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Abstract. We study, by means of a fragment of theory about non-
commutative differential equations, existence and unicity of Drinfel’d
solutions G;,i = 0,1 (with asymptotic conditions). From there, we give
examples of Drinfel’d series with rational coefficients.
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Noncommutative differential equations
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1 Knizhnik-Zamolodchikov Differential Equations
and Coefficients of Drinfel’d Associators

In 1986 [11], in order to study the linear representations of the braid group B,
coming from the monodromy of the Knizhnik-Zamolodchikov differential equa-
tions, Drinfel’d introduced a class of formal power series @ on noncommutative
variables over the finite alphabet X = {z¢, z1}. Such power series ¢ are called
Drinfel’d series (or associators). For n = 3, it leads to the following fuchsian
differential equation with three regular singularities in {0, 1, +-00}:

(DE) dG(z) = <xodz I )G(z).
z 1—=2

This is connected to the fact that the pure braid group on three strands Pj is
the semi-direct product of the pure braid group on two strands (a copy of Z)
with a copy of the free group on two generators. Although this interpretation of
(DE) does not play an explicit role below, it can be kept in mind with a view
towards applications.

Solutions of (DE) are power series, with coefficients which are mono-valued
functions on the simply connected domain 2 := C\ (] — 0o, 0]U[1, +o0[) and can
be seen as multi-valued over! C\ {0,1} on noncommutative variables on X.

! In fact, we have mappings from the universal covering C \ {0, 1}.
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Drinfel’d proved that (DE) admits two particular mono-valued solutions on
2 [12,13]

Go(z) explxg log(z)] and G1(z) exp[—z1 log(1 — z)]. (1)

z~0 z~1
and the existence of an associator @xz € R((X)) such that Go = G1Pkz
[12,13] but he did not make explicit neither Gg and G nor @ ». After that, via
representations of the chord diagram algebras, Lé and Murakami [26] expressed
the coefficients of @i as linear combinations of special values of several complex

variables zeta functions, {¢,}ren,

1
C’I":HT—)R7 (Sl,...,Sr)'—> Z ) (2)

ni>...>nEg>0 1 k

where H, :={(s1,...,8,) € C"|Vm =1,.,7, > 1~ R(s;) > m}.

For (s1,...,8:) € H,, one has two ways of thinking (.(s1,...,s,) as lim-
its, fulfilling identities [1,20,21]. Firstly, they are limits of polylogarithms and
secondly, as truncated sums, they are limits of harmonic sums:

ny
Lis,,. s, (2) = Z ﬁ, for z € C, 2| < 1, (3)
ni>..>nE>0 1 Tk
al 1
Hslww,Sk(N) = Z PP TR for N € N,. (4)
ni>..>nE>0 L Tk

More precisely, if (s1,...,s,) € H, then, after a theorem by Abel, one has

llinl Lis, .. s (2) = nl_{go Hs, s (n) = (51,05 81) (5)
else it does not hold, for (s1,...,s,) ¢ H,, while Liy, 5, is well defined over

{z € C,|z| <1} and sois Hy, .. s, as Taylor coefficients of the following function

L.S S
Loy (2) _ S H,,.s(n)2" for 2 € C, || < 1. (6)

For r = 1, (7 is nothing else but the famous Riemann zeta function and,
for r = 0, it is convenient to set (p to the constant function s — 1g. In all the
sequel, for simplification, we will adopt the notation ( for (., € N.

In this work, we will describe the regularized solutions of (DE). Remark also
that replacing letters {z;}i—o,1 by constant matrices {M;};=0,1 (resp. analyti-
cal vector fields {A;}i—0,1), one deals with linear (resp. nonlinear) differential
equations [3,5,19,25] (resp. [6,9,22]). Hence, (DE) can also be considered as
the universal linear and nonlinear differential equation with three singularities.
Therefore these computations can undergo an automatic treatment (see, for
instance [16] and the subsequent sessions).

For that, we are considering the alphabets X := {xo, 21} and Yy := {ys}s>0
equipped with the total ordering zg < z1 and yg > y1 > y2 > ..., respectively.
Let us also consider Y := Y5 \ {yo}-
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The free monoid generated by X (resp. Y,Yy) is denoted by X* (resp.
Y*,Yy) and admits 1x« (resp. ly«,lyy) as unit. The sets of polynomials and
formal power series, with coefficients in a commutative Q-algebra A, over X*
(resp. Y*,Y") are denoted by A(X) (resp. A(Y), A(Yp)) and A((X)) (resp.
A((Y)), A{(Yp))), respectively.

