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1. Introduction

Originally, “symmetric functions” are thought of as “functions of the roots of some polynomial”
(Gelfand et al., 1995). The factorization formula

n
PX)= [] X=—a)=)_ X"I(=1)A;(OP)), (1)
acO(P) j=0
where O(P) is the (multi-)set of roots of P (a polynomial), invites one to consider Aj(.) as a
“multiset (endo)functor”' rather than a function K" — K (K is a field where P splits). But, here,
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1 We will not touch here on this categorical aspect.
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Ag(X) =0 whenever k > |X| and one would like to get the universal formulas i.e. which hold true
whatever the cardinality of |X|. This set of formulas is obtained as soon as the alphabet is infinite
and, there, this calculus appears as an art of computing symmetric functions without using any vari-
able. With this point of view, one sees that the algebra of symmetric functions (Macdonald, 1979)
comes equipped with many additional structures (comultiplications, A-ring, transformations of alpha-
bets, internal product, ...). As far as we are concerned, the most important of these features is the
fact that the (commutative) Hopf algebra of symmetric functions is self-dual. With the exception of
self-duality, many features of the (Hopf) algebra of symmetric functions carry over to the noncommu-
tative level (Gelfand et al., 1995). This loss of self-duality has however a benefit: allowing to separate
the two sides in the factorization of the diagonal series,” thus giving a meaning to what could be
considered a complete system of local coordinates for the Hausdorff group of the quasi-shuffle Hopf
algebra. Indeed, the elements of the Hausdorff group of the (shuffle or quasi-shuffle) algebras are
exactly, through the isomorphism k{(Y)) >~ (k(Y))*, the characters of the algebra (Bui et al., 2013a;
Hoang Ngoc Minh, 2013a, 2013b). Then, letting S be a character and applying S ® Id (necessarily
continuous?) to the factorization

N
Y weaw= [] exp@s®p, (2)
weY* leLynY

S can be decomposed through this complete system of local coordinates:

N
S= Y (Sww= T[] exp((Slsipp. (3)

weY* leLynY

This fact is better understood when one considers Sweedler’s dual of the (shuffle or quasi-shuffle)
Hopf algebra #, which contains also, here, the group of characters* and its Lie algebra, the space of
infinitesimal characters. Such a character is here a series T such that

AT =TQRe+e®T (4)

and one sees from this definition that such a series, as well as the characters, satisfies an identity of
the type

N
A=) sV es? 5)
i=1

for some double family (Slf]), ng)hfii,\,. Then in (3), the character S is factorized as a product of
elementary exponentials. This shows firstly, that one can reconstruct a character from its projections
onto the free Lie algebra® and secondly, that we get a resolution of unity from the process

character — projection — coordinate splitting,

coordinate splitting — exponentials — infinite product.

2 e. the left hand side of (2) which is an expression of the identity. Note that, in a “diagonal” tensor w ® w, the left factor
serves as a linear form whereas the right factor is a vector. This is why the left hand side will be endowed with the convolution
of linear forms and the right hand side with the concatenation.

3 The series of the form 2w vev* gruy=gr(v) @ (U, V)u ® v where “gr” is a suitable grading (multihomogeneous degree for the
shuffle, weight for the quasi-shuffle), form a closed subalgebra of k((Y* ® Y*)) filtered by the “diagonal” valuation gr'®(u ® v) =
gr(u) =gr(v). Then S ® I, isometric on the monomials, is necessarily continuous.

4 Le. group-like elements for the dual structure.

5 For each | € LynY the map S+ (S|s)) p; is a projection into the free Lie algebra and these projectors are orthogonal
between themselves.
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The key point of this resolution is precisely the coordinate system provided by the dual family of
Poincaré-Birkhoff-Witt (PBW) homogeneous bases.

This paper is devoted to a detailed exposition of the machinery and morphisms surrounding this
resolution (Equation (2)) and it is organized as follows: in Section 2 we give a reminder on noncom-
mutative symmetric and quasi-symmetric functions (Gelfand et al., 1995, Duchamp et al., 1997; Krob
and Thibon, 1997, 1999; Krob et al., 1997); in Section 3 we focus on the combinatorial aspects of the
quasi-shuffle Hopf algebra which will be introduced to obtain - via Schiitzenberger's monoidal factor-
ization - a pair of bases in duality for the noncommutative symmetric and quasi-symmetric functions,
encoded by words.®

