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1. Introduction

This paper will provide transparent arguments and proofs for results presented at the Interna-
tional Symposium on Symbolic and Algebraic Computation conference, Bath, 6-9 July, 2015 (Bui et al.,
2015b).

For any composition of positive integers, s = (s1, ..., Sr), the polyzetas (Cartier, 2002) (also called
multiple zeta values (Zagier, 1994)) are defined by the following convergent series
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C(S1, ..., = Z n*toon 7, for s> 1. (1)

ny>..>n>0

The Q-algebra generated by convergent polyzetas is denoted by Z.

Any composition s € (IN;)" can be associated to words (Minh et al., 1999; Minh and Petitot, 2000)
of the form xf)]_lm ...xff])q, defined on the alphabet X = {xo, X1}, or the form ys, ...ys,, defined
on the alphabet Y = {y;}s>1. The free monoids on these alphabets are respectively denoted by X*
and Y*. In this respect, the weight of the composition s, determined by sy + ... + s, is also the
weight of the word ys, ...ys, or the length of the word xgl_])q ...xf{flx].

Using concatenation, shuffle and quasi-shuffle products, in Section 2,

1. We will recall the definition of Hopf algebras (Q(X), e, 1x+, Aw, e) and (Q(Y), e, 1y, A, ).

2. Equipping X with the (total) ordering xo < x; and denoting by LynX, the set of Lyndon words
over X, the Poincaré-Birkhoff-Witt (PBW) basis {P }wex+ will be expanded over the basis
{Pi}iecynx, of the free Lie algebra Lieq(X). Its dual basis {Sw}wex+ contains the pure transcen-
dence basis of the algebra (Q(X),w, 1x+) denoted by {S;}jecynx (Reutenauer, 1993).

3. Similarly, equipping Y with the (total) ordering y; > y» > y3 > ... and denoting by LynY the
set of Lyndon words over Y, the basis {ITj}jc.yny, Of the Lie algebra of primitive elements,! and
its associated PBW-basis {I1,,}wey* will be proposed. The dual basis {X }wey+ is polynomial and
contains also a pure transcendence basis of the algebra (Q(Y), w1, 1y«) denoted by {Zj}jecyny
(Bui et al., 2013b, 2016; Minh, 2013a, 2013b).

4. We then establish the two following expressions of the diagonal series

N\
Dx:=» wew= [[ exp(si®Pp. (2)
weX* leLynX
N
Dy:=Y wew= [[ exp(z ). 3)
weyY* leLynY

From these, in Section 3,

1. We will consider two generating series of polyzetas® (Minh, 2013a, 2013b; Minh et al., 1999;
Minh and Petitot, 2000):

N\ N\
Zu= [] exp@(SpP) and Zu:= [] exp(zpmy. (4)
leLynX\X leLynY\{y1}

The coefficients of Z., (resp. Z.) are obtained as the finite parts of the asymptotic expansions
of the polylogarithms {Liy }wex* (resp. the harmonic sums {Hy }wey+), at 1 (resp. at +o0), in the
scale of comparison {(1 — z)®log”((1 — 2" Dlaez.ben (resp. {NGH?(N)}an,be]Nv where Hi(N) is
the classic harmonic sum 1+ 1/2+ ...+ 1/N) (Minh, 2013a).

2. We have also defined a third one, Z, (Costermans and Minh, 2009), which satisfies, via the
w-extended Schiitzenberger’s factorization on the completed quasi-shuffle Hopf algebra (Minh,
2013a, 2013b),

Zy =eVViz,. (5)

The coefficients of Z,, are obtained as the finite parts of the asymptotic expansions of {Hy }wey+,

in the scale of comparison {N¢ logb(N)}aez,bE]N.
In (5), y denotes the Euler’s constant (Costermans and Minh, 2009).

1 P is a primitive element if Aw(P) =1y« ® P+ P ® 1y~. This Lie algebra is isomorphic (but not equal) to the free Lie algebra.
2 In (4), only convergent polyzetas arise then will not need any regularization.
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3. In order to identify the local coordinates of Z., (and Zu), on a group of associators (Minh, 20133,
2013b), we will rely on the following comparison (see Costermans and Minh, 2009)

(G D are () k)
—y1 .

. (6)

Zy = B(y1)7y (Zs), where B(y1) = exp<yy1 -3
k>2

Here, 7y is a linear projection from Q @ Q{X))x; to Q(Y)), mapping xf)]flm...xf{qx] to

¥s, ---Ys,, and x denotes its inverse.
By cancellation (Minh, 2013a, 2013b), (5) and (6) yield the following identity

—D ek
=D C()y,{)

k (7)

Zs = B'(y1)my(Zw), where B'(y1) = exp(z
k>2

4. Simultaneously, algorithms will be also implemented in Maple to represent polyzetas® in terms
of irreducible polyzetas producing algebraic relations among the local coordinates {¢(S)}iecynx\x

(and {C(Zl)}leﬁan\[yl}) (Bui et al., 2015&).
To end this section, let us point out some crucial points of our purpose:

1. Similar tables* for {¢(D}iecynx\x have been obtained up to weight 10 (Minh and Petitot, 2000),
12 (Bigotte, 2000) and 16 (Wardi, 1999). These differ from the zig-zag relation among the moulds
of formal polyzetas, due to Ecalle (2003), ie. the commutative generating series of symbolic
polyzetas (de Monvel (2004) and Espie et al. (2003) have also given equivalent relations for the
noncommutative generating series of symbolic polyzetas, see also Cartier, 2002) producing linear
relations and which base themselves on regularized double shuffle relation (Bliimlein et al., 2010;
Hoffman, 2000; Kaneko et al., 2008) and different from identities among associators, due to
Drinfel’d (Drinfel’d, 1989, 1990; Furusho, 2003).

