Automate cellulaire) A cellular automata of
dimension d is a triple (S, V, f) where S is a set of states,
V a subset of Zd and f a mapping of S |V | into S. A
con�guration is an element of SZd

.

Configuration



Cellular Automata
A cellular automaton is a local synchronous system, that
evolves on a discrete regular space (line, grid).

De�nition 1 (Automate cellulaire) A cellular automata of
dimension d is a triple (S, V, f) where S is a set of states,
V a subset of Zd and f a mapping of S |V | into S. A
con�guration is an element of SZd

.

Configuration

New configuration



Cellular Automata
A cellular automaton is a local synchronous system, that
evolves on a discrete regular space (line, grid).

De�nition 1 (Automate cellulaire) A cellular automata of
dimension d is a triple (S, V, f) where S is a set of states,
V a subset of Zd and f a mapping of S |V | into S. A
con�guration is an element of SZd

.

f

f :

Ici, V = {−1, 0, 1}



Cellular Automata
A cellular automaton is a local synchronous system, that
evolves on a discrete regular space (line, grid).

De�nition 1 (Automate cellulaire) A cellular automata of
dimension d is a triple (S, V, f) where S is a set of states,
V a subset of Zd and f a mapping of S |V | into S. A
con�guration is an element of SZd

.

f f f f f f f Parallelism



Space-Time Diagram
De�nition 2 (Global function) The global function of a cel-
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Why signals?
Wolfram created an empirical classi�cation of CA in 4
classes: nilpotents, periodical behavior, random and com-
plex.

This classi�cation was meant to help studying dynamical
behaviour of CA (especially in class IV).
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Notion of signal
Sample space-time diagram of a CA (9 states):

Construction Partition the states.

Detection Decide of a direction.

Support Use a �nite automaton.

Incre
asing

time
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De�nition 4 (Signal) A V-signal Γ is a sequence of sites
{(u(t), t)}t≥0 such that

• u(0) = 0.

• ∀t ≥ 0: u(t + 1)− u(t) ∈ V .

De�nition 5 (Base signals) Basesignalsare theultimately
periodic signals.
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T
im
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f(n)

n

A signal `de�nes' a function f , either by the signal (n, n +
f(n)), or by the signal (n− f(n), n + f(n))
=⇒ ratio of the signal.



Non-basic fast signals construction
We show that not all signals can be generated.

Theorem 1 Let A be a q-states CA. It is not possible to
suport a signal which is not ultimately periodic with a ratio
smaller than:

• logq(n) in dimension 1,

• loglcm 1...q(n) in higher dimension.
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Dimension 1: periodic strips

n < qL

We consider a strip of cells of width L. The strip can be
cut into layers. Each layer is completely determined by the
former layer. Hence the periodicity.
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As Dt+1
i is a function of Dt

i−x−1 for x ∈ VMoore, there is a
relation between the period ofDi and the period ofDi−x−1

for x ∈ VMoore.
Di−x−1 is periodic (x ∈ VMoore)
⇒ Di is periodic.
The periods do collapse:
2, 3, 5, 6, 10⇒ 30 and not 1800.
Therefore, the period of the 8-tuple is
the lcm of the periods.

⇒ Thus, each period divides lcm(1, . . . , q)k.



States reduction: logarithm
Let `(t) = blog2(t + 1)c. It is possible to detect the signal
Γ = (t− `(t), t− `(t), t+ `(t))with trellis neighbourhood.

a b c d f(a, b, c, d) Rule #
λ λ λ λ λ #0
1 λ λ λ 0 #1
0 λ λ λ 1 #2
λ λ 0 1 1 #3
1 λ 0 1 0 #4
0 λ 0 1 1 #5
1 λ 1 0 1 #6
1 λ 0 0 1 #7
0 λ 1 0 0 #8
0 λ 0 0 0 #9
? 1 λ ? 1 #10
? 1 1 ? 1 #11
? 1 0 ? 0 #12
? 0 ? ? 0 #13
? ? ? ? λ #14

a, b, c and d are
the cells with rela-
tive coordinates:

• a is
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The rules are sorted
by order of prece-
dence.



States reduction: logarithm
Let `(t) = blog2(t + 1)c. It is possible to detect the signal
Γ = (t− `(t), t− `(t), t+ `(t))with trellis neighbourhood.

a b c d f(a, b, c, d) Rule #
λ λ λ λ λ #0
1 λ λ λ 0 #1
0 λ λ λ 1 #2
λ λ 0 1 1 #3
1 λ 0 1 0 #4
0 λ 0 1 1 #5
1 λ 1 0 1 #6
1 λ 0 0 1 #7
0 λ 1 0 0 #8
0 λ 0 0 0 #9
? 1 λ ? 1 #10
? 1 1 ? 1 #11
? 1 0 ? 0 #12
? 0 ? ? 0 #13
? ? ? ? λ #14

a, b, c and d are
the cells with rela-
tive coordinates:

• a is
(
−1
−1
−1

)
,

• b is
(
−1

1
−1

)
,

• c is
(

1
1

−1

)
,

• d is
(

1
−1
−1

)
.

The rules are sorted
by order of prece-
dence.


2 states + λ

(dimension 2)
3 states + λ

(dimension 1)