2. Background
2.1. Notations, statistics about compositions

For any composition I = (i1, ..., i) of strictly positive integers,” called the parts of I, the mirror
image of I, denoted by 1, is the composition (i, ..., i1). Let I = (i1, ..., ix) € (N)*, the length and the
weight of the composition I are defined respectively as the numbers I(I) =k and w(I) =ij +... + iy.
The last part and the product of the partial sum of the entries of I are defined respectively as the
numbers Ip(I) =i, and m,(I) =i1(i1 +1i2)...(i1 + ...+ ix). One defines also

k

n(I):l_[ip and sp(I) =m (DI(D)!. (6)
p=1
Let J be a composition which is finer than I, ie. J can be decomposed as | = (J1,..., Jx), where
each composition J,, for p=1,...,k, satisfies w(J,) = ip.8 Let I and J be as above. One defines
k k
IJ.n=[n. py.n=]JipUn. (7)
i=1 i=1
k k
mu(J. D =] [muUn. spU.D=]]spUn. 8)
i=1 i=1

2.2. Noncommutative symmetric functions

Let k be a commutative associative and unital Q-algebra. The algebra of noncommutative symmet-
ric functions, denoted by Symy = (k(S1, S»,...), e, 1), is the free associative algebra generated by an
infinite sequence {S;},>1 of noncommuting indeterminates also called complete homogeneous sym-
metric functions (Gelfand et al,, 1995). Let t be another variable commuting with all the {Sp}n>1.
Introducing the ordinary generating series one sets (Gelfand et al., 1995)

o(t)=)_ Sat", with So=1, (9)
n>0

other noncommutative symmetric functions can be derived by the following relations

d
A =0(=)"", o) =exp(®(1)), ad(t) =0 Oy ®) =y (o), (10)

6 We will show how to derive the generating series of an analog of Hall-Littlewood functions (Gelfand et al., 1995), recalled
in Examples 5 and 6, as a direct application (see (66)) of the factorization of the diagonal series given in (2).

7 le. I is an element of the free monoid (N)* and the empty composition will be denoted here by .

8 For example, | =(3,1,2,2) = ((3, 1), (2,2)) is finer than I = (4, 4). In the sequel, we will use the standard notation J > I.
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where @, A, ¢ are respectively the following ordinary generating series

d>(t):Z<Dn%, MO =Y Aat, YO)=) Wat". (11)

n>1 n>0 n>1

The noncommutative symmetric functions {An}s>0 (with Ag = 1) are called elementary functions. The
elements {W,},>1 and {®,}n>1 are called power sums of first and second kind respectively.

Let I = (i1, ..., i) € (N;)*, one defines the products of complete and elementary symmetric func-
tions, and the products of power sums as follows (Gelfand et al., 1995)

St =Si...Si, Al=Ai A, V=0, o =0 D (12)
It is established (Gelfand et al., 1995) that
sl — Z(_l)l(])_W(l)AJ’ Al = Z(_])l(l)—w(l)sl; (13)
J=1 J=1
i v I 1()=1D) J
S'=) ——, w'=)"(-1 Ip(J,S; (14)
=1 (], 1) =1
J
Y=Y g V=X s (15)
(D) e 1(J.1)
2 .
A=Y (DT —— el =Y O D AT (16)
121 nu(.]5 I) ]il
o/ (D)
Al = (_])W(])—l(l) , ol = (_])W(])—l(l) A (17)
g p(J, D) ]Z; ((J. 1)

The k-algebra Symy possesses a finite-dimensional grading by the weight function defined, for any
composition I = (i1, ..., i), by the number w(S;) = w(I). Its homogeneous component of weight n
(free and finite-dimensional) will be denoted by Symy, and one has

Symy = Klsym, & P Symy,. (18)
n>1

The families {S"}eqv, ), {A"}eav,), {9 eav, ) and {®'}jev, )« are then homogeneous bases of
Symy. Recall that S% =A% =09 = 97 =1.

One can also endow Symy with a structure of Hopf algebra, the coproduct A, being defined by
one of the following equivalent formulas, with the convention that Sy = Ag =1 (Gelfand et al., 1995)

n n
ASn=) Si®Snis  Ahn=) Ai®Ani; (19)
i=0 i=0
AV, =10V, + ¥, ®1, APp=100,+ P, @ 1. (20)

In other words, for the coproduct A,, the power sums of the first kind {W},>1 and of the second
kind {®p}n>1 are primitive. The noncommutative symmetric function S; = A1 is primitive but {Sp};>2
and {An}n>2 are neither primitive nor group-like. Moreover, by (13), (14) and (15), one has

Si=A1 =01 =, (21)
With A,, the concatenation and the counit € defined by
vie Np*,  esh=(s"|1), (22)

one gets the bialgebra, (k(S1, S2,...),e,1, A,, €), over the k-algebra Symy. This algebra, N-graded by
the weight is, as we will see in Theorem 3.2, the concatenation Hopf algebra.
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2.3. Quasi-symmetric functions

Let us consider also an infinite sequence {M;}n,>1 of noncommuting indeterminates generating the
free associative algebra®

QSymkE(k(Ml,Mz,...),O,l) (23)

and define the elements {M;}jcqy, )+ as follows!”

Mg=1,VI=(i1,...,ix) € Np*, M =M;, ... M;,. (24)
The elements {M;};ca, )+ of QSymy are also called the monomial quasi-symmetric functions. They are
homogeneous polynomials of degree w(I). This family is then a homogeneous basis of QSymy.