2. In the classical theory of finite-dimensional Lie groups, any ordered basis of Lie algebra provides a
system of local coordinates in suitable neighbourhood of the group unity via an ordered product
of one-parameter groups corresponding to the ordered basis (Wei and Norman, 1964). In this
work, we get a perfect analogue of this picture for Hausdorff groups, through Schiitzenberger’s
factorization, this doesn’t depend on regularization (see the next remark) (Minh, 2013a, 2013b).
Moreover, through the bridge equation (6) relating two elements on these groups and by identi-
fication of local coordinates, in infinite dimension, of their LH.S. and RH.S. (which involve only
convergent polyzetas) we get again a confirmation of Zagier’s conjecture, up to weight 12. This is
not a consequence of regularized double-shuffle relation (see the next remarks).

3. Of course, the generating series given in (4) and (5) induce, as already shown in Minh (2013a,
2013b), three morphisms of (shuffle and quasi-shuffle) algebras, studied earlier in Minh et al.
(1999, 2000), Costermans and Minh (2009) and constructed in Minh (2013a, 2013b)

;LU: (Q<X>!UJ!]X*) _)(vavl)v (8)
Cw:(Q(Y), w, 1yx) — (2, x, 1), (9)
Yo 1 (Q(Y), w1, 1yx) —> (2, x, 1), (10)

. . -1 _
which satisfy, for any u :xf)1 X1 ..,xf]r ]x1 € xoX*x1 and v =my (u),

Gw() =Gu(v) =yv =£(s1,..., 5r) (11)

3 The Maple program runs on a computer Core(TM)i5-4210U CPU @ 1.70GHz and obtains results up to weight 12 (Bui et al.,
2015a).

4 They form a Grobner basis of the ideal of polynomial relations among the convergent polyzetas and the ranking of this
basis is based mainly on the order of Lyndon words (Bigotte, 2000; Minh and Petitot, 2000; Wardi, 1999). For that, this basis is
also called Grobner-Lyndon basis.
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and the generators of length (resp. weight) one, for X* (resp. Y*), satisfy (see (4) and (5))

Gw(x0) =Cw(x1) =Gu(y1) =0 and yy, =y. (12)

Hence, ¢, ¢w and y, are characters of (shuffle and quasi-shuffle) Hopf algebras, and their graphs,
written as series, respectively read (Costermans and Minh, 2009; Minh et al., 2000)

Y owww="Zu, Y GaWw=Zu, Y yww=1Z, (13)

weX* weY* weY*

and® Zu = (4w ® ldx«)Dx, Zw = (4 ® Idy«)Dy, Zy = (Vs ® Idy+)Dy.

. By (4), for any u, v € LynX\X and v’ = 7y (u), v = 7wy (y), one has

W iw(W) =w@wv) and GwW)ow (V) = Gu@ wv). (14)

By (7), for any [ € LynX\X and I' = ;ry (I), one has, on the other hand

1) Gu(wil —x1l) = —gwx1l) = —(Zw [ x1),

i) Gw(yrl’ — y1l) = =Gal) = —(Zw | y11),
iii) (B'(y1) | y1) =0.
This means that since (7) is equivalent to (6), for the quasi-shuffle product, the regularization to
y is equivalent to the regularization to 0 (Minh, 2013a, 2013b) and this yields immediately the
family of regularized double shuffle relations considered in Bigotte (2000), Bliimlein et al. (2010),
Espie et al. (2003), Kaneko et al. (2008), Minh and Petitot (2000), Wardi (1999) (see also Cartier,
2002; de Monvel, 2004; Hoffman, 2000; Ihara et al., 2006; Waldschmidt, 2005).
Our method is then different from Cartier (2002), de Monvel (2004), Waldschmidt (2005) in which
their authors suggest the simultaneous regularization of the divergent polyzeta ¢(1) to the inde-
terminate T, i.e. {u(Xg) = &w(X1) = &w(y1) = T (to compare with (12)). Since T is transcendent
over Q then it can be suitable to be specialized to 0, as effectively done in Espie et al. (2003),
Kaneko et al. (2008) and, by this way, relations among polyzetas are formally obtained depending
mainly on numerical values® of T.

2. Background

2.1. Generalities

Let Y ={ys}s>1 be an infinite alphabet with the total order y; > y2 > ....
Y* denotes the free monoid on Y which admits the empty word, denoted by 1y, as neutral

element.
Let us define the commutative product on’ QY, denoted by s (see Bui et al., 2013a; Enjalbert and
Minh, 2012),
Vys,ye€Y,  w(¥s, Yo) = Y+t (15)

or its dual coproduct, A, defined by

s—1
VyseY,  Auys=) YVi®ysi (16)
i=1
satisfying,
VX, y,zeY, (Apx|y®z)= (x| pny,2). (17)

5
6
7

They are group-like: Aw(Zw) = Zi ® Zu, Awi(Ziw)) = Zis ® Ziss, Ay (Zy) =Zy ® Z,y.

Since the Q-algebra of polyzetas is not a Q[T]-algebra, how then can we determine these values?
QY denotes the Q-vector space generated by the alphabet Y, as a basis.
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Let Q(Y) denote the space of polynomials on the alphabet Y equipped by:

1. The concatenation e (or by its associated coproduct, A,).
2. The shuffle product, i.e. the commutative product defined by Reutenauer (1993), for any ys, yr € Y
and u,v,wevY*

wwlys =lysww=w,
ysuwyev = ysuyev) + ye(ysuv) (18)
or by its associated coproduct, Ay, defined, on the letters by
Vys ey, Auys=Ys @ lyx + 1y ® ys (19)
and extended so as to make it a homomorphism for the concatenation product. It satisfies
Yu,v,wevY? (Auw [ U@ V) = (W |uwv). (20)

3. The quasi-shuffle product, ie. the commutative product defined by Hoffman (2000), for any
Vs, yeeY and u,v,we Y™

wlys =lysw=w,
ysuw yv = ysUin yev) + ye(ysuws v) + w(ys, ye) (U v) (21)

or by its associated coproduct, As, defined, on the letters by

Vys ey, Awys = Auwys + Apys (22)
and extended so as to make it a homomorphism for the concatenation product. It satisfies

Yu,v,wevY? (AW [UQ V) = (W | U v). (23)
Note that Ay, and Aw are morphisms from Q(Y) for the concatenation but A, is not (for exam-

ple A, (y?) = y1 ® y1, whereas Ay, (y1)? =0).

