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> Nearest-neighbor walks in the quarter plane:
walks in IN? starting at (0,0) and using steps in a fixed subset & of

=Nt A2 =N L

> Counting sequence fg (11;1,j): number of walks of length n ending at (i, j).

> Complete generating function:

F(bxy) = . folmij)xyt € Qv ).

i,j,n=0
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Among the 28 step sets & C {~1,0,1}2\ {(0,0)}, some are:
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Among the 28 step sets & C {~1,0,1}2\ {(0,0)}, some are:

intrinsic to the
half plane,

trivial, simple,

symmetrical.

One is left with 79 interesting distinct models.

4/30
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The 79 models
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Task: classify their generating functions!
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*Cartness marsiniquonsts’
Tavia, 134

Bolte 3 - Collection Colbrant

Alin Bostan Transcendence in the enumeration of lattice walks



6/30
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S(t) = Lpgsat" € Q[[H]] is

> algebraic if P(t,5(t)) = 0 for some P(x,y) € Z[x,y] \ {0};
& D-finite if ¢, (£)SU) (£) + - - -+ co(£)S(t) = 0 for some ¢; € Z[t], not all zero;

> hypergeometric if *t*t € Q(n). E.g.,

m1—p; 2SnOVD G e q

Vi

6/30



S(t) = Lalosnt" € Q[[]] is

> algebraic if P(t,5(t)) = 0 for some P(x,y) € Z[x,y] \ {0};
& D-finite if ¢, (£)SU) (£) + - - -+ co(£)S(t) = 0 for some ¢; € Z[t], not all zero;

> hypergeometric if *1 € Q(n). E.g.,

b
2F (uc

t) =y @n®n @) (@ 1).

n=0 (C)” nt’
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S(1) = £ sut” € Q] is

> algebraic if P(t,5(t)) = 0 for some P(x,y) € Z[x,y] \ {0};

& D-finite if ¢, (£)SU) (1) + - - -+ co(£)S(t) = 0 for some ¢; € Z[t], not all zero;

> hypergeometric if *1 € Q(n). E.g.,
11 1
2F (2 2 t) = E/ i .
1 TJo /(11— x2)(1— tx2)
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> S € Q[[x,y,t]] is algebraic if it is the root of a polynomial P € Q[x,y, t, T];
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> S € Q[[x,y,t]] is algebraic if it is the root of a polynomial P € Q[x,y, t, T];

> S € Q[[x,y,t]] is D-finite if it satisfies a system of linear partial differential
equations with polynomial coefficients

Zaltx, 8 Zb t,x,y)

815
ch txy)atl =0.
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Kreweras walks

e k(n;i,j) = number of n-step {|, «, /}-walks in N? from (0,0) to (i, )

Question: What is the nature of the generating function

K(tbxy) = Y k(mij)x'y/t" € Q[[x,y,t]]?
ij,n=0

e

Theorem K(t; x,y) is an algebraic function.

— First proof [Gessel, 1986]: (human) Guess'n'Prove

—» Similar result for GF of invariant measure! [Flatto and Hahn, 1984]:
complex analysis, elliptic functions, Riemann surfaces

— Many other proofs, most inspired by the little yellow book!

1 a system of two parallel queues with two demands (continuous time)

8/30
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Gessel walks

e ¢(n;i,j) = number of n-step { 7, ./, +—, — }-walks in N? from (0,0) to (7, )

A

Question: What is the nature of the generating function

G(tx,y) = E g(m;i, j) x'y/t" € Q[[x,y,H]?
i,jn=0

Theorem G(¢; x,y) is an algebraic function®.

— First proof [B.-Kauers, 2010]: effective, computer-driven discovery/proof

— Several recent (human) proofs, most inspired by the little yellow book!

t Minimal polynomial P(x,y,t,G(tx,y)) = 0 has > 10'! terms; ~ 30Gb (!)