With the pairing

VI, Je ND*, (S I Mpex =51, (25)
one endows the k-algebra QSymy with the structure of a bialgebra dual to Symy, (k(Mq, M2, ...),
*, 1, A,, &). Here,

1. the coproduct A, is defined by

Vie(Np*,  AdMp= Y. M, @My, (26)

I, Ipe(Np)*
Iely=I

2. the counit ¢ is defined by

Vie Np*, &M= (M]1), (27)

3. the product % is commutative and is associated, by (external) duality, to the coproduct A,. It can
also be defined, for any I € (N;)*, by

M]*MQ):MQ)*MIZM’ (28)
and for any I = (i,I') and J = (j, J') € (N} )*

My * M) =M;(Mp* M)+ MM %M ) + M j(Mp « Mj). (29)

Since the bialgebra QSymy is N-graded by the weight (as the dual of the N-graded bialgebra
Symy):

QSymy = k.1gsym, ® €P) QSymy, (30)
n>1

then it is, in fact, the convolution Hopf algebra. From the definitions, one has, for any K, I, J € (N;)*,

(ALSK M@ M )exe = (S| My » M) exes (31)
(AeMik | S'® ST )exe = (Mi | STST Yext. (32)

9 We here use the symbol = to warn the reader that the structure of free algebra is used to construct the basis of QSymy
which will be later free as a commutative algebra (with the quasi-shuffle product) and by no means as a noncommutative algebra
(with the concatenation product).

10 For the readers who are familiar with the standard representation, this (noncommutative) product corresponds to the or-
dered product of series.
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3. Monoidal factorization for Symy and QSymy
3.1. Combinatorics in shuffle Hopf algebras

Let Y = {y;}i>1 be a totally ordered alphabet.'’ The free monoid and the set of Lyndon words,
over Y, are denoted respectively by Y* and LynY. The neutral element of Y* is denoted by 1y«. Let
u=yi ...yi € Y* the length and the weight of the word u are defined respectively as the numbers
l(u) =k and w(u) =iy + ...+ ix. Let us define the commutative product over kY, denoted by u, as
follows (Bui et al., 2013b; Enjalbert and Hoang Ngoc Minh, 2012)

Yyn, ym€Y, W(Yn, Ym) = Ynim, (33)

or by its associated coproduct, A, defined by

n—1
VyneY, A;LJ/H=Z}’i®Yn7i (34)
i=1
satisfying,
Vx,y,zeY, (Aux|y®z)=(x|uy,2). (35)

Let k(Y) be equipped with

1. The concatenation e (or with its associated coproduct, A,).
2. The shuffle product, i.e. the commutative product defined by Reutenauer (1993), for any w € Y*,

wwlys=lysww=w (36)
and, for any x,y €Y and u,v e Y*,

Xuwyv=x(Uwyv)+ yEuwv) (37)
or with its associated coproduct, A, defined, on the letters, by

VykeY,  Auyk=yk®1+1Q yi (38)
and extended by morphism. It satisfies

Yu,v,weY* (AW U V)= (w |uwv). (39)

3. The quasi-shuffle product, i.e. the commutative product defined by Hoffman (2000), for any w €
Y™,

W lyr =lyswmw=w, (40)

and, for any y;,yjeY and u,veY”,

Yidwyiv=yj(yiuav)+ yiUwy;v) + uyi yj)Uuw=v) (41)

or with its associated coproduct, A ,, defined, on the letters, by

VykeY, A Ye=AwnYr+ Apyk (42)

and extended by morphism. It satisfies

Yu,v,weY*, (AW |u®Vv)=(W|uwv). (43)

M Byyi>y2>y3>....
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Note that A, and A, are morphisms for the concatenation (by definition) whereas their cor-
responding A is not a morphism'? for the concatenation (for example, for the two delta(s), one
has

A D =AY -yi®1-10y2=2y1® 1, (44)
whereas A (y1)? =0).

Hence, with the counit e defined by

VP e k(Y), e(P)= (P | 1y+), (45)
one gets two pairs of mutually dual bialgebras
Hu = k(Y),e, 1, AL, e), H=&(Y),u,1,A,, ) (46)
Hu =(k(Y), 0,1, Au, e), Hiy = K(Y), w,1,A,, e) (47)
Let us then consider the following diagonal series'?
DL.J=ZW®W and DM=ZW®W. (48)
weY* weY*

By the Cartier-Quillen-Milnor and Moore (CQMM in the sequel) theorem (see Bui et al., 2013b),
the connected N-graded, co-commutative Hopf algebra #,,, is isomorphic to the enveloping algebra
of the Lie algebra of its primitive elements which is equal to Liex(Y):

Ho, ZULie(Y)) and  HY, ZU(Lie(Y))". (49)

Hence, let us consider

1. the PBW-Lyndon basis {py}wey* for U(Liex(Y)) constructed recursively as follows (Chen et al.,
1958)

by =Y foryev,
pi = Ips.pr]  forlelynY\Y, (50)
pw =ppl...pl forw =0 [

where (s, r) is the standard factorization'# of I, I; ..., I belong to LynY such that [; > ... >,
2. and, by duality,'® the basis {sy }wey* for (K(Y),w), i.e.

