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définir une classe de produits de mélange, que nous nommons ¢-shuffles. Nous étudions
cette classe d’un point de vue combinatoire, en commengant par étendre (sous conditions)
le théoréeme de Radford a celle-ci, puis en construisant (toujours sous conditions) sa
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gﬁfﬁggjfumﬁons bigébre. Nous analysons les conditions des résultats précités pour les simplifier en les
Combinatorics of p-shuffle products rendant visible dés la définition du produit de mélange. Nous testons enfin ces conditions
Comultiplication sur les produits introduits en début d’article.

Hopf algebra We carry on the investigation initiated in Enjalbert and Hoang Ngoc Minh (2012): we

describe new shuffle products coming from some special functions and group them, along
with other products encountered in the literature, in larger and larger classes of products,
which we name ¢-shuffle products. Our paper is dedicated to a study of the latter class,
from a combinatorial standpoint. We consider first how to extend Radford’s theorem to
the products in that class, then how to construct their bi-algebras. As some conditions are
necessary to carry that out, we study them closely and simplify them so that they can be
seen directly from the definition of the product. We eventually test these conditions on the
products mentioned above.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

As a matter of fact, mathematics (in particular number theory), physics and other sciences provide, for their theories,
algebras of special functions indexed by parameters,’ with a product, defined at first as a function X* x X* to A(X) and
satisfying a simple recurrence of the type

Y(a, b) € X2, VY(u,v) € (x*)z, auw, vb = a(uw, bv) + b(auw, v) + ¢(a, b)(uw, v), (1)

the initialization being provided by the fact that 1x+ should be a unit. Of course, we will address the question of the existence
of such a product, and will extend it by linearity to A(X).
However, recall that these special functions are indexed by parameters but, unfortunately, sometimes do not exist for

some of their values: the prototype of this case is the Riemann zeta function ¢(s) = Z,D 1 % for s = 1. Nevertheless, if these

* Corresponding author.
E-mail address: jyenjalbert@free.fr (J. Enjalbert).
1 The combinatorial supports of these parameters will finally resolve themselves into words.
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Fig. 1. Hasse diagram of the inclusions between classes.

Table 1

Name Formula (recursion) 7 Type

Shuffle [21] auw bv = a(uw bv) + b(auw v) =0 I

Stuffle [18] Xl wXjv = Xi(U wXjv) + Xj(Xiu wv) (X, Xj) = Xiyj I
HXitj(U wv)

Min-stuffle [5] Xt =XV = X;(U =Xv) + X;(X;u =2v) O(Xi, X)) = —Xiyj 11
—Xij(U =v)

Muffle [12] Xl wXv = Xi(U Xjv) + Xj(X;iu wiv) @(Xi, Xj) = Xixj [
FXixj(U 1v)

g-shuffle [2] Xill g X0 = Xi(U g Xv) + Xi(XiU wg v) o(Xi, Xj) = qXiyj 11
+qXigj(U g v) B

g-shuffle, Xill g XjU = Xi(U 1 Xj0) + Xj(XiU 12 V) o(xi, X)) = 4y 11
+q'7xi(U g v)

LDIAG(1, gs)

[9] (non-crossed, auw bv = a(uw bv) + b(auw v) ¢(a, b) = ql””b‘(a.b) 1

non-shifted) +q"" a.b(uw v)

g-Infiltration au 1 bv = a(u 1 bv) + b(au 1 v) ¢(a, b) = qéqpa 11

(8] +qdapalu 1 v)

AC-stuffle auw, bv = a(uw,, bv) + blau w, v) @(a,b) = ¢(b, a) I\%
+o(a, b)(uw, v) @(@(a, b), c) = ¢(a, p(b, c))

Semigroup- XU | Xsv = Xe (U | Xs0) + Xg(Xe U | v) O(X¢, Xs) = Xe s I

stuffle X1 s(Uw | v)

@-shuffle auw, bv = a(uw,, bv) + blau w, v) ¢(a, b) law of AAU \%

+o(a, b)(uw, v)

“functions” are seen formally, one can in many cases,” define a product on the indices which governs the effective product
on the functions.

Once the formal identity is obtained, there are many ways to write the divergent quantities as limits of terms which fulfil
the same identities (truncated or power series).* [19].

Returning to this family of products, we will use a typology based on examples frequently encountered in the literature
as well as new ones that we supply in Section 2.

. Type I: factor ¢ comes from a product (possibly with zero) between letters (i.e. X U {0} is a semigroup).
. Type II: factor ¢ comes from the deformation of a semigroup product by a bicharacter.

. Type III: factor ¢ comes from the deformation of a semigroup product by a colour factor.

. Type IV: factor ¢ is the commutative law of an associative algebra (CAA) on A.X

. Type V: factor ¢ is the law of an associative algebra (AA) on A.X

UGN WK =

These classes are ordered by the following (strict) inclusion diagram: See Fig. 1

We have collected examples from the literature, with the corresponding formulas, in Table 1.

Of course, the g-shuffle is the (classical) shuffle [3,21] when q = 0. As for the g-infiltration, when g = 1, one recovers the
infiltration product defined in [4].

Many shuffle products arise in number theory when one studies polylogarithms, harmonic sums and polyzétas: it was in
order to study all these products that two of us introduced Type IV (see above) [10].

On the other hand, in combinatorial physics, one has coproducts with bi-multiplicative (and noncommutative) pertur-
bation factors (see [7]).