9 /30
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Algebr

o0
Generating function: G(t;x,y) = Y g(n;4,/)x'y/t" € Q[[x,y, ]]
i,j1=0
“Kernel equation”:

1 1
G(tx,y) =1+t <xy+x+@+;>G(t,x,y)

1 11 1
—t(3+3y) SHOY ~ 1 (6(5%,0) - G(10,0)

/|
© ©

10 / 30
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Algebraic r

Generating function: G(t;x,y) = Y g(n; i, )yt € Q[[x,y,t]]

ijn=0

“Kernel equation”:

1 1
G(tx,y) =1+t <xy+x+@+;>G(t,x,y)

1 11

_ (; L E?) G(£0,y) — txiy (G(t:x,0) — G(£0,0))

/|
© ©

Task: Solve this functional equation!
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Algebraic ref

Generating function: G(t;x,y) = Y g(n; i, )yt € Q[[x,y,t]]

ijn=0

“Kernel equation”:

1 1
G(tx,y) =1+t <xy+x+@+;>G(t,x,y)

1 11

_ (; L E?) G(£0,y) — txiy (G(t:x,0) — G(£0,0))

/|
© ©

Task: For the other models — solve 78 similar equations!
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The generating polynomial xg := x + o +y+ v is left invariant under
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1 1
The generating polynomial xg := x + o +y+ v is left invariant under

P(x,y) = <x$> ¢(x,y) = (%y)

and thus under any element of the group
1 11 1
w)={e (v3)- (3) ()}
11/30
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The generating polynomial xg := ) x'y/ =) Bi(y)x'= ) Aj(x)y
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The generating polynomial xg := ) x'y/ =) Bi(y)x'= ) Aj(x)y
(ij)e& i==1 j=-1
is left invariant under the birational involutions
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CONTEMPORARY
MATHEMATICS
= |

Algorithmic Probability and
Combinatorics
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E

. . 1 . 1 .
The generating polynomial xg := ) x'y/ =) Bi(y)x'= ) Aj(x)y
(ij)e& i==1 j=-1
is left invariant under the birational involutions

v = (x 572000, et = (520 L),

"An(x)y Bii(y) x
and thus under any element of the (dihedral) group
e = (9.9)-
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Order 4,
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Order 4, order 6,
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Order 4, order 6, order 8§,
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Order 4, order 6, order 8§, order oco.
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Exa

Order 4, order 6, order 8§, order co.
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When Gg is finite, the orbit sum of & is the polynomial in Q[x, x~1,y,y1]:

0Sg = Y (—1)"0(xy)
(4SS

> E.g., for the simple walk, with Gg = {(x,y), (x, %), (%, %), (%,y) }:

1 1
0 — ey — = Ly
> For 4 models, the orbit sum is zero:

-

E.g., for the Kreweras model:

O = x- _l +ix_ x4 l_xl =0
%—yxyyxy y V' W

T d in the ion of lattice walks

14/ 30




Main classification result

Theorem

Let & be one of the 74 non-singular models of small-step walks in IN2.
The following assertions are equivalent:

(1) the full generating function Fg (f; x, ) is D-finite

(2) the excursions generating function Fg (¢;0,0) is D-finite

(3) the excursions sequence [t"] Fg (£;0,0) is ~ K - p" - n*, with « € Q

(4) the group Gg is finite (and |Gg| = 2 - min{¢ € IN* | % €Z})

(G) I € Q(x,t),] € Qy, ) s.t. I(x) = J(y) on the curve xs(x,y) = %
(6) the step set & has either an axial symmetry, or zero drift and || # 5.
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Main classification result

Theorem
Let G be one of the 74 non-singular models of small-step walks in IN?.
The following assertions are equivalent:
(1) the full generating function Fg (f; x, ) is D-finite
(2) the excursions generating function Fg (£;0,0) is D-finite
(8) the excursions sequence ["'] Fg(£;0,0) is ~ K- p" - n*, with « € Q

(4) the group G is finite (and |Gg| = 2 - min{/ € N* “Lfrl eZ})
() A €Q(x,1),] € Qy,t) s.t. I(x) = J(y) on the curve xg(x,y) = 1.

(6) the step set & has either an axial symmetry, or zero drift and |&| # 5.