Yu,veY*, (pulsy)=08uv. (51)
It can be shown that this linear basis can be computed recursively as follows (Reutenauer, 1993)
sy =, foryey,
S| = YSu, forl = yu € LynY,
soi u_l...l_uSLUik ) . (52)
Sw= e fory =0

l1!...lk!
and i > ... >, lh...,l, € LynY.

12 In a general bialgebra A, (g) =A(g) —g®1-10g+€(g)1 1.

13 Here, in Dy, and D, the operation on the right factor of the tensor product is the concatenation, and on the left is the
shuffle and the quasi-shuffle, respectively. One, of course, has D,;, = D+, but we want to stress the fact the treatment will be
different.

14 This is the factorization of I = sr in two Lyndon words such that r is of maximal length.

15 The dual family, i.e. the set of coordinate forms of a basis lies in the algebraic dual which is here the space of noncommu-
tative series, but as the enveloping algebra under consideration is graded in finite dimensions (by the multidegree), these series
are in fact multihomogeneous polynomials.



V.C. Bui et al. / Journal of Symbolic Computation 75 (2016) 56-73 63

Hence, we get Schiitzenberger’s factorization of D,

N\
Dy = 1_[ exp(s; ® pi) € H, &M (53)
leLynY

Similarly, by the CQMM theorem, the connected N-graded, co-commutative Hopf algebra H ., is iso-
morphic to the enveloping algebra of its primitive elements:

Prim(H ) = Im(7r1) = spany {7ty (w)|w € Y*}, (54)

where, for any w € Y*, 7r1(w) is obtained as follows (Hoang Ngoc Minh, 2013a, 2013b)

-1 k—1
m(w):w—i—z% Z (Wlltgw ... wug)uy...u. (55)

k>2 Ug,...,u €Yt
Note that (55) is equivalent to the following identity, which will be used later:
1
w=) o Do wlurw L wug) (U)W (56)

k>0 uq,...,ugeY*

In particular, for any yy € Y, the primitive polynomial 7r1(yy) is given by

(=D"!
T =Yt ) > Vi Vi (57)
1>2 J1ediz1
J1teti=k

As previously, (57) is equivalent to
1
V=) D mOs) M), (58)
k>1 """ si+-+sg=n
By introducing the new alphabet ¥ = {¥}yey ={m1(¥)}yey, one obtains
Huw = ULieg(Y)) ZUPHM(H w)), (59)
HY,, ZU(Liew(Y))Y ZUPHM(H ). (60)

We consider

1. the PBW-Lyndon basis {ITy }wey+ for U (Prim(H . )) constructed recursively as follows (Hoang
Ngoc Minh, 2013a, 2013b)

Iy, = m(y) foryey,
M, = [MI,] forleLynY\Y, (61)
M, = l‘I;:l‘IZ’: forw=1]...I},

where (s, 1) is the standard factorization of [, and I ...,y € LynY such that Iy > ... >,
2. the basis {Zy }wey+ within'® k(Y), obtained by duality, i.e.

Yu,veY* (Iy | Zy) =8y - (62)

It can be shown that this linear basis can be computed recursively as follows (Bui et al., 2013a;
Hoang Ngoc Minh, 2013a, 2013b)

16 same remark as previously, the grading being here provided by the weight.



64 V.C. Bui et al. / Journal of Symbolic Computation 75 (2016) 56-73

Xy=yY, foryey,
Vs sk,
% = Z #211..4“, forl=ys, ...ys € LynY,
O] ’ (63)
o B w B forw =l with
we i1!...i]<! ’ l]>...>lk€[,an.
In (!), the sum is taken over all subsequences {ki,...,kj} C{1,...,k} and all Lyndon words l; > --- >
Iy such that (ys,,...,ys,) & (ysk1 s Yo li,...,lp), where & denotes the transitive closure of the

relation on standard sequences, denoted by < (see Bui et al., 2013a).

Example 1 (of {ITw }wey+ and {Zw }wey+).