The structure of the paper is the following: in part 2, we complete the first products of [ 10] with the description of products
which come from Hurwitz polyzéta functions (the product given in [15] was not valid in all cases) and from generalized
Polylerch functions. We are able to give the complete recursive relation which allows to define all kinds of products; we
verify that it implies the existence and uniqueness of this product, which can be extended to A(X). We examine the “known”
and the “new” products in order to determine their classes. In part 3, we consider how to extend Radford’s theorem, which

2 That includes in particular all the cases under consideration in our paper

3 That is the domain of symbolic computation in the vein of Euler and Arbogast [13,19].
4 That is the domain of renormalization and asymptotic analysis initiated by Du Bois-Reymond and Hardy [6,14].
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we can prove in all cases (product ., commutative or not commutative, only associativity is required); moreover, we show
that, if the ¢-shuffle product is commutative, the Lyndon words constitute a pure transcendence basis of the corresponding
commutative algebra (see Corollary 1). In all cases this algebra, endowed with deconcatenation coproduct, admits a Hopf
algebra structure. The basis of Lyndon words is the key to effective computations on the algebra of special functions ruled
by such products® In part 4, we determine the necessary and sufficient conditions on ¢ so that w , belong to the class of
AC-products; we give also necessary and sufficient conditions for such a product to be dualizable (i.e. to be the adjoint of a
comultiplication).

Preliminary remark. It is worth emphasizing at the outset that, although some of the objects/results under review in the
present paper have already been defined/proved elsewhere, we include them in our study to lay out as complete a picture
as possible and to exemplify the rather ‘pedestrian’ approach we have adopted. In particular, we have refrained throughout
the paper from using more sophisticated algebraic techniques.

Notation. In the sequel, X will denote an alphabet, and, except in Section 3, Q C K C A is a chain of commutative and
associative algebras with unit (Q-CAAU).

2. Hurwitz Polyzétas and generalized polylerch functions

We remind the reader of some special functions introduced in [12] and complete their study: we prove that they follow
a product law which we describe.

2.1. Some special functions and their products

The Riemann Polyzéta is the function which maps every composition s = (s1, ..., s;) € (N> ), to®
1
¢(s)= Z P (2)

ny>-->n>0 1

We now make an observation which, however simple, will appear in different disguises as a building block of many a

construction of the paper: There is a (linear) bijection between the module freely generated by (all) compositions and A(Y)
(where Y = {y}k>1) defined by

Bs i (S1seeesSe) > Vsy o Vs, 3)

So,ifs =(s1,...,5:) € (N>1),s1 > lands' =(s),...,s

s Op!

), §; > 1are compositions, one knows [12] that

L(sws’) = (s)s(s). (4)

That function ¢ is well-known and is a special case of the following special functions.

2.1.1. Coloured Polyzétas

The coloured polyzéta is the function which, to a composition s = (s, ..., s;) and a tuple of complex numbers of the
same length & = (&1, ..., &), associates
np nr
_ 1 &
(s, 8) = Z m (5)

ny>->n>0 1"

It should be noted that ¢ (s, &) appears —with the notation Lis(§) —in particle physics [23].
To describe the product here, we will use two alphabets Y = {yi}ient, X = {Xi}iccx and M be the (free) submonoid
generated by Y x X. One easily checks that®

M= {(u,v) e Y*xX* | |u] = |v]}.
As above, to make things rigorous (but slightly more difficult to read), one considers the (linear) bijection defined, on M, by

Be:((S15---58), (61, &) = (J’s1 oo Vs Xeg e -Xsr) .
The duffle product is defined as follows.

5 The decomposition algorithm (which we shall not describe in detail) is based on formula (36) of lemma 4.

6 The following series converges for s; > 1. Under that condition, the definition can be extended by linearity to the module generated by the set of
so-called admissible compositions.

7 witha slight abuse of language. Strictly speaking, Eq. (4) actually reads
¢(B1 (B9 Als))) = (5205

8 Throughout the paper |w| stands for the length of the word w.
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Definition 1 ([10]). (Product of coloured polyzétas) Let Y = {y;}ien*, X = {Xi}iccx and M be as above.
The duffle is defined as a bilinear product over AlM] = A(Y x X) such that
Yw GM*, W\ﬂﬂlM* = 1M*\1I;Iw =w,
Yy, Y € Y2, Vi x € X2 Vu, v € M*2, (yi, xie).u e (97, %) = (v, X)W s (37, %)0)
+ g X Xi U 112 0) + Vi Xpesr)(U 121 ).

Again, we will show that, under suitable conditions®

¢ ((s. &) (s, &) = (s, £)¢(s. &) (6)
2.1.2. Hurwitz Polyzétas
The Hurwitz polyzéta is the function which, to a composition s = (s1, ..., s;) and a tuple of parameters'? of the same
lengtht = (ty, ..., t;), associates
1
(s, )=y (7)

(=t (=t

ny>-->nr>0

This series converges if and only if s; > 1 (for a “global” way to expand (7) as a meromorphic function of s € C, see [11]).
To be able to cope with the case s; = 1, we have to use the truncated Hurwitz polyzétas function given by:

1
VN € Noo, &y(s,t)= . (8)
N N2n1>.Z>nN>O (nl - t])Sl o (nr - tr)Sr

In order to obtain the product law, we will use here two alphabets Y = {yi}ien_,, Z = {Z}tek, the (free) submonoid N
generated by Y x Z and, as usual, the bijection

Bt ((51,-use), (b1 oo t)) > (Vsy o Vs Zey - 24,) (9)

suitably extended by linearity. We have now the following product

Definition 2. (Product of formal Hurwitz polyzétas) Let Y = {y;}ien+, Z = {zt}tex and N be as above.
The huffle is defined as a bilinear product over AIN] = A(Y x Z) such that

Yw € N*, with Iy = Iy iw = w,

Vyi, yj € Y2, ¥z, 