Moreover, under (1)-(5): Fg (£ x,y) is algebraic <= OSg =0 <=
U € Q(x,t),V € Q(y,t) s.t. U(x) + V(y) = xy on the curve xg(x,y) = 1.

In this case, Fg (t; x, 1) is expressible using nested radicals.

If not, Fs (£ x, ) is expressible using iterated integrals of o F; expressions.

> Many contributors (2010-2018): Bernardi, B., Bousquet-Mélou, Chyzak,
Denisov, van Hoeij, Kauers, Kurkova, Mishna, Pech, Raschel, Salvy, Wachtel
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Main classification result

Theorem
Let G be one of the 74 non-singular models of small-step walks in IN?.
The following assertions are equivalent:
(1) the full generating function Fg (f; x, ) is D-finite
(2) the excursions generating function Fg (£;0,0) is D-finite
(8) the excursions sequence ["'] Fg(£;0,0) is ~ K- p" - n*, with « € Q

(4) the group G is finite (and |Gg| = 2 - min{/ € N* “Lfrl eZ})
() A €Q(x,1),] € Qy,t) s.t. I(x) = J(y) on the curve xg(x,y) = 1.

(6) the step set & has either an axial symmetry, or zero drift and |&| # 5.

Moreover, under (1)-(5): Fg (£ x,y) is algebraic <= OSg =0 <=
U € Q(x,t),V € Q(y,t) s.t. U(x) + V(y) = xy on the curve xg(x,y) = 1.

In this case, Fg (t; x, 1) is expressible using nested radicals.

If not, Fs (£ x, ) is expressible using iterated integrals of o F; expressions.

> Proof uses various tools: algebra, complex analysis, probability theory,
computer algebra, etc.
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 Bxample with infinite group:the searecrows

[B., Raschel, Salvy, 2014]: Fg(£;0,0) is not D-finite for the models

> For the 1st and the 3rd, the excursions sequence ["'] Fs(t;0,0)

1,0,0,2,4,8,28,108,372,...

is~ K-5"-n% witha =1+ 7t/ arccos(1/4) = 3.3833%...
[Denisov, Wachtel, 2015]

> The irrationality of a prevents Fg (t;0,0) from being D-finite.
[Katz, 1970; Chudnovsky, 1985; André, 1989]

16 / 30
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The kernel K =1—t-}(; )cs xiyl = 1—t(x+ Jl_c +y+ }1/)
is invariant under the change of (x,y) into, respectively:

(0) (3 3) (5 5)-
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The kernel K =1—t-}(; )cs xiyl = 1—t(x+ ;l‘c +y+ }1/)
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Kernel equation:
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The kernel K =1—t-3; hee Xyl =1t (x—i— }7 +y+ %)
is invariant under the change of (x,y) into, respectively:

() (3 y) (5 g)-

Kernel equation:
K(t;x,y)xyF(t; x,y) = xy — txF(t; x,0) — tyF(£;0,y)
— K(62,9)3yF (6 3 y) = — 3y + 1P 5,0) + tyF(50,y)
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D-Fi

ThekernelIC:1—t-)::(1-,]-)€6xiy7=1—t(x+31—[+y+}1/)

is invariant under the change of (x,y) into, respectively:

(v) (5 5) (0 g)-

Kernel equation:
K(tx,y)xyF(tx,y) = xy — txF(t;x,0) — tyF (0,y)
— K(t%,y)3yF(t 1,y) = — 3y + t3F(£1,0) + tyF(£0,y)
K(6x,y) 3 yF(6 4, 5) = 13 — t3F(61,0) = 15 F(£0,

17 / 30
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is invariant under the change of (x,y) into, respectively:

(0) (3 3) (5 5)-

Kernel equation:

K(tx,y)xyF(tx,y) = xy — txF(t;x,0) — tyF (0,y)
—K(txy) 3 yF(t,xf )= = 3y +t5F(t5,0) + tyF(£0,y)
K(6x,y) 3 yF(6 4 §) = 3y — tF(3,0) = £ F(£0, 1)

7)