Hy1 = Y1,
Iy, = y2— %y%»
My,y; = Y251 —Yy1Y2,
Mysyiy, = Y3V1Y2 — 3Y3Y3 — Y2¥iy2
+ 1voyt = yiysya + 1yysy? 4+ 12y — 1y2yay?
— Y2y3y1 + 33y + yay1ys + 1¥3ysyi — 3v3vs + 3yiya,
Mysyyay = Y3Y1Y2V1 — ¥3Y2¥2 — 3Y2Y3Y2Y1 — Y1Y3Y2Y1 + Y1Y3yi1y2
+ 1v2¥3y1 — yay1ysvi — 3¥3vayiye + 1y2y1y2y3
+ Y2¥3y3+ y1¥2y3y1 — 3V1Y3YE — yiyayiys + 3yiy2yiye,
Ey1 = y1,
Eyz = Y2,
Yy,y; = Y2y1+ %J’&

Yysyiy, = Y3Y2y1+Yy3y1y2 + y% + %Y4Y2 + %ys + %ywl,
Zysyvan = Y3V1Y2¥ +]2y3yzy% + y23y§1+ %y§y11+ %J’3J/1%/3 +1y3y4
+ 3Yay2y1+ zY4y3 +ysy1+3¥Ys5¥2+3¥e¥1+3y7.

We get the following factorization for D, (Bui et al., 2013a; Hoang Ngoc Minh, 2013a, 2013b)

N
Duw= [] exp(Z@M) e HY, &Hu. (64)
leLynY

3.2. Encoding noncommutative symmetric and quasi-symmetric functions by words

Proposition 1. Let ) (t) be the following ordinary generating series of {yn}n>1:

VO =1+ g ynt" € QY)[e].
Then )(t) is group-like, for the coproduct A 4, .

Proof. We have successively (here, in order to make complete the correspondence S, we put yo=1)

ALY = Z[ D ys® yr]t” =Y ) st ® (ith).

n>0-r+s=n n>0r+s=n

Thus, A Y = Y®Y meaning Y is group-like (e()))=1). O

Proposition 2. We have G = Prim(#H ., ), where G is the Lie algebra generated by {{log) | t")}n>1.
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Proof. The power series log) € Q(Y)[t] is primitive, so by expanding it, we obtain
S S
logy(t):Z Z ZTIRN 2% ol ) B
k>1 $1,eeesSk>1

By (57), we get, for any n > 1, (log) | t") = m1(yn) and since {m1(¥n)}n>1 generates freely Prim(? . )
(Hoang Ngoc Minh, 2013a, 2013b), the expected results follow. O

Corollary 1.

YOy =1+ ZZ Yo ms) T st

n>1k>1 = Si+-+sg=n
H—1 —1~y)v)—
y ==Yy yy .

Proof. By virtue of (57) and (58), we get the first result. By using the identities YY1 =Y~1) =1y«
and then by differentiating, we get the second one. O

Corollary 2. Let us write the (group-like) power series ™' € Q(Y)[t] as follows

i)y '=1 +an ¢,

n>1

Then, for any n > 1, one has

n n
ZYixn—i =0 and inJ’n—i =0.
i=0 i=0

From this, we obtain an inductive formula of X, as follows
n
Xo=1, ¥n=1Xp=-) yiXni.
i=1

Proof. The results follow immediately by identification of the coefficients of t" in the second identity
of Corollary 1. O

Corollary 3. There exists a unique generating series L € Q(Y V[t] satisfying Y =LY and a unique generating
series R € Q(Y)[t] satisfying Y = VR. Moreover, L and R are primitive and, defining

L(t):ZLnt”’l and R(t):ZRnt'H,

n>1 n>1

one has, foranyn > 1,

n n
nyn = ZLiyn,i and ny, = Z.ViRnfiv
i=1 i=1

Ln—zly:xnl and Rn—zlxn iYi-

= i=1

Proof. On the one hand, by Proposition 1, one has

d -
YO =) nyn "

n>1
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On the other hand, such generating series exist since

Y=1Y and Y=DJR,
e L=YYy ' and R=Y"1y.

Hence, identifying the coefficients of t", the expected results follow. Moreover, since A ., commutes
with d/dt and is a morphism for the concatenation,

Aul=Q8Y+Y&MY &Y™
=Vy7'QYy T + Yy @Yy
=DV ' ®lys + 1@V,
AwR=Q1QY HIRY +Y&Y)
=y 'Ry Y+ Yyl yey Ty
=YV 1081y« +1y=@Y ).
Hence, A ., L = 1y+®L+L®1y+ and A ., R = 1y*®R+ R®1y+ meaning that L and R are primitive. O

More generally, with the notations of Corollary 3, one has

Proposition 3. For any k > 1, there exists a unique generating series Ly € Q(Y)[t] satisfying Y® = £,y
and a unique generating series Ry, € Q(Y)[t] satisfying Y® = YRy. The families {Lilk>1 and {Ry}k>1 are
defined recursively as follows

L1=L and Lp= L;,k_] + Ly_1L,
Ri=R and Ry=7Ri_1+RRi_1.