The sets of polynomials are A-modules and endowed with the associative
concatenation, the associative commutative shuffle (resp. quasi-shuffle) product,
over A(X) (resp. A(Y'), A(Yp)). Their associated coproducts are denoted, respec-
tively, Ay and A, .

The shuffle algebra (A(X),l,1x+) and quasi-shuffle algebra (A(Y), 1, 1y+)
admit the sets of Lyndon words denoted, respectively, by LynX and LynY, as
transcendence bases [27] (resp. [22,23]).

Now, for Z = X or Y, denoting Lie4(Z) and Lie4((Z)) the sets of, respec-
tively, Lie polynomials and Lie series, the enveloping algebra U(Lie4(Z)) is iso-
morphic to the (Hopf) bialgebra

Hw(Z) := (A(Z), ., 12+, Ay, €). (7)
We get also
Huw (V) = (AY), ., 1y«, A, e) 2 UPrim(H w (YV))), (8)
where Prim(H w (Y)) = span 4 {m (w)|w € Y*} and, for any w € Y* [2,22,23],
1 (w) —(zw‘i (- S (e . s 9)
el Ut ur €Y F

The paper is organised as follows: Sect. 1 is devoted to setting the combina-
torial framework of noncommutative differential Knizhnik-Zamolodchikov equa-
tions and Drinfel’d associators. Afterwards, in Sect. 2, we recall some algebraic
structures about polylogarithms and harmonic sums, through their indexing by
words. In Sect. 3, we will study, by means of a fragment of theory about noncom-
mutative differential equations?, existence and unicity of Drinfel’d solutions (1).
Finally, in Sect. 4, we will renormalize solutions of (DFE) and will regularize them
at singularites. Also some examples of Drinfel’d series with rational coefficients
are provided. Some results in this paper have been presented in [10], as preprint,
but never published before (see also [24]).

2 Indexing Polylogarithms and Harmonic Sums by
Words and Their Generating Series

For any r € N, any combinatorial composition (s1,...,s,) € N'. can be associ-
ated with words

eyt ey ay T e € Xy and g, -y, €Y (10)

2 The main theorem, although not very difficult once the correct setting has been
implemented, is very powerful and new here in its two-sided version (see Subsect.
3.1).
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Similarly, any multi-index® (s1,...,s,) € N can be associated with words
Ysy - - - Us, € Y. Then let us index polylogarithms and harmonic sums by words
[2,21]):

(log(2))"

Lla:g(z) = rl ’ leglflml...szflzl = Llsl,.,,,s,,.; Hysl...ysT = Hsl,‘..,sr- (11)

Similarly, let Li_s, . _s, and H_;, s, be indexed by words* as follows [7,8]:

- z \ L. ,
Li,,(2) := (1 —z) oLiy . =Lig . s and (12)
Ho(n) = (") = 0 =H
yS(n) T\ )l DT s Yayp T T TS TS

There exists a law of algebra, denoted by T, in Q((Yp)), such that the mor-
phism (14) of algebras is surjective. With this, we get the following [7]

Hy  (Q(Yo), w, 1yy) — (Q{H fwevy, x, 1), wr— Hy, (13)
Lig : (Q(Yo), T, 1y;) — (Q{Liy, buwevy, X, 1), w— Li,, (14)

such that [7]
kerHy = kerLi; = Q({w — wTly;[w € Y5}). (15)

Moreover, the families {H,, }r>0 and {Li,, }x>0 are Q-linearly independent.
On the other hand, the following morphisms of algebras are injective

HO . (Q<Y>7 L, 1Y*) — (Q{Hw}wEY*7 X, 1)7 w Hwa (16)
Lie : (Q(X),l) 1x+) — (Q{Liy bwex*, X, 1), wr—— Li,. (17)

Moreover, the families {Hy, }wey+ and {Liy fwex+ are Q-linearly independent
and the families {H;}iecyny and {Li;}iccynx are Q-algebraically independent.
But at singularities of {Liy, }wex+, {Hw twey+, the following convergent values

Yu e Y* —y1 Y™ ((u) := Hy(+00) and Vv € 29X 21, {(v) := Li,(1) (18)

are no longer linearly independent and the values {H;(4+00)}iecyny\fy,} (r€sp.
{Li;(1) }ie£ynx\x) are no longer algebraically independent [21,28].