- K(t; x, y)x F(t; x, —x? +txF(t;x,0) + t%F(t;O,;)

17 / 30
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(0) (3 3) (5 5)-
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— K(t%,y)3yF(t 1,y) = — 3y + t3F(£1,0) + tyF(£0,y)
K(tx,y) 3 yF(6 4, 5) = 13 — t3F(3,0) = 15 F(£0,§
- K(t xy)x F(tx, ) —xy+th(t;x,0)+t%F(t;0,%)

1
x

Summing up yields the orbit equation: . -
YYy— Yty —Xy

e;g( 1) O(xy F(tx,y)) = KExy)

17 / 30
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1
x

Taking positive parts yields: . -
oy ] T 1 Fly) = ()
Frere K(tx,y)

17 / 30
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The kernel K =1—t-3; hee Xyl =1t (x—i— }7 +y+ }1/)
is invariant under the change of (x,y) into, respectively:

(0) (3 3) (5 5)-

Kernel equation:

K(t;x,y)xyF(t; x,y) = xy — txF(t; x,0) — tyF(£;0,y)
— K(t%,y)3yF(t 1,y) = — 3y + t3F(£1,0) + tyF(£0,y)
K(tx,y) 3 yF(6 4, 5) = 13 — t3F(3,0) = 15 F(£0,§
7)

—K(t;x, y)x F(t;x, —xy + txF(t;x,0) +t;7F(t;0,%)

Summing up and taking positive parts yields:
y_ly 1141
S TEY TRy Ty

xyF(t;x,y) =[x"y7] K(tx,y)

17 / 30
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The kernel K = l—t'Z(i,j)Gexiyf = 1—t(x+;l‘c+y+%)
is invariant under the change of (x,y) into, respectively:

Gv) (Gry) (0 g)-

Kernel equation:

K(tx,y)xyF(5x,y) = xy — txF(£;x,0) — tyF(0,y)
— K (6%, y) 3yF (6 5y) = = 3y + 13 F (6 5,0) + tyF(£0,y)
K(tx,) LI <,%,1>=};§—t F(t:1,0) - thF(50,1)
— K(Gx,y)xyF(tx, ) = —xy + txF(5x,0) + tyF(£0, )

GF = PosPart 05
kernel
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er

17 /30
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D-Finiteness via th

The kernel K = l—t'Z(i,j)GGxiyf = 1—t(x+;l‘c+y+%>
is invariant under the change of (x,y) into, respectively:

Gv) (Gry) (0 g)-

Kernel equation:
K(tx,y)xyF(£x,y) = xy — txF(;x,0) — tyF(0,y)
—K(tx,y)3yE(G 1, y) = — 3y +t3F(1,0) + tyF(50,y)
K(t;x,y)L 1P(t, }(,1) —tlF(1,0) - t%F(t;O,l)
)

— . 1 — _xl . 1.0 1
K(txy )xyF(t,x, = xy-l-th(t,x,O)-l—tyF(t,O,y)

GF = PosPart (%) is D-finite [Lipshitz, 1988]

> Argument works if OS # 0: algebraic version of the reflection principle
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D-Finiteness via th

The kernel K = l—t'Z(i,j)GGxiyf = 1—t(x+;l‘c+y+%>
is invariant under the change of (x,y) into, respectively:

Gv) (Gry) (0 g)-

Kernel equation:
K(tx,y)xyF(£x,y) = xy — txF(;x,0) — tyF(0,y)
—K(tx,y)3yE(G 1, y) = — 3y +t3F(1,0) + tyF(50,y)
K(t;x,y)L 1P(t, }(,1) —tlF(1,0) - t%F(t;O,l)
)

— . 1 — _xl . 1.0 1
K(txy )xyF(t,x, = xy-l-th(t,x,O)-l—tyF(t,O,y)

GF = PosPart (%) is D-finite [Lipshitz, 1988]

> Creative Telescoping finds a differential equation for PosPart(OS/ker)
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Models with D-Finite F(t;1,1)