Proof. (By induction.) For k =1, it is Corollary 3. Then, suppose that the property holds for any
1 <n<k-—1, we see that, for n =k, such generating series exist since, by the induction hypothesis,

YO = Ly 1Y+ Lr1Y = (Leor + Lk L)Y
y(k) = yqu + ykkq =YV(RRy_1+ Rk—])~
Hence, £y = Lx—1 + Lx—1L and Ry = RRy—1 + Ri—q. O

Corollary 4. For any proper power series A, B, let ady B be the iterated Lie brackets defined by adg B =B and
ad}"!' B =[A, ad'}, B], for n > 0. Then,

ad?o Rk ad ., L,
_ g Y _ _qyn " logy ~K
E"_gim and Rk_g( e
Proof. Since £;) = YRy then
L= YRV~ " = exp(log Y)Ry exp(—log ) = exp(adiog y) Ri,
Ri =Y L1Y = exp(—log V) Ly exp(log V) = exp(ad_ jog ) Ly

Expanding exp, the results follow. O

Proposition 4. Let G be the Lie algebra generated by {Rn}n>1 (resp. {Ln}n>1). Then G = Prim(H ).
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Proof. By Corollary 3, one has on the one hand,
ZAmRn 171 = 1y ®ZR" 1 +ZRn "1 @ 1ys
n>1 n>1 n>1
= (ys @Ry + Ry @ 1y)t" .
n>1

Thus, by identifying the coefficients of t"~! in the first and last sums, one has A w Ry, = 1y ® Ry +
R, ® 1y+, meaning that R, is primitive. On the other hand, according to basic properties of quasi-
determinants (Gelfand and Retakh, 1991, 1992, see also Gelfand et al., 1995), one has

Ri Ry ... Ru—1 Ri Rz ... Ry

-1 Ry ... Ru—z Ru -1 Ry ... Ruz Run
nya=|0 -2 ... Raos Rpa|_|0 -1 ... IRn3 3Ra2| g

0O 0 ... —n+1 Ry 0O 0 ... -1 iR

Hence, for any | = (j1, ..., jn) € (N;)*, by denoting R/ = Rj, ...Rj,, one obtains
R/ R R/
D D I DRy s (%)
w(])=n w()=nl(])>1

It means that yj, is triangular and homogeneous in weight w.r.t. {Ri}x>1. Conversely, R, is also tri-
angular and homogeneous in weight in {yx}x>1. The Ry’s are linearly independent and generating
and then constitute a new alphabet. In the same way, the L;’s are primitive, generating and linearly
independent. The expected results follow.

Definition 1. For S =1L or R, let
1 {H‘(,f)}wey* be the families of H ., defined as follows

ny = L,ifS=1
or R,if S=R, foryp,ev,
1'[1(5) = [n§5>, l'[ﬁs)], forl=(s,r) € LynY,
S _ (S)\i (S)yig i i
" = (I )i Yy )k, forw =1 [}
and l; > ...>lg,lh..., I, € LynY.
2. (2} yey~ be the families!” obtained by duality with {1 }wey+:

vu,v e Y (MY | £5) = duy.
Theorem 3.1.

1. The family {H,(S)}legyny forms a basis of the Lie algebra Prim(H ., ).

2. The family {l'lf,;,g)}wey* forms a basis of UU(Prim(H 1)) = H 1.

3. The family {E‘(/f)}wey* is a basis of k(Y.

4, The family {El(s)}leﬁyny forms a transcendence basis of (K(Y), w, Tyx).

17" A priori they are series but, due to the grading in weight, they are in fact polynomials.
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Proof. The family {Hl(s)}leﬁyny of primitive upper triangular homogeneous in weight polynomials is
generating and free and the first result follows. The second is a direct consequence of the PBW the-
orem. By duality with the second (and from the fact that the bases are homogeneous in weight), we

get the third one and the last one is obtained as a consequence of the constructions of {Zl(s) Ve Lyny
S
and {E\Sv)}WEY*' O

Corollary 5. We have, for S =L or R,

N
Do = l_[ exp(El(s) ® l'll(s)).
leLynY

Example 2 (of {T13} }yey+ and {S4 hwey+ ).
;) = y1,
Iy, =2y, — yi,
l'l(y?yl =2y2y1 —2y1y2,
4,1y, = 6y3y12 — 3y3¥; — 3y3y2y? +2y2y3
— 6Yy2y1y2 +2y2yT + 2y1y2y1Y2 — Y1y2)3
+3y1y3y1 — 6y1¥3y2 + ¥iy2y1 +3¥1y3y
+¥1y2 = 3y1y3 — 2y2y1y2¥1 +4y5y7 — 6y2y3y1 + 6y251¥3.
H§1L3)y1y2y1 =6y3¥1Y2¥1 +2Y2Y3y2 — 6Y2Y2y2y1 +4y1Y2Y1Y2V1
—6y3yiy2 +2yiy3y1 — 2¥1y2y1Y2 — 6y1Y3¥2)1
+6y1y3y1¥2 +4y2y1¥2Y7 — 6y2Y1y3¥1 + 6Y2y1y3
—4y1y3y3 +6y1y2y3y1 — 6y1¥2Y1Y3.