Hence, with the counit e defined by e(P) = (P | 1y+) (for any P € Q(Y)). We get two pairs of mutually
dual bialgebras

Hu = (Q(Y), o, 1y, Au, €), Hyy = (Q(Y), s, Ty=, A, ©), (24)
Ha=(Q(Y), 0, 1yx, Aw, &),  Hi=(Q(Y), =, 1y, A,, e). (25)
Let us then consider the following diagonal series®
DLU=ZW®W and DLﬂ:Zw@w. (26)
weyY* weyY*

Here, for the algebras where live in D and Du, the operation on the right factor of the tensor
product is the concatenation, and the operation on the left factor is the shuffle and the quasi-shuffle,
respectively.

By the Cartier-Quillen-Milnor and Moore (CQMM) theorem (Milnor and Moore, 1965; Bui et al.,
2013a), the connected IN-graded, co-commutative Hopf algebra ., is isomorphic to the enveloping
algebra of the Lie algebra of its primitive elements which is Lieg(Y):

Hu =U(Lieg(Y)) and Hy =U(Lieg(Y))". (27)

Hence, denoting by (l1, ) the standard factorization? of I € LynY\Y, let us consider:

8 Of course, we have (set theoretically) Dy, = Du, but their structural treatments will be different.
9 A pair of Lyndon words (I1,1l3) is called the standard factorization of I if I =1;I; and I, is the smallest nontrivial proper
right factor of [ (for the lexicographic order) or, equivalently its longest such.
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1. The PBW basis {P }wey+ constructed recursively as follows (Reutenauer, 1993)

Py, = ys forysev,
Py =[Py, P,]  forle LynY\Y, st() = (I1,12), (28)
p. — pit i forw=I] .. ¥ with
w e li, ...k e LynY, 1 > ... > .
Example 1. i) Considering on the alphabet Y:
Py, =y1, Py, =y,
Py,y, =Y2¥1 — Y12,
Pysyiy, = ¥3Y1Y2 — Y2Y3Y1 + Y2¥1Y3 — Y1Y3Y2.
ii) Considering on the alphabet X = {xo, x1}, X0 < X1:
Py, =X1, Pxox; = X0X1 — X1X0,
PXOx% = xoy% — 2X1X0X1 + y%xo,
Prxoxs = XEX3x0X1 — X3X0X0 4 2X0X1X0X3 X0 4 2X1 X0X1X0X0X1
— X3X3X1 + XIX3X1X0 — XoX1X5XT — 2X0X3 X0X1X0 -+ X0XI X5
+ xlxgx% — 2x1x5x1x0x1 — x1x0x%xé.
2. And, by duality,'? the basis {Sy}wey* of (Q(Y),LL), i.e.
Yu,veY®, (Py | Sv)=46uy- (29)
This linear basis can be computed recursively as follows (Reutenauer, 1993)
Sy, = Vs foryseY,
St = YsSu, ~ forl=ysueLyny, 50
L Lt . .
Su = S, WSy forw =1{'...1}}, with
w — . .

i), ig! Li,....lxke LynY, 1 > ... > .

Example 2. i) Considering on the alphabet Y:

Sy1 =Y,
Syz =Y2,
sy2y1 =Y2Y1,

Sysyiya = ¥3¥2Y1 + Y3Y1¥2.
ii) Considering on the alphabet X:

Sy =X1,
Sx0x1 = X0X1,
Sxox% = XOX%’
Sadun = X5x3x0X1 + 3x5X1X0X% + 6X3%5.

10 The dual family, i.e. the set of coordinates forming a basis in the algebraic dual which is here the space of noncommutative
series, but as the enveloping algebra under consideration is graded in finite dimensions (by the multidegree), these series are
in fact multi-homogeneous polynomials.
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Similarly, by CQMM theorem, the connected IN-graded, co-commutative Hopf algebra H. is iso-

morphic to the enveloping algebra of its primitive elements:
Prim(Huw) = Im(7r1) = spang {71 (w)|w € Y™},

where, for any w € Y*, w1(w) is obtained as follows (Minh, 2013a, 2013b)

(w) ( 1)/{ 1
Ti(w) = W-{—Z Z (Wlugw ... =ug) Uy ... Ug.
k=2 Ug,...,up €Yt

Note that (32) is equivalent to the following identity
1
w= — Z (W lug . owug) w(ug) ... 7wy (Ug).

In particular, for any ys € Y, the primitive polynomial 71 (ys) is given by

S 1yie1
ﬂl(Ys)ZYS‘i‘Z( ]l) Z Yiji---Yii-

i=2 J1sesdizljit 4 ji=s

Example 3. 71 (y1) = y1, T1(y2) = y2 — 3V, m1(y3) = y3 — $(1y2 + y2y1) + 1y3.

As previously, the expressions (34) are equivalent to

ys= Z Y. ms)...ms), yseY.

i>1 = si+..+si=s

Example 4.
y1 = m©y),
y2 = m(y2) + 3 m(y1)?,
y3 = m(y3) + 5 M YDT(Y2) + 11 (2T (1) + 3m1(y)>.