OEIS & Pol size LDE size Rec size OEIS & Pol size LDE size Rec size

1 |A005566 ‘%’ — (3,4 (2,2) ||13|A151275 X — (5,24) (9,18)
2 [A018224 x — (3,5 (2,3) ||14|A151314 % — (5,24) (9,18)
3 [A151312 X — (3,8 (4,5) ||15|A151255 ,A — (4,16) (6,8
4|A151331 3B —  B,6) (4 ||16A151287 R —  (5,19) (7, 11)
5 [A151266 Y — (5,16) (7,10) ||17|A001006 ‘& (2,2) 2,3 20
6 |A151307 ¥ — (5,20) (8,15) ||18|A129400 5& 2,2) 2,3 20
7 |A151291 Y — (5,15) (6, 10) |{19|A005558 5? — 3,5 (2,3
8 |A151326 % — (5,18) (7,14)

9 [A151302 x — (5,24) (9,18) ||20|A151265 ﬁf 6, 8) 4,9 (6,4
10| A151329 % — (5,24) (9,18) ||21|A151278 }’ 6,8 (4,12) (7,4
11]A151261 1$>4 — (4,15) (5,8) ||22|A151323 Qg (4, 4) 2,3 20
12| A151297 ﬁ — (5,18) (7, 11) ||23|A060900 574 8,9) 3,5 (2,3

Equation sizes = (order, degree)

> Computerized discovery: enumeration + guessing [B., Kauers, 2009]

> 1-22: DF confirmed by human proofs in [Bousquet-Mélou, Mishna, 2010]
> 23: DF confirmed by a human proof in [B., Kurkova, Raschel, 2017]

> Explicit egs. proved via CA [B., Chyzak, van Hoeij, Kauers, Pech, 2017]
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http://oeis.org/A005566
http://oeis.org/A151275
http://oeis.org/A018224
http://oeis.org/A151314
http://oeis.org/A151312
http://oeis.org/A151255
http://oeis.org/A151331
http://oeis.org/A151287
http://oeis.org/A151266
http://oeis.org/A001006
http://oeis.org/A151307
http://oeis.org/A129400
http://oeis.org/A151291
http://oeis.org/A005558
http://oeis.org/A151326
http://oeis.org/A151302
http://oeis.org/A151265
http://oeis.org/A151329
http://oeis.org/A151278
http://oeis.org/A151261
http://oeis.org/A151323
http://oeis.org/A151297
http://oeis.org/A060900

Models with D-Finite F(t;1,1)

OEIS & algebraic? asymptotics OEIS S algebraic? asymptotics
1|A005566 <F> N a4 3 A151275 X N L\ﬁ%
2|a01s224 X N 240 4| A151314 b N mgf“ oy
3latsisz i N Yes |45 A151255 A N maear
4|A151331 % N S8 6|  A151287 ﬁ N 224 Ay
5|A151266 Y N %ﬁ 25 17| A001006 & % g\/g .
6|a51307 B N1 235 (18] A129400 % Y g\/g i
7laision YN A o] Acossss N N s
8|atsiz6 F N ﬁnﬂ’jz A=14V2 B=1+V3, C=14V6 A=743V6  n= /el
9 |A151302 X N 1 %j’}z 20 A151265 % Y Fé\ﬁ) ,334
10(a151329 3§ N Wi |2t A151278 S Y ﬁif/ 5 .
11|A151261 ,2\ N 12828y A151323 g’? Y {(513/3;4 o
BRI L S R R

> Computerized discovery: conv. acc. + LLL/PSLQ [B., Kauers, 2009]
> Asympt. confirmed by human proofs via ACSV in [Melczer, Wilson, 2016]
> Transcendence proofs via CA [B., Chyzak, van Hoeij, Kauers, Pech, 2017]

Alin Bostan
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http://oeis.org/A005566
http://oeis.org/A151275
http://oeis.org/A018224
http://oeis.org/A151314
http://oeis.org/A151312
http://oeis.org/A151255
http://oeis.org/A151331
http://oeis.org/A151287
http://oeis.org/A151266
http://oeis.org/A001006
http://oeis.org/A151307
http://oeis.org/A129400
http://oeis.org/A151291
http://oeis.org/A005558
http://oeis.org/A151326
http://oeis.org/A151302
http://oeis.org/A151265
http://oeis.org/A151329
http://oeis.org/A151278
http://oeis.org/A151261
http://oeis.org/A151323
http://oeis.org/A151297
http://oeis.org/A060900