L
Z§/1)=Y1,
w_ 1
Eyzziy2a
1 1
(L)
Xy = EYZ.Vl + §.V37
s L e
y3y1y2—GY3y1y2 6}’3)’2}/1 6}/3 8Y4Y2 10}/53/1 12)’6,
(L 1 1 1 2, 1 2,9 o 1
Zyyiyays = gy3y1yzy1 + §Y3Y1Y3 + §Y3Y2y1 + gyayz + ﬁy3yl + §Y3Y4
o . +lysyrg L +2 .
8)’4}/23/1 ]2Y4Y3 5Y5y1 1Oysyz 36YGY1 21)’7.

Example 3 (of {IT}} }wey+ and {S§ }wey+ ).
R
ng) =Y1,
R
H}z) :2y2 - ,V%,
N4y, =2y2y1 —2
yoy1 — «Y2)1 y1y2,

R
), =6y3y1y2 + ¥2yi — 6y292y2 + y1y293 — 2y1y201¥2 — 3y3Y3
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—3y1y2y% +4y3y5 +3y1y3y3 — 6y1y3Y2 +2y2y1¥2Y1 — 6Y2Y3¥1
— ¥3y2y1 +3Y3y3y1 +2y1y2 — 3yiys + 2y5y2 + 6y2y1y3,
R
) oy = 6Y3Y1Y2V1 — 223 V2 — 4Y1Y2Y1Y2Y1 + 6Y1Y2Y2y2 — 6y3¥2y2
+4y2y3y1 —4yiyay1y2 — 6y1y3Y2y1 + 6Y1Y3Y1Y2 + 6Y1Y2Y3¥1

+2y2y1Y2¥% — 6y2Y1Y3Y1 +6y2¥1y3 — 2y1¥3Y3 — 6y1Y2Y1V3,

R
23(/1) =1,
1
(R)
Eyz = §y27
1 1
R
E;lz;/] = 53’23’1 + 6}137
s ® 1 +1 +1 +1 +12+1
V3y1y2 — 6)’3)’1)’2 40}/6 ]5)’5)’1 24J/4Y2 6)’3 6}/3}/23/1,
5 ® 1 n 1 " 13 " 13 " 1
Vay1yay: — 63/33’1)’2}’1 183’3}’1)’3 25203/7 360}/63/1 15y5y2
4 . . w22y 4 Ly
72J/4y3 243/4)/2}’1 18}/3)/4 9J’3J/1 6}’33/2
SRR N 3
15515)’1 BY3Y2J/1-
Note that the u = y;, ...y, € Y* are in one-to-one correspondence with the I(u) = (i, ..., i) €

(N3)* (1y+ corresponding to [], the empty list). Note also that noncommutative symmetric and quasi-
symmetric functions can be indexed by words in Y* instead of compositions in (N,)*. Indeed, let J
be a composition, finer than I, associated to the word v and let J = (J1,..., Jx) be the decomposition
of J such that, for any p=1,...,k, w(Jp) =ip and J, is associated to u, with w(up) =1ip,. Then, if
(s1,...,8) =1(v) < I(u), u has the unique factorization u = uy...uy such that the weight of u; is s;
and this will be denoted as a bracketing of the word u.

Example 4. One has

e (1,2,2)x(1,(1,1),2)=(1,1,1,2) <= y1y2y2 2 y1(¥1¥Y1) Y2 = Y1Y1Y1Y2.
e (1,2,2)x(1,2,(1,1) =(1,2,1,1) «<— y1¥y2y2 2 Y1y2(¥1¥y1) = Y1Y2Y1)1.
e (1,2,2)x(1,(1,1), (1, 1) =(1,1,1,1,1) <= y1y2y2 2 y1(y1yD)Y1y1) = y1¥1Y1y1)1-

s &

Hence, we can state the following

Definition 2. Let S and M be the following linear maps

S:(ki(Y),e,1,A,e) — (k(51,S2,...), 0,1, Ay, €),
U=Yi ... Vi —> Su) = S0,

M (K(Y), w,1,A,,e) — (K(Mq, Ma,...),x,1,A,,¢),
U=Yyi...yj—> M) =Mdq, -

Theorem 3.2. The maps S and M are isomorphisms of Hopf algebras.

Corollary 6. Let G be the Lie algebra generated by {I1y}ycy. Then, we have Symy = U/ (G).
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Corollary 7. The families {M (D) }ic cyny and {M (X)) }ic cyny are pure transcendence bases of the free commu-
tative k-algebra QSymy,.
Corollary 8. Let w = y;, ... y;, € Y* be associated to I(w) = (i1, ..., ix) € (N1)*. Then, we have

I

O]
s'=S(w), ) =S myi), ¥ =SRw).