The graphs of the isomorphisms of algebras, Li, and H,, as generating series,
read then [3,4,21]

N\ N
L:= Z Li,w = H el and H .= Z Hyw = H ef=dh (19)
weX* leLynX wWEY * leLynY

3 The weight of (s1,...,s,) € N (resp. N7) is defined as the integer si + ...+ s,
which corresponds to the weight, denoted (w), of its associated word w € Y™ (resp.
Yy') and also (in the case of Y) to the length, denoted by |u|, of its associated word
ue X"

4 Note that, all these {Li;}weyo* and {Hy }weyo* diverge at their singularities.
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where the PBW basis { Py, }wex* (resp. {Il, }wey~) is expanded over the basis
of U(Lies (X)) (resp. U(Prim(H w (Y))), {Fihiccynx (resp. {Mi}iecyny), and
{Sw twex+ (resp. { Xy bwey~) is the basis of the shuffle (Q(Y),LL, 1x+) (resp. the
quasi-shuffle (Q(Y'), w ,1y+)) containing the transcendence basis {S;}icynx
(resp. {Zl}leﬁan)~

By termwise differentiation, L satisfies the noncommutative differential equa-
tion (DFE) with the boundary condition L(z ):\O/ e®0108(2) Tt is immediate that
the power series H and L are group-like, for A 4, and A, respectively. Hence, the
following noncommutative generating series are well defined and are group-like,
for A, and Ay, respectively [21-23]:

N\ N\
AT H M= (ool ang 7, = H elsi (P (20)
leLynY \{y1} leLynX\X

Definitions (5) and (18) lead then to the following surjective poly-morphism

(QlX* @ $0Q<X>.T1,LU7 1X*)

C : — Za ><7 1 ) 21
@Qly- & (Y = {;n HQY), =, 1y+) ( ) 2!
7‘1—1 T’kfl
oty ot S ek, (22)
Ysi -+ -Ysy

ni>...>nE >0

where Z is the Q-algebra generated by {C() }iecynx\x (resp. {C(S1) hieynx\x)s
or equivalentIY7 generated by {C(l)}leﬁan\{yl} (I‘GSp. {((El)}le[,an\{y]})‘
Now, let t; € C, |t;| < 1,4 € N. For z € C, |z| < 1, we have [1§]

1
Z len t’ll — ZtO and Z Lll 1 = m (23)

n>0 n>0

These suggest to extend the morphism Li, over (Dom(Li,), L, 1 x+), via Lazard’s
elimination, as follows (subjected to be convergent):

Lis:) = (sl S ST S (sitin), @)

n>0 kE>1we(zgzy)rad

with C(X)LLC™ ((xo))LLC™ ((z1)) C Dom(Li,) C C**((X)) and C™*((X))
denotes the closure, of C(X) in C(X)X, by {+,.,*}. For example [18,19],

1. For any z,y € X and for any 4,5 € Ny, u,v € C such that |u| < 1 and |v| < 1,
since

(uzx +vy)* = (zz)*W(vy)* and (z*) = (iz)* (25)

then

Li g yay s (2) = (1—z) (26)
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2. Fora e C,z € X,i € Ny, since
(az)* = (az)*LU(1 4 az)*! (27)
then
1—1
" i— 1\ (alog(z))*
Ll(amo)*i(Z) =z < i ) X ,
k=0
i—1 .
) 1 i— 1\ (alog((1—2)~1)*
Ll(aml)*i(z) = T e ( ) 1 . (28)
(1-2) =\ k k!
3. Let V = (tywo)™ ay 'ay ... (trwo)**ray  tay, for (s1,...,8,) € N’,. Then
z™m
Liy(z) = . (29)
n1>.Z>:n,,.>0 (n1 —t1)% ... (np — t,)%"
In particular, for s; = ... = s, =1, one has
_ ni—1 ny,—1
Liy(z) = Z Li e, 8,T_lxl(z) 7 t
n1,...,Nyp>0
> (30
- n1>..>n.>0 (1 =t1).. (nr =)
4. From the previous points, one gets
La a€Z,bEN
{Lis}secxyuclesue](—s)uclz:] = Spanc{bLiw(Z)}
(1 - Z) weX*
C spanc{Lis, .. s, }si,....s,ezr ® spanc{z®la € Z}, (31)
pre a,beC
{LiS}S€C<X>Lu(Crat<<m0>>m(:rat<<ml>> = spanc{bLiw(z)}
(]‘ - Z) weX*
C spanc{Lis,,....s, }si,....s,ecr @ spanc{z”|a € C}.  (32)