Theorem [B., Chyzak, van Hoeij, Kauers, Pech, 2017]

Let & be one of the 19 models with finite group Gg, and non-zero orbit sum.
Then

o Fg is expressible using iterated integrals of ,F; expressions.
o Among the 19 x 4 specializations of Fg (;x,y) at (x,y) € {0,1}2, only 4
are algebraic: for & = Q at (1,1),and & = % at (1,0),(0,1),(1,1)

20 / 30
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Explicit expressions and trans

Theorem [B., Chyzak, van Hoeij, Kauers, Pech, 2017]

Let & be one of the 19 models with finite group Gg, and non-zero orbit sum.
Then

o Fg is expressible using iterated integrals of ,F; expressions.

o Among the 19 x 4 specializations of Fg (;x,y) at (x,y) € {0,1}2, only 4
are algebraic: for & = Q at (1,1),and & = % at (1,0),(0,1),(1,1)

Example (King walks in the quarter plane, A025595)

330 16x(1+7x)
2 2
F%(t” t/ 1+4x)3 ZH( 2 )d

(14 4x)?
=1+ 3t + 1812 + 105¢> + 684+* + 4550¢° + 31340£° + 219555¢7 + - - -
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Explicit expressions and transcendence for models 1-19

Theorem [B., Chyzak, van Hoeij, Kauers, Pech, 2017]

Let & be one of the 19 models with finite group Gg, and non-zero orbit sum.
Then

o Fg is expressible using iterated integrals of , F; expressions.

o Among the 19 x 4 specializations of Fg(;x,y) at (x,y) € {0,1}?, only 4
are algebraic: for & = Q at (1,1),and & = %ﬁ t(1,0),(0,1),(1,1)

Example (King walks in the quarter plane, A025595)

F%(tll t/ 1+4x)3 2F1<§2§ 16X(1+X)>d

(1+4x)?
=1+ 3t + 1812 + 105> + 684+* + 4550¢° + 31340£° + 219555¢7 +

> Computer-driven discovery and proof; no human proof yet.
> Proof uses creative telescoping, ODE factorization, ODE solving.

Alin Bostan Transcendence in the enumeration of lattice walks



Bonus: hypergeometric functi

S occurring o F; w S occurring » Fy w

1 4 zpl(%l% w) 162 1A 2F1<%1% w) s

2 X zpl(%l% w) 1612 12 zFl(%ﬁ w) e
3 X 21:1(%1% w) % 13 X ZFl(%I% w) %
CH () w8l e
5 Y 21:1(%1% w) 64t 15N zFl(%ﬁ w) 6att

o B oan(Hie) SR e foan(Rile) o
7 Y zpl(%l% w) e 17 & 21—“1(%1% w) 2783

g ¥ zpl(ilg w) % 18 R 21—"1(%1% w) 27122t + 1)
s X ZH(};I% w) % v N zpl(%l% w) 1612
0 B oan(hie) g

> All related to the complete elliptic integrals fON/ 2(1 — k? sin? G)i% de
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quadrant models &: 79

— ~

|Ge | <oo: 23 |G| = o0: 56

N |

orbit sum # 0: 19  orbitsum = 0: 4 asymptotics + GB

kernel method + CT  Guess'n’Prove non-D-finite

D-finite algebraic

Theorem: differential finiteness <= finiteness of the group !
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2D quadrant models: 527

— T~

|Gs| < co: 118 |Gs| = oo: 409
orbit sum # 0: 95 orbit sum = 0: 23  non-D-finite?
kernel method: 94 CA: 22: reducible to A
| Kreweras/Gessel ’
D-finite I | |
D-finite D-finite algebraic

[B., Bousquet-Mélou, Kauers, Melczer, 2016] + [Du, Hou, Wang, 2017]
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Extensions:

2D quadrant models: 527

— T~

|Gs| < co: 118 |Gs| = oo: 409
orbit sum # 0: 95 orbit sum = 0: 23  non-D-finite?
kernel method: 94 CA: 22: reducible to A
| Kreweras/Gessel ’
D-finite I | |
D-finite D-finite algebraic

[B., Bousquet-Mélou, Kauers, Melczer, 2016] + [Du, Hou, Wang, 2017]

Question: differential finiteness <= finiteness of the group?