Proof. On the one hand, the power series },log) and L, R € k(Y)[t] are summable. On the other
hand, by (9) and (10), since S is continuous and commutes with log, one can deduce

o) =SY®) =1+ Syt

k>1
o
>t =logo () = SogY(©) = 3 S (it
=1 k=1
Z Utk =y (t) = S(R()) = ZS(Rk)tkfl,
=1 k>1
Ztk—up; =y*(t) =S(L({t)) = ZS(Lk)tk_].
k=1 k=1

Thus, the expected result follows immediately. O

3.3. Monoidal factorization and dual bases for noncommutative symmetric and quasi-symmetric functions

Definition 3. With the notations of (64), let us consider the following noncommutative generating
series {M(W)}wey+ and {S(W)}wey*

M = Z M(w) w € QSymy ((Y)),

weY*

S= ) S(w)w eSymy((Y)).

weY*

Proposition 5. For the coproduct A .., using (64), the generating series M is group-like (and then the gener-
ating series log M is primitive).

Proof. The first result follows from Friedrichs’ criterion (Hoang Ngoc Minh, 2013a, 2013b). By using
the previous result and by applying the log map on the power series M, we get the second result. O

Corollary 9.
N
M= H exp(M (X)) ) € QSymy ((Y)),
leLynY
logM = Z Mw) mi(w) € QSymy((Y)).
weY*

Proof. The first identity is equivalent to the image of the diagonal series D, by the tensor M ® Id.
The second one is then equivalent to the image of

logDw =ld®@m1 (D)
by the tensor M ®Id. O
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Finally, using (64) we deduce the following property which completes formula (120) given in
Gelfand et al. (1995):

Corollary 10. We have, for S =L or R,

N N\
> Mwsw = [T expemEpsay= [ exomE™) sar.
weY* leLynY leLynY
Or equivalently,
N N
> MySw= [] expMs, Sn) =[] exp(Mys) Spys)
weY* leLynY leLynY

Proof. By Theorem 3.2, the first double identity is obtained as the image, by the tensor M ® S, of
the diagonal series D, and the second as the image, by the tensor Id ® 71, of the series M. O

Note that these formulas are universal for any pair of bases in duality one of them being of PBW
type and they do not depend on the specific (infinite) alphabets, usually denoted by A and X, used
to define S(A) € Symy(A) and M(X) € QSymy (X).

Example 5 (Cauchy type identity). Let A be a noncommutative alphabet and X a totally ordered com-
mutative alphabet. The symmetric functions of the noncommutative alphabet XA are defined by
means of

o(XAit)=Y Sa(XAt":=]]o(A:x).

n>0 xeX

Let {Uj}reqv,)* and {Vi}ieqv, )+ be linear bases of respectively Symy (A) and QSymy (X). The duality
of these means that'®

oXA; D= Y MiX)S' (A=Y Vi(X) Ui(A).
Te(N4)* Te(N4)*

Typically, the linear basis {Uj}jeay,)+ is the basis of ribbon Schur functions {Rj}jeay,)+, and, by
duality, {V}jeqv, )+ is the basis of quasi-ribbon Schur functions {Fi}eq,)+:

o(XA = Y M,<X)[ > R:(A)]

Ie(Np)* Lje(Np)*
J=I

= > [ > M,<X>]RJ<A)

Je(Np)* =1 Je(Np)*
=]

= Y Fj(XRj(A).
Je@p)*

Also, if one specializes the alphabets of the quasi-symmetric functions {M;}jcv, )« and {Fi}jeqv,)*
to the commutative alphabet X, = {1, q, g%, ...} then the generating series 0 (XqA;t) can be viewed
as the image of the diagonal series D, by the tensor f ® S:

0 (XA 1) = (f ®S)Ds, (66)

18 e, the formula (120) given in Gelfand et al. (1995).
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where f is the map defined as follows

f:QIY] — QIXgllt],  yir—>q't. (67)

Hence, one has

Example 6 (Generating series of the analog Hall-Littlewood functions). Let Xq = 1/(1 — q) denote the
totally ordered commutative alphabet Xq ={--- <q" <--- <q < 1}. The complete symmetric functions
of the noncommutative alphabet A/(1 — q) are given by the following ordinary generating series

a(— )= an =[JoA:q".

n>0 n>0

Hence, by specializing each letter x; € X to qi in M;(X):

o(— 1= ]'[Zs,q

n>0i>0

Z |: Z qZZ:l "kik]sl(A)

I=(i1,....ir) "ny>..>ny>1
Ie(Ny)*

Z M;(X)S'(A).

le(Np)*

4. Conclusion

Once again, Schiitzenberger’s monoidal factorization plays a central role in the construction of pairs
of bases in duality, as exemplified for the (mutually dual) Hopf algebras of quasi-symmetric functions
(QSymy ) and of noncommutative symmetric functions (Symy), obtained as isomorphic images of the
quasi-shuffle Hopf algebra (H ) and its dual (H},, ), by M and S respectively.
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