3 Noncommutative Evolution Equations

As was previously said, Drinfel’d proved that (DE) admits two particular solu-
tions on {2. These new tools and results can be considered as pertaining to the
domain of noncommutative evolution equations. We will, here, only mention what

is relevant for our needs.

Even for one sided ® differential equations, in order to cope with limit initial

conditions (see applications below), one needs the two sided version.

5 As the left (DE) for instance (see [6]).
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Let then 2 C C be open simply connected and H({2) denotes the algebra of
holomorphic functions on 2. We suppose we are given two series (called mul-
tipliers) without constant term M, M> € H(£2)1((X)) (X is an alphabet and
the subscript indicates that the series have no constant term). Let then

(DE,) dS = M, S + SM,.

be our two sided differential equation. A solution of it is a series S € H(£2){((X))
such that (DEs) is satisfied.
In the sequel, we will use of the following lemma.

Lemma 1. Let B be a filter basis on £2 and S a solution of (DE3) such that
limp(S(2)|w) =0, for allw € X*, then S = 0.

Proof. Let us suppose S #Z 0 and w be a word of minimal length of supp(.5).
Then for this word, one has

d
£<S|w> = (M1 S + SMs|w) = 0,

due to the fact that M; have no constant term. Then, for this word, z — (S(z)|w)
is constant on 2. But, due to the fact that limg(S|w) = 0, one must have this

constant to be zero in contradiction with the reasoning on the support.

3.1 The Main Theorem

The following theorem, although not very difficult to establish once the correct
setting has been implemented, is very powerful and new here in its two-sided
version.%

Theorem 1. (i) Solutions of (DE3) form a C-vector space.

(ii) Solutions of (DE3) have their constant term (as coefficient of 1x«) which
are constant functions (on {2); there exist solutions with constant coefficient
1o (hence invertible).

(iii) If two solutions coincide at one point zg € §2, they coincide everywhere.

(iv) Let be the following one-sided equations

(DEW) dS =MS and (DE®) dS = SM,,

and let S;,i = 1,2 be a solution of (DE(i)). Then S1S3 is a solution of
(DE,). Conversely, every solution of (DEs) can be constructed so.

(v) If M;,i = 1,2 are primitive and if S, a solution of (DE,), is group-like at
one point, (or, even at one limit point) it is globally group-like.

Proof. (i) Straightforward.

5 Tt implies the previous (one-sided) version [6] which was aimed at the linear inde-
pendence of coordinate functions.
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(ii) One can use Lemma 1 or directly remark that the map S — (S|1x«) = €(.5)
is a character (of H(£2)((X))) which commutes with the derivations, i.e.,

d
dsS) = —¢(9).
(dS) = - (8)
Hence, as €(M;) = 0, for every solution of (DE>), one has £ (e(S)) = 0
whence the claim, as {2 is connected.
Now, for each zg € {2, one can construct the unique solution of (DEs) such
that S(z09) = 1x~ by the following process (Picard’s process)

So =1x+, Spy1=1x~ +/ M;(8)Sn(s) + Sn(s)Ma(s)ds

(term by term integration). Due to the fact that M;(s),7 = 1,2 has no con-
stant term, its limit S, := lim, .o Sy, exists and is such that S7,.(z0) =
1x~+. Then its constant term is everywhere 1¢ (i.e. (S7,.|1x+) = 1) and
therefore S7,. is invertible in H(£2)((X)).

(iii) In fact, the previous reasoning can be carried over for any length (in point
“ii” it was for length 0). The claim is an easy consequence of Lemma 1.