Now let us consider the (endo-)morphism of algebras ¢ : (Q(Y),e, 1) = (Q(Y

(31)

(32)

(33)

(34)

(35)

), e, 1) satisfying

¢ (Yk) = m1(Yk); it can be shown that ¢ is an automorphism of Q(Y). Then we have (Minh, 2013b)

i) ¢ realizes an isomorphism from the bialgebra (Q(Y), e, Aw, €) to the bialgebra (Q(Y), e, Aw, e).

ii) In particular, we have the following commutative diagram

Q(Y) 2= Q(Y) ® Q(Y)

¢(l Jees

QY) > Q) Q(Y)

iii) = U(Prim(Hw)) and HY S UPrim(Hw)) V.

iv) The dual bases {ITy}wey* and {Sy }wey* of respectively U (Prim(Hw)) and U (Prim(Hw))"Y can be

obtained as images, respectively by ¢ and ¢ T of respectively {Pw}wey* and {Sw}wey*.
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More precisely,

1. The PBW basis {I1y }wey* for U (Prim(Hw)) can be constructed recursively as follows (Bui et al.,
2013b; Minh, 2013a, 2013b)

Iy, = m1(ys) forys ey,
M = [, Myl forle LynY\Y, st() = (h, L),
i i, forw=1I"".. [k with
M, = ... mk 1
v h k1, . kelynY, i >...>I.

(36)

Example 5.
Hy1 = Y1,
Hyz =Y2- %J’%,
My,y, = Y2¥1 — Y1Y2,
Mysy,y, = Y3V1Y2 — 3Y3Y3 — Y2¥iy2 + v2yt — viysyz + y1y3y? + 1y2y3
— 3v3y2y3 — yoysy1 + 3¥3¥2 + yvayays + 1v2yayn — 3¥3ys + Lydye.
2. And, by duality, the basis {Zy }wey* of (Q(Y), w), ie.

Yu,vey”, (My | Zv) = du,v- (37)
This linear basis can be computed recursively as follows (Bui et al., 2013b; Minh, 2013a, 2013b)

Xy =Vs, for ys €Y,
1
¥ = Z l‘_yysk] ot Syl fOTI=Ygy . ys € LynY,
’ 38
(;m1 i o (38)
5. _Zh By forw =1 ...L*, with
w — )

i1l .. ig! Li,....lkeLynY, 1 > ... > .

In (»), the sum is taken over all {ky,...,k;} C{1,...,k} and all I; > ... >1; such that (ys,,...,
Ys) il (ysk] e Yoo li,...,Iy), where £ denotes the transitive closure of the relation on stan-
dard sequences, denoted by < (Bui et al., 2013b).

Using Example 2.ii), we have in general, for any [ € LynY, mwx (%)) # Sz, (resp. LynX \ {xo},
7y (S1) # Zxy1) (Minh, 2013a, 2013b):

Example 6.
le LynY pY] wx() € LynX Ty Sax(l)
Y1 Y1 X1 Y1
Y2 Y2 X0X1 y2
Yay1 Y2y1+ %y3 XOX% Y
y3y1y2 Y3yay1 +y3yiya + i+ 2yaya+ 1ysyi+ 1ve x3x3xox1 Y3Y1Y2 +3y3y2y1 + 6yay?

2.2. Local coordinates
Following Wei-Norman’s theorem (Wei and Norman, 1964), we know that, for a given (finite

dimensional) k-Lie group'' G, its Lie algebra g, and a basis B = (b;)1<ij<n Of g, there exists a neigh-
bourhood W of 1¢ (in G) and n local coordinate k-valued analytic functions

11 Real (with k=TR) or complex (with k= C).
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W — K, (ti)1<i<n
such that, for all ge W,

=
g= 1_[ eli@bi _ ot1(@b1  otn()bn
1<i<n

The proof relies on the fact that, (¢1, ..., t;) — ef1@b1 _ etn®bn i 3 Jocal diffeomorphism from K" to
G at a neighbourhood of 0.

Example 7. Let M € Gl (2, R) (Gl; (2, R) denote the connected component of 1 in the Lie group'?
GI(2,R)

a a
M = 11 12
a1 a2

In order to perform the decomposition, we will “go back to identity” by computing MTDU = I, where
I stands for the identity matrix, T is upper unitriangular, D diagonal strictly positive and U unitary,
then M =U~1D~'T~1 will be the Iwasawa (Bourbaki, 2000) decomposition of M. The decomposition
algorithm goes in three steps as follows (step 4 is a summary)

1. (Orthogonalization) We perform block-computation on the columns of M to obtain an orthogonal

matrix
1 (D
M —s (011 012> (1 fl) —MT = (‘111 12 ) — (C(l) C(l)) =M,
a; a o 1)~ 7" —"\o» o)~ \-1 2 77"
21 22 (12] a22
the both of columns are orthogonal if t; = —%.
11 21
2. (Normalization) We normalize M1,
_1
Mo — (c® ) [ e 0 — MiD
2=C7 G 0 1 = My

1
licsP)

My(10 M,(00
_ Mye o2i6”ID(g ) ol (5 1)

3. (Unitarization) As the columns of M, form an orthogonal basis and as det(M3) > 0, one can

write

@2 .2 . 01

M = (agzl) ag)> _ <cps(tt2) —smt(t2)> _ etz(*l 0),

sin cos
ay; ayy ( 2) ( 2)

and as M, is in a neighbourhood of I, one has t; = arctan(g%).