Answer: probably yes

23 /30
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Extensions:

23°~1 ~ 67 million models, of which ~ 11 million inherently 3D
3D octant models & with < 6 steps: 20804

— T~

|Gs| < co: 170 |Gs| = oo: 20634
orbit sum # 0: 108 orbit sum = 0: 62 non-D-finite?

| /

kernel method 2D-reducible: 43 not 2D-reducible: 19

D-finite D-finite non-D-finite?

[B., Bousquet-Mélou, Kauers, Melczer, 2016] + [Du, Hou, Wang, 2017];
completed by [Bacher, Kauers, Yatchak, 2016]
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Extensions: wal

23°~1 ~ 67 million models, of which ~ 11 million inherently 3D
3D octant models & with < 6 steps: 20804

— T~

|Gs| < co: 170 |Gs| = oo: 20634
orbit sum # 0: 108 orbit sum = 0: 62 non-D-finite?

| /

kernel method 2D-reducible: 43 not 2D-reducible: 19

D-finite D-finite non-D-finite?

[B., Bousquet-Mélou, Kauers, Melczer, 2016] + [Du, Hou, Wang, 2017];
completed by [Bacher, Kauers, Yatchak, 2016]

Question: differential finiteness <= finiteness of the group?

Answer: probably no
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19 mysterious 3
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ion of lattice walks

in the




Two different computations suggest:
Ky, 7o C - 256 / 3325757004174

so excursions are very probably transcendental
(and even non-D-finite)
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Ext

quadrant models with steps in {—2, —1,0, 1}2: 13110

|
\ \

|orbit| < oco: 240 lorbit| = oco: 12 870
\ | |
OS # 0: 431 0OS=0:9 « rational: 16 « irrational: 12 854
D-finite D-finite? non-D-finite? non-D-finite

[B., Bousquet-Mélou, Melczer, 2018]

e Example: For the model A

>0,,>0

xyF(tx,y) =[x y~7] (x —2x*2)(y —(x— xfz)y,l)

1—txy14+y+x2y-1)

27 / 30
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Ext

quadrant models with steps in {—2, —1,0, 1}2: 13110

| orbit| < co: 240 lorbit| = oo: 12 870
[ | |
OS # 0: 431 0OS=0:9 « rational: 16 « irrational: 12 854
D-finite D-finite? non-D-finite? non-D-finite

[B., Bousquet-Mélou, Melczer, 2018]

Question: differential finiteness < finiteness of the orbit?

Answer: ?

NN  :.cconcence i the crumeration of latice walks
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Two challenging models with large steps

Conjecture 1 [B., Bousquet-Mélou, Melczer, 2018]
For the model %’ the excursions generating function F(t'/2;0,0) equals

_ 1 2 2
1 1/ 1-12 LR (53 108t (1 + 4t) N
3t 6t \ (1+36t)1/3 1 (1+36t)2
— 1 21108t(1 + 4t)2
V1—12t-oF( 6 3| ——=— ).
“( 1| (1-1202 >)

Conjecture 2 [B., Bousquet-Mélou, Melczer, 2018]
For the model X the excursions generating function F(t;0,0) equals

(1—24U+120U% — 144 U3) (1 —4U)
(1-3U)(1—-2U)3/2(1—-6U)%/2

7

where U = t* + 5318 + 436312 + - . - is the unique series in Q[[t]] satisfying

U(l-2u)P®(1-3uP(1-6U)’ =t(1-4U)*

Alin Bostan Transcendence in the enumeration of lattice walks
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