(vi) The fact that the product S;Sy (for S;,i = 1,2 solutions of (DE®)) is a
solution of (D E3) is straightforward. Let us now suppose S to be a solution of
(DEs) and set, here for short, Sy := S7,_, the corresponding Picard solution
of (DE®) (notation as above). We now compute with T':= S(S5)~*

dT = d(S(S2)™1) = dS(Sy) " + 5d(S,)
= (M S + SMy) + S(—S) " 'dS2(S2) ™! = M T,

which proves the claim (as S = T'Ss).

(v) One first remarks that the two preceding points hold if (DE5>) is stated for
series over any locally finite monoid [15]. Such a monoid M has the property
(and in fact is defined by it) that every element 2 € M has a finite number
of factorizations

T=x1... 0, withaz; € M\ {1p},

and the length above is replaced by I(x) := sup(n) for all factorisations as
above’. Series over M are just functions S € RM (the ring R here is R =
H($2) and (S|m) is another notation for the image of m by S), polynomials
are finitely supported series S € R™) and the canonical pairing series-
polynomials, (S|P) reads

(SIP):= " (Slm)(m|P).

meM

" For example I(1a) = 0 and I(z) = 1 for z € My \ (M4)? (with My = M\ {1ax})
the minimal set of generators of M [15]).
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Now, we return to the monoid X* but we will reason on M = X* ® X* ~
X* x X* (direct product, thus also locally finite). Let S be a solution of
(DEs3) with M;,i = 1,2 primitive (hence without constant term). One has

d(S®5)=dS® S5+ S®ds
= (M1 S+ SMy)®S+S® (MS+ SM,)
=(Mi®1+410M)(S®S)+ (S®@S)(Ma®1+1® M),
d(AL(S)) = (Aw(dS)) = Au(M; S+ SMy) = Ay(My) Au(S) + Aw(S) Aw(Ma)

(again M = X* @ X* C H(2){X) ® H(£2){X), all tensor products are over
H(£2)). Hence, we see that S ® S and Ay(S) (double series, i.e., series over
X* ® X*) satisfy two-sided differential equations with the same multipliers
(left: M1 ®1+1 ®M1 = Am(Ml) and Tlght: M2 ®RI1I+1® M2 = Am(Mg)),
then it suffices that they coincide at one point of 2 in order that Ay (S) =
S®S (the property (S|1x~) = 11is granted from the fact that S is group-like
at one point of £2).

Remark 1. — Every holomorphic series S(z) € H(§2)((X)) which is group-like
(A(S) = S® S and (S|lx~)) is a solution of a one-sided dynamics with
primitive multiplier (take M; = (dS)S™! and My = 0, or My = S~1(d9)
and M; = 0).

— Invertible solutions of an equation of type S’ = M;S are on the same orbit
by multiplication on the right by invertible constant series, i.e., let S;,i =
1,2 be invertible solutions of (DEM), then there exists an unique invertible
T € C{{X)) such that S; = S1T. From this and point (iv) of the theorem,
one can parametrize the set of invertible solutions of (DEs).

3.2 Application : Unicity of Solutions with Asymptotic Conditions

In a previous work [6], we proved that asymptotic group-likeness, for a series,
implies® that the series in question is group-like everywhere. The process above
(Theorem 1, Picard’s process) can still be performed, under certain conditions
with improper integrals. We then construct the series L recursively as

3 — n
it w=a2af

n!
(L(2)|w) = /O B L) i w= 21 (33)

“d
/ ;(L(z)\uxlx(’ﬂ if w=mzouzizy.
0

8 Under the condition that the multiplier be primitive, result extended as point (v) of
the theorem above.
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One can show that (see [6] for details):

— this process is well defined at each step and computes the series L as below;
— L is solution of (DE), is exactly Gy and is group-like.

We here only prove that Gg is unique using the theorem above. Consider the
series

T(z) = L(z)e %0 08(=), (34)

Then T is solution of an equation of the type (DE5)

T'(2) = (io + 1SE_12>T(Z) + T(z)%wo, (35)
but
Jlim Go(z)em0 8 =1, (36)
so, by Theorem 1, one has
Go(z)e ™ log(z) _ L(z)e log(z) (37)
and then?
Go = L. (38)

A similar (and symmetric) argument can be performed for G; and then, in
this interpretation and context, @z is unique.