4, (Summary)

a1, 0 1
MTD = M2 = earctan(a]})<_1 0)’

hence

a1,( 0 1
M = earctan(ﬂn )(—1 O)D*1 T*1

a1,( 0 1 10 M, (00Y (€116) (01
earmn(an)(q o)elog(”cl”)(o 0>elog(”c2 ”)(0 1)3 cy12 (o o)

12 It is the group of matrices with positive determinant.
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One then gets a Wei-Norman decomposition of M with respect to the basis of the Lie algebra
(2. R): 0 1 10 00 01
B2 1 0)\o 0)'\o 1)\o o)

Now, in infinite dimensions, i.e. here within the algebra of double series (whose support is a subset
of Y*®Y*) endowed with the law Lu® e, we have Schiitzenberger’s factorization(s) (Reutenauer, 1993;
Duchamp and Tollu, 2007) as a perfect analogue of Wei—-Norman'’s theorem for the group of group-like
series. For Dy,

N
Dy = ]‘[ exp(S;® P)) € 1Y & Hu:
leLynY

or with the law w1 ® e, we also have the extension of Schiitzenberger’s factorization for Du which is
then (Bui et al., 2013b; Minh, 2013a; Minh, 2013b)

N
Du= [] exp(Zi@M)eH® He.
leLynY
These can be used to provide a system of local coordinates on the Hausdorff group (i.e. group of

group-like elements'?). Applying these factorizations to the multiple zeta functions &, G, Or to Zu,
and Z. (which are all group-like), we have the representations

N N
Zuw = 1_[ et VP and  Z. = 1_[ eSEI
leLynX\X leLynY\{y1}

It means that all relations among polyzetas which can be seen here will be taken from relations
among their local coordinates. Our method is to use identity (7) to reduce relations between the two
systems of local coordinates {¢(Sp}iccynx and {¢(ZD}iesyny-

3. Structure of polyzetas
3.1. Representations of polynomials on bases

The aim of this subsection is to provide a method to represent any polynomial of Q(Y) in terms
of each basis {Py}weys, {Swiweys, {ITwlwey* oF {Zw}lweyr.

Recall that the bases {Py }wey+ and {I1y}yey+ are homogeneous and upper triangular, the bases
{Swlwey* and {Z }wey+ are homogeneous and lower triangular.]4 Without loss of generality we can
assume that P € Q(Y) is a homogeneous polynomial of weight n, we now represent P in terms of
the basis {Z}wey* by the following algorithm.

Algorithm 1.
INPUT: A homogeneous polynomial P of weight n.
OUTPUT: The representation of P in terms of the basis {Zy }wey*.

Step 1. We choose the leading term'® of P, assumed A1 w1, expressing the word wq as follows

w1 =X, + Z ayV. (39)

v<wi,(v)=n

13 In fact, these series are respectively characters for LU or L+J.
14 Wir.t. the words and the lexicographic ordering, for example, £,, = w + ZKW‘(V):(W) oy V.
15 This term includes the greatest word in the support of P and its coefficient.
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The polynomial P can now be rewritten in the form
P =), Zw, + Z Buv. (40)
v<wi,(v)=n

Step 2. We repeat Step 1 with P now understood as the polynomial kal,(v):n Byv, and so on
until the last monomial which admits the smallest word of weight n, y,, and we really have
Yn = Xy,. At last, by re-expressing the coefficients, we will obtain the representation of the
original in form that

P= Z Dy (41)

v=wi,(v)=n

Example 8. P :=2y 1y, — 1/2ys.
Step 1. Since Xy, y, =y1Y2 + Y2y1 + y3, we replace y1y, with Xy, — y2y1 —y3 in P

P= 22y1y2 — 2y2y1 — 5/2y3.
Step 2. Since Xy,y, = y2¥1 + 1/2y3, we replace yy1 with Xy,,, —1/2y3 in P
P =2%yy, =2%y,y, —3/2y3.

Since y3 = Xy,, we thus get P =2X%,,,, —2Xy,y, —3/2%,,.

Corollary 1. For any w € Y*, we can represent'®

w=Py+ Y  aPy=Sw+ Y,k  aiSu

u>w,|ul=|w| u<w,|ul=|w|
w=Ily + Z ,BJHVZZW—G— Z ﬂgzv«
v>w,(v)=(w) v<w,(v)=(w)

3.2. Identifying the local coordinates

We now use the alphabet X = {xg,x1} ordered by xo < x1. Returning to formula (7), with the
bases {Py }wex+ and {Syw}wex* defined as (28) and (30), we will find relations among polyzetas by
identifying on the bases as local coordinates. First, we expand B’, given in (7), in form of generating
series of yq.

Lemma 1. We have

Lm/2]

; _i¢ky). ..o (k)
B'(y) =1+ B™yp with B™ =" Yooyt
m>2 =1 kyoki>2 ki .. ki
ki+...+kj=m

where | m/2] is the largest integer not greater than m/2.

Proof. Expanding the exponential, one has successively

n

1 — Dk Te(
Biyn=)_ — yo EU B

! k
n>0 k>2

16 |w| and (w) respectively denote the length and the weight of the word w.
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_y 1 5 DT ) 5 K)ok
- 1

!
n>0 n'lq ..... kn>2 ki .. kn
Lm/2] _
1 (=1)" "¢ (k1) ... ¢ (kn)
Z n! Z ki...kn Vi
m>2 n=1 K1,....kn>2
k1+...+kn=m
=1+Y B™yl'. O
m>2
Example 9.
2) _ _ 5@
B = -,
3) _ 3
B = 52,
9 _ @ @?
B® = - =5
5 _ ¢06) £(2) ¢3)
B = 52 25250

3.2.1. Identifying with respect to the basis {1y, }yey*
Using the duality of the bases, we rewrite (7) as follows

Y tw(E)Ty =B'(y1) Y Gu(x(Sy)I,. (42)

vey* vey*

Moreover, we see that B’(y1) is a series of a single letter (like a single variable), y, and
k k
y1l'IV=I'[y]l‘Iv=1'Iy;l<v, Vk>1,veY™
We can then identify the coefficients in (42) and obtain:

Proposition 1.

i) Forany v e Y*\y1Y*, one has'’ £(Zy) = ¢(wx Zy).
ii) Forany v = y’l‘w eY* k>1weY*\y;Y* one has

k
G T + Y B(m>§m(nxzy,;,mw) —0.

m=2

Proof. From Lemma 1, we see that (B'(y1) | y?) =1,(B'(y1) | y1) =0 and

vm=>2,  (B'(y1)|y)=B™.

Using the basis {IT }wey* as a coordinate system, we identify the coefficients of the two sides in (42)
and obtain the preceding statements. O

Example 10.
1. For v =y3, (Zy,) = £ (Sxox))-

2. For v.=y2¥3, {(Ey,y5) = ESxpmyazn) — 262 uinom) — 2{(5,(3,(3) 8 (Sytxy)-

17 As xgX*x; and Y*\y;Y* are disjointed, the unique notation Z(P) is used here to replace ¢, (P) or &u(P) if the polynomial
P only contains convergent words.
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3. For v=y3, —3¢(Sye) + §5(S2,,) + B =0.
4. For v =y7y2, £(Sy,0) = £(S2e) + 38(Sya,) + B =0.

3.2.2. Identifying with respect to the basis {Py}wex*

Let us denote by'® {P/ }wex+x, the reductions of {Py}wexw, on Q ® Q(X)x;. By applying the
mapping mx on the two sides of (42) and using the duality of the bases, we can rewrite the regular-
ization as follows

B'1) Y Gw(SPL= Y. Gu(TySu)P,. (43)

ueX*xq uexX*xq

Similarly, remarking that B’(x1) is a series of a single letter, x1,

XXPy =P} Py =Py, Vk=TlueX".

Proposition 2.

i) Forany u € X*\x1 X*, ¢(Sy) = ¢(7wy Sy).
ii) For any u € X1 X*\x2X*, {u(7ry Sy) = 0.
iii) Forany u = x’{w e X* k>2,we X \x1 X* BR:(Sy) =ty Sy).

Proof. Similarly to Proposition 1, admitting the basis {Py }wex* as a coordinate system, we identify
the coefficients of the two sides in (43) and then obtain the statements. O

Example 11.

1. For u = xpx1, {(SXOXI) = C(Eyz)
2. For u =XOX1X(2)X1, C(SXOXI,%X]) =(Zy,y3) +28(Zysx,) + 68 (Zyyxg) — 5E(Zys).

3. For u = x1X0x1, £(Zy,y,) — 3¢(Zy,) =0.
4. For u = x3x0X1, B L (Sxpn) =2¢(Zy,) — £(Ey,)? = E(Zysyy)

3.3. Algorithms to represent the structure of polyzetas

From Proposition 1 and 2, we really have relations among polyzetas represented on the bases
{Swiwex+ and {Zy}wey+.

In fact, thanks to the formulas (30) and (38), we can easily represent these relations on the pure
transcendence bases {Si}jccynx Or {Zi}iecyny respectively.

In the two following algorithms, one uses these relations and the other one (Algorithm 3) uses
as well the structures of shuffle and stuffle products, we will eliminate these relations, in weight, to
find the structure of polyzetas represented on the bases {S;}iczynx and {Z}iccyny. The following two
algorithms will be proceeded by recurrence on the weight of the words.

The same result obtained will be shown in the next subsection.

Algorithm 2.

This algorithm uses Proposition 1 and Algorithm 1 to establish polynomial relations among polyze-
tas on the basis {Si}jccynx Or uses Proposition 2 and Algorithm 1 to establish relations among
polyzetas on the basis {Xj}iczyny-

We display here the second case.

INPUT: A positive integer n.

18 They are defined by P, = wx(7wy Pw), Yw € X*. Note that 7y Py, = Ty w =0, Yw € X*xo.
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OUTPUT: The representations of polyzetas of weight n in terms of irreducible elements of polyzetas
on the transcendence basis {Z}iccyny-

Step 1. We set the list, denoted by X, of all words'® of weight?® n of X*x;.

Step 2. For each w € X;;, we set the polynomial P :=my(Sy) in Q(Y) and thanks to Algorithm 1 we
represent ¢(P) in terms of {{(X))}iecyny. By taking the representations of ¢(X;)’s from the
data of lower weights, we make representation in terms of irreducible elements for ¢(P) and
proceed to establish a polynomial relation as follows:

i) If w e LynX then we store ¢(P) to the variable ¢(Sy).
ii) If w =xqu, u € xoX*x; then we make the relation ¢(P) =0. '
i) If w € xoX*x1\LynX, we rewrite w in the form of Lyndon factorization, w = I'l1 ...l;". By
taking ¢(Sy;), j=1...k from the data of lower weights, we make the relation

1 . .
WC(SIJH (SR =2(P).

Step 3. We reduce the above relations to representations of polyzetas in terms of irreducible elements.

The next lemma will give another way to find the relations among the family {¢w(Sw)}wex* and
the family {¢w(Zw)}wey*.

Lemma 2.
i) Foranyly,l, € LynX\X (resp. 11,1, € LynY\{y1}), one has
$(Sp, wiSy,) = ¢y (Spy) =y (Sy,)),

(2, w X)) = S(x (Z) wrx(Z))).

ii) Forany w € XoX*x1 or w € X1XoX*x1 (resp. w € Y*\y%Y*), one has

Gw(Sw) = Gu(Ty (Sw)),
G (Zw) = Gw(mx (Zw)).

Proof. Remark that, for any w € X*, Sy =w+Y_,_,, vV and if | € LynX\X then I € xoX*x;.
Relying on properties of polyzetas on words, i.e. (Minh, 2013a, 2013b)

t(hwh) =¢@y () wmy(z)), Vil e LynX\X,
fwxiwl) =tw(yrwmyD), Vie LynX\X,

we get the expected results. O

Example 12. For I1 = xox1, [ =x3x2 (in LynX) and [ = y3, I, = y3y1 (in LynY):

1
;(SX0X1)§(S)(6X%) = §(Ey2)§(2y3y1) - E{(Eyz)g(xjm)’

1
E(Ey)E (Bysy) = LS )L (S,2,2) + 58 (Sxo )L Sy,

19 Note that, there are 2"~ words of weight n.
20 In the alphabet X, the weight of a word is understood as the length of that word.
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For w =x1x%x1 (in x1x9X*x1) and w = y1ys3 (in y1Y*):
0= %c(zyz)z +2(Bysy,) — 20(Zy,),
0= —%g(sxoxl)z +(S0) (S,

Algorithm 3.

This algorithm uses Lemma 2 and Algorithm 1 to establish polynomial relations among polyzetas
on the basis {S;}iecynx or the basis {Zi}iccyny.

We display here the second case.

INPUT: A positive integer n.

OUTPUT: The representations of polyzetas of weight n in terms of irreducible elements of polyzetas
on the transcendence basis {X;}iccyny.

Step 1. We set a list, denoted by Xj, all words of weight n in xoX*x1 or x1x9X*x1.
Step 2. We establish polynomial relations of weight n as follows. For each w € X;;, we make a poly-
nomial P in Q(Y) by the way:
i) If we LynX then P :=my(S),) wmwy(S,) — wy (S, w Sy,), where (I1,13) is the standard
factorization of w.
ii) If w =xywy then P =7y (Sx,) &7y (Sw,) — Ty (Sx, LW Sw,)-
i) If w=1"... I I, [k € LynX, Iy > ... > I then P =7y (S)*1 s ... w7y (S,)
Ty (S, W...wSp).
Thanks to Algorithm 1, we represent ¢(Xp) in terms of {¢(Z)}iecyny (here, ¢(X)) are taken
from the data of lower weights). At last, we make the relation ¢(Xp) =0.
Step 3. We reduce the above relations to representations of polyzetas in terms of irreducible elements.

l:l-_lik —

These algorithms produce homogeneous polynomial relations among local coordinates
{¢(EDhecyny (resp. {£(SD}iecynx ). Each identity is indexed by a Lyndon word and is not an identity
of the tautological form

¢(Z)=&5(Xp)  (org(Sp=1¢(Sp). (44)

Replacing “=" by “—" in these homogeneous polynomial relations, we obtain a noetherian
rewriting system among {{(Z)}iecyny (resp. {¢(S)}iecynx) in which irreducible terms are polyzetas
involved in tautologies (44) and they are viewed as algebraic generators of the algebra of convergent
polyzetas (Minh, 2013a, 2013b).

3.4. Results

3.4.1. Representation of polyzetas in terms of irreducible polyzetas

The following results were computed by our package in Maple (Bui et al., 2015a) thanks to Algo-
rithm 2 (or Algorithm 3). We show here representations of polyzetas in terms of irreducible polyzetas
of the bases indexed by Lyndon words on the two alphabets X and Y.

For each weight n, the list of Lyndon words [ € LynY will be displayed in the second column, and
their projection over X, i.e. mx(I) € LynX, will be displayed in the fourth column which are also, due
to a lemma by D. Perrin, the list of Lyndon words in LynY. (See Table 1.)

3.4.2. Conclusion of the results
Let us denote by Z, the Q-vector space generated by polyzetas of weight n and d, its dimension.
From the above representations, we obtain their bases as follows:

2,dy=1, Z;=spang{{(Zy,)} = spang{{(Sxpx )}
3,d3=1, Z3=spanq{{(Ty;)} =spanqg{f(Sey,)}
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Table 1
Representation of polyzetas in terms of irreducible polyzetas up to weight 6.

n I ¢(3) 7x () £(Sax(y)

3 y2y1 36(2y) XoX] £(Sey,)

4 va 20(%y,)? x3x1 22 (Supny)?
y3y FH0(2y,)? x3x2 T8 (Sxox)?
yay? 20(3y,)? XoX3 20 (Sxpn)?

5 yayi —0(293)¢(By,) + 56 (Zys) X% 85,2405 (Swox) +28(Syay,)
y3y2 32(2y;)¢(Ty,) = 5¢(Tys) XgX1X0X1 =38 (Sya,) + 5 (S, )8 (Sxom)
3y 26(Sys) 5% ~£ (S, )8 (Sxoxi) + 2 (Sg,)
¥in 30(2y,)0(Zy,) — Bi(Sy) X0X1X0X} 35Sy,
y2y3 18(Ey)E(Byy) + §¢(Zys) Xox] ¢ (Syax,)

6 Y6 203y, x3x1 2 0(Sun)’

Ysy1 20(3y,)° — $0(8y,)? xgx3 35 Suon)’ = 355240
yay2 £(Ty)? = £1(Zy,)? X3X1X0X1 185 (Sxom)?

yayi 08By = 38(8y,) %% 28 xn)® =25, )
y3yayi 30(Zy,)? — 5¢(5y,)° x3x1%0%2 550 (Sxen)®

¥3Y1y2 —350(2y,)% + §2(2y,)? XBx3xox: = 3108 Saon ) + 385,24,
393 71¢(5y,)° Xt 35 Suon)’ = 355 2,,)
v3y3 50(5y,)% = 15(2y,)? Xox1X0X 318 Sxon)> =282, )?
y2y? 202,03 + F0(3y,)? X0 £ (Sun)?

e n=4,dy=1, Z4=spang{{(Ty,)*} = spanq{¢(Sx )’}

e Nn= 5, d5 = 2,

ZS = SpanQ{C(2y5)s §(2y2)§(2y3)} = SpanQ{;(SXéxl)v {(SXOX] ){(Sx(z)xl )}

e n=6,dg=2,

Z5= =03, 0(2,,)% = Sxoxi)>, £(S.2, )2
6 = SPanq{(Xy,)” £(Xy;)"} = spang{¢ (Sxpx) ™ £ (S2y, )7}
o Nn= 7, d7 = 3,
2
Z7 =SpanQ{;(2y7)sé‘(zyz){(zys)v {(Eyz) §(2y3)}
2
= SlJélIlQ{é“(ngx1 ), §(Sxoxy );“(ngx] ), §(Sxoxy) C(S,(gx1 )}
e n=38, dg =4,
4 2
Zg = SpanQ{;(Eyz) ’ ;(Ey}y?)’ {(2y3){(2y5)a ;(Ey3) {(Eyz)}
= spanq (¢ (Sxpx)". £(S,24, )8 (Sytx,): £ (S )E (Syz). £ (Sypnoxt))
e n=29 dy=5,

Z9 = 5pang (£ (Tye), £(Ty,) ¢ (Ty5), £ (29,8 (Ty,), £ (y,)°C(Ey5), £ (Ty))
= SPanQ (£ (Sys4,) £ (Sxox ) E Syt )+ € (Syz)’+ £ (Sxom)E (S, )- £ (Sn ) (S, )}
e n=10,d9=7,
Z10 = spang ¢ (Ty,)”, £(Zys)?. £ (2, 1), £(Sy)E ()8 (Sys),
£(2y,) (Ey)? €(2y)E (B, L (Ey)E (B, 19))
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Table 2
List of irreducible polyzetas up to weight 12.

n Irreducible polyzetas on {Z}ic 2 yny Irreducible polyzetas on {Si}ie £ ynx
2 3y, )

3 $(Zy;) [CH-)

4

50 Sy £ (Sax)

6

7 8@y £(Syx)

8 §(Xy,p8) §(Sxonxgxt)

9 Uy £(Sx)

10 {(fy”,g) ((SXO,(;XOX?)

1 82y, 6(2y,0) £ (S0 €Sy xpragnt)
12 {(Zy§y§)v {(Zy”?) C(Sxoxlxox?). “S%xwoxp

= SPANQ{L (S, )* £ (St )€ (S 240 (Sxom )+ £ (Sxomt)*E (S,
£ (Sxoxt)” £ (S ypxingx)s & (S ) (S 2+ £ (Sxax ) (Sypigut))
en=11,d1;1 =9,

Z11 = panq (¢ (Sy,,). £(y,)°C(Sy,). £ (8y,)E (By). £ (2y,) ¢ (Sys),
£(8y,y0). £ (y2)2 6 (). C(2y,)¢ (Ey)*, £(2y,)°¢ (),
£(8y,)E(2y,,9))

= SPANQ{L (S4104, ) £ (St )€ (5,240 £ (S,2 )8 (Sxoxt) € (Sxgn):
£(S )€ (Sxox )™, £ (Syt 5 (Sxoxt)” £ (S,2 )6 (Sypuiront):
£ (S prgitiont) £ (3 ) (Sxom )%, £ (S, ) (Sxony)}
e n=12,dp =12,

Z1p = spanq (¢ (Ty,)%, £ (y,)" E (B8 (), £ (g, By0). (2 T ).
£(8y2) £ (By5)%. £ (T (Byg). £(Byy)E (Bys ). £(Bys)E(Byy),
£(Ey)E (By)E(Ty,). E(Ey,) 0 (Zy3)E (). € (2y,) 0 (g, Zys))

= 5panq (£ (Sxox)° £ (S £ (S ayund) £ Sxoxt ) E (St
£ Syt )8 (S )+ € (Sxoxi) 8 (S,2e ) £ (Sxas )74 (824 ) (S, ).
£ (S0 ) (8240 (S )+ £ (2 )E (S )+ £ (Sxoxt ) (St )%
§(Sx0x1)E (Sgudngxd ) 8 (Sicdaywon?) -
We can see that these dimensions satisfy the following recurrence (Zagier, 1994)

di=0,dy=d3=1 and Vn=>4,d,=d,_»+dp_3.

This means that, up to weight 12, our results obtained by the previous algorithms verify the Zagier’s
dimension conjecture. As a consequence, this conjecture holds up to weight 12 if and only if the
irreducible polyzetas, contained in two different lists (see Table 2), are algebraically independent (see
Minh, 2013b, for a discussion).
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By Example 6, in general, one has

Vie LynY,wx(%)) # Sy and  Vle LynX \ {xo}, wy (S]) # Zxy1.

This does not occur, due to a lemma by D. Perrin, with the Lyndon words themselves on which
{EDYiecyny (or {E(D}iecynx) was provided in Bigotte (2000), Minh and Petitot (2000), Wardi (1999).
Hence, we insist on the fact that {¢(Z))}iccyny and {¢(S)}iecynx provide two different systems of
local coordinates and two lists of irreducible polyzetas (Minh, 2013a, 2013b).

4. Conclusion

In the classical theory of (finite-dimensional) Lie groups, every ordered basis of the Lie algebra
provides a system of local coordinates of a suitable neighbourhood of the unity (of the group) via an
ordered product of one-parameter groups corresponding to the (ordered) basis.

Here, we get a perfect analogue of this geometrical picture for the Hausdorff groups (in shuffle
and stuffle Hopf algebras) through Schiitzenberger’s factorization. This does not depend on the regu-
larization of shuffle and quasi-shuffle.

Moreover, through the bridge equation (6) which relates two elements on these groups and an
identification of the local coordinates of the L.H.S. and R.H.S. of (7) which involve only convergent
polyzetas as local coordinates, we get, up to weight 12,

e a confirmation of the Zagier’s dimension conjecture,
o two families of irreducible polyzetas (i.e. two algebraic bases for polyzetas),

which are not due to the regularized double-shuffle relations (and we do not need any regularization).
This implementation will be used, in our forthcoming work, to determine the asymptotic expan-
sions of harmonic sums via Euler-Maclaurin formula.
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