4 Double Global Regularization of Associators

4.1 Global Renormalization by Noncommutative Generating Series

Global singularities analysis leads to to the following global renormalization
[3,4]:

=) ) (39

lim exp <—y1 log 1

= Jim eXp(Z H,, (n) (_il)k>H(n) —

k>1

Thus, the coefficients {{(Zy|u)buex+ (ie. {Qu(w)}tuex+) and {(Zw|v)}pey-
(i.e. {Cws(v)}yey=) represent the finite part of the asymptotic expansions,
in {(1 — z)_“logb(l — %) }apen (resp. {n_“Hl{(n)}a,beN) of {Liy}uex+ (resp.
{Hy }vey+). On the other way, by a transfer theorem [17], let {7, }vey~ be the

9 See also [24].



156 G. H. E. Duchamp et al.

finite parts of {Hy, }yey =, in {n~* logb(n)}mbeN, and let Z, be their noncommu-
tative generating series. Hence,

Yo - (Q<Y>a tHalY")—>(va71)7 W — Yw, (40)
is a character and Z, is group-like, for A ;. Moreover [22,23],

N

Zy=expyy) ] epC(E)m) = exp(yy1)Zw. (41)
leLynY \{y1}

The asymptotic behavior leads to the bridge!? equation [3,4,22,23]
Z = B(y1)my (Zu), or equivalently Zy, = B'(y1)my (Zu), (42)
where (see [3,4] and [22,23])
B(y1) =exp (vyl—Z(—yl)’“C(:)> and B'(y1)=exp (— Z(—yﬂ’“q:)) (43)
k>2 k>2
Similarly, there is C,, € Q and B, € N, such that [7]

H;(N)N:TOON(“’H'”‘C; and Liy, (2) ~ (1 — 2)~ ) ~Ip_. (44)

Moreover,
Co= I (@+)" and By = ((w) + [w)C,,. (45)
w:uv,v;élyo*
Now, one can then consider the following noncommutative generating series:
= Z Li,w, H™ := Z H,yw, C™ = Z C,w. (46)
weYy weYy weYy

Then H™ and C~ are group-like for, respectively, A, and Ay and [7]

lirr% RO (1 —2)"H oL (2) = Nlil_r& g Y (N)OH (N)=C—, (47)

h(t) = Z (w) 4 |w) '@+l and  g(t) = <Z t(y)Hy)*. (48)

weYy YyEYoy

4.2 Global Regularization by Noncommutative Generating Series

Next, for any w € Yy, there exists a unique polynomial p € (Z[t], X, 1) of degree
(w) + |w| such that [7]

(w)+|wl (w)+|w]

La= X gles Xm0 € @0 -9 ox ), 00
k=0
(w)+|w]| (w)+|wl

o)=Y pk("‘,gfgl): > Pl @m0, (50
k=0 k=0

19 This equation is different from Jean Ecalle’s one [14].
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where!!
(nNe:N—Q, ir+—(n);=nn—-1)...(n—i+1). (51)
In other terms, for any w € Y,k € N,0 < k < (w) + |w|, one has
(Liy[(1 = 2)7%) = kI(HG|(n)k).- (52)
Hence, denoting p the exponential transform of the polynomial p, one has
Li, (2) = p((1 = 2)7") and Hy (n) = 5((n)a) (53)
with
(w)+|w] (w)HwI
> pet® € (Z[t], x, 1) and p(t) = o Phik e (Q[], x,1). (54)
= k=0

Let us then associate p and p with the polynomial p obtained as follows:

(w)+|wl (w)+|w]

Z klpit* = Z pet™* € (Z[t], L, 1). (55)

Let us recall also that, for any ¢ € C, one has

(n) n:jr/oon _ eclog(n)

and, with the respective scales of comparison, one has the following finite parts

£.p..iclog(l—2) =0, {(1 —2)*log"((1 ~ 2)™")}aezpen, (56)
£.p.p . yooclogn =0, {n® 1Ogb(n)}aez,beN- (57)

Hence, using the notations given in (49) and (50), one can see, from (56) and
(57), that the values p(1) and p(1) obtained in (54) represent the following finite
parts:

f.p.. 1L, (2) = f.p.. . Lig, (2) = p(1) € Z, (58)
EpeiocHy(n) = £.p o Hry (g, (n) = P(1) € Q. (59)

One can use then these values p(1) and p(1), instead of the values B, and
Cy , to regularize, respectively, (u(R.) and (,(my(Ryw)) as showed Theorem 2
below because, essentially, B, and C, do not realize characters for, respectively,
(Q<X>,LU, 1x*,ALu,e) and (Q<Y>, [EINN ly*,A&_J,e) [7]

Now, in virtue of the extension of Li,, defined as in (23) and (24), and of the
Taylor coefficients, the previous polynomials p,p and p given in (54)—(55) can
be determined explicitly thanks to

" Here, it is also convenient to denote Q[(n)e] the set of “polynomials” expanded as
follows

d

Vp €,Ql(n)e], p=>_ pr(n)x, deg(p) = d.

k=0
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Proposition 1 ([24]).

1. The following morphisms of algebras are bijective:

A (Z[z3], W 1x) — (Z](1 —2)71], x,1), R — Lig,
n: (Qyil, =, 1y-) —  (Q[(n)s], x,1), S+ Hs.

2. For any w = ys,,...Ys, €Yy, there exists a unique polynomial R,, belonging
to (Z|z3],W, 1x~) of degree (w) + |w|, such that

Lir, (2) = Li, (2) = p((1 = 2)7") € (Z[(1 - 2)7'], x, 1),
Hry(r,)(n) =Hy(n) = p((n)e) € (Ql(n)e], x,1).

In particular, via the extension, by linearity, of Re over Q(Yy) and via the
linear independent family {Li, }x>0 in Q{Li, }wevy, one has
VEk,l € N, LiRykLURyl = LiRyk LiR‘ = Ll Ll = Li;kTyl = LiRykTyl .

For any w, one has p(z}) = Ry.
More explicitly, for anyw = ys,,...Ys, € Yy, there exists a unique polynomial
R, belonging to (Z[x}],l,1x+) of degree (w) + |w|, given by

™t

(s1+...+s)—
s1 s1+s2—k1 (k14...+kr_1)

ysl Ysp Z Z Z

k1=0 k=0 k=0

—k1—... =k
51 s1+ +ST ! rl kaLU...UkaT,
kl kr

where, for any ¢ =1,...,r, if k; = 0 then py, = ] — 1x~ else, for k; > 0,
denoting the Stirling numbers of second kind by Sa(k, j)’s, one has

LM(J I+1)

ki J
Pk; Zzsz(k‘id ZZ ]
ot p (=0

Proposition 2 ([3,4,22,23]). With notations of (21), similar to the character
Yo, the poly-morphism ¢ can be extended as follows

CLU : (Q<X>,LU, 1X*) - (Zv le) andgdﬂ : (Q<Y>7 tﬂaly*) - (Za le)a

satisfying, for any € Lyn¥ \ {y1},
Qu(mx (1)) = Cua (1) = 7 = C(0)

and, for the generators of length (resp. weight) one, for X* (resp. Y*),
Qu(o) = Qu(x1) = ¢ (y1) = 0.

Now, to regularize {((s1,...,5:)}(s,,...,s,)eCr, We use
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Lemma 2 ([7]).

1. The family {x§, x5} is algebraically independent over (C(X),lL, 1x~) within
(CUX)), L, 1xe).
In particular, the power series xfy and x5 are transcendent over C(X).

2. The module (C(X),W, 1x-)[x§, 7, (—x0)*] is C(X)-free and a C(X)-basis of
it is given by the family {(xf)F(z]) M} RDEEXN,

Hence, {wLU(x(*;)m’“UJ(x*{)M}Efél;f*ZXN is a C-basis of it.

3. One has, for any z; € X, C™((x;)) = spang{(tz;)*LC(x;)|t € C}.
Since, for any ¢ € C, |t| < 1, one has Li(y;,)-(z) = (1 — z)~" and [3,4]
k (=t)*
Hory (ta1)- = 9 Ht* = exp( — > H,, - (60)
E>0 E>1
then, in virtue of Proposition 1, we obtain successively
Proposition 3 ([7]). The characters {y and e can be extended as follows:

Cu: (CXHUC27], W 1x+) — (C, x, 1¢) and
Yo ((C<Y> uu(C[yTL L 1y*) — ((C, X, 1(@)7

such that, for any t € C such that |t| < 1, one has

Gul(t21)*) = e andy(yy,- = exp (”t -2 (_:L)n> B r<11+ o)

Theorem 2 ([24]).

1. For any (s1,...,s,) € N associated with w € Y™, there erists a unique
polynomial p € Z[t] of valuation 1 and of degree (w) + |w| such that

]5(581‘) =Ry € (Z[’I}ﬂ,m, 1X*)a
p((1—2)~") =Lig,(z) € (Z[(1-2)""],x,1),
p((n)e) = Hry (r,)(n) € (Ql(n)], x, 1),
(=815, —8) = p(1) = Qu(Rw € (Z,%,1),
V=51, =50 :ﬁ(l) = Try (Rw) € (Qa ) 1)

2. Let T(n) € Q[(n)e]((Y)) and A(z) € Q[(1 — 2)~1][log(2)]{{X)) be the non-
commutative generating series of {Hry (r,,)twev+= and {Lir,__ ) twex=:

Y= Z Hry (r,)w and A := Z Lir, ,w, with (A(z)|zo) = log(z).
weY* weX*
Then T and A are group-like, for respectively Ay and Ay, and:

> H n > Li P
T = H e EDT gnd A = H e Mimy st
leLynY leLynX
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3. Let Z7 € Q((Y)) and Z; € Z({X)) be the noncommutative generating series
of {Vy (Ru) twey= and™® {Qu( Ry (w)) bwex-, respectively:

Z; = Z Vrry (Ru) W and 2| = Z Cm(Rrry(w))w-
weY* weX™

Then Z and Zy; are group-like, for respectively Ay and Aw, and:

N\ N

zZ; = H &y P g A H ew(my (S)P
leLynY leLynX
Moreover,
FP.,yoT(n) =2, and F.P.. 1 A(z) = Z, (61)

meaning that, for any v € Y* and u € X*, one has
£.p oo (T (n)[v) = (Z7 |v) and £.p.. ., (A(2)[u) = (Z][u). (62)

To end this section, let us recall that the function I is meromorphic, admits
no zeroes and simple poles in —N. Hence, I'~! is entire and admits simple zeros
in —N.

Moreover, using the incomplete beta function, i.e., for z,a,b € C such that
|z| < 1,%a > 0,%b > 0,

B(ziab) = [ et (1 g
()= [ (1-1)
= Lizg[(amo) w((1-b)z1)*] (2)
Lig, [((a=1)ao)*w(—bzy)*] (2)5 (63)
and setting
B(a,b) := B(1;a,b)
= Qu(wo[(axo) LL((1 — b)z1)"])
= Qu(z1[((a — 1)zo) " W(=bz1)"]). (64)

we have, on the one hand, the following Euler’s formula

B(a,b)[(a+b) = I'(a)(b) (65)

2 On the one hand, by Proposition 2, one has (Z];|z0) = (u(zo) = 0.
On the other hand, since Ry, = (2x1)" — 7 then Lir,, (2) = (1 — 22— (1=2)""
and Hry (g, )(n) = (3) — (}). Hence, one also has (Z];|z1) = (u(Raxy (y,)) = 0 and
<ZV_|'T1> = Try (Ry,) = _1/2'
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and, on the other hand'?, in virtue of Proposition 3,

eXp(ZC u—|—v — (u n+y”)>:F(1—u)F(l—v) (66)

= n I'l—u-—vw)

V(= (utv)y1)* _ V(= (utv)ys)*

W up) Vvp)t Vuy)* i (—oga)*

Hence, it follows that

Corollary 1 ([24]). For any u,v € C such that |u| < 1,|v| <1 and Ju+v| <1,
one has

V(= (utv)y)* = V(—ugr)* i (—vyy)* Q(@o[(—uwo) (= (1 + v)x1)"])
= Y(—ugy)* @ (—oyy) (@1 [(— (1 + w)zo) "W (—va1)]).

Remark 2 By (25), for any u,v € C such that |u| < 1,]|v] < 1 and |u+ v| < 1,
one also has

Q((=(u+0)z1)") = Qu((—uw:) W(—vr1)") = Q((—uw1)")w((-ve)*) = 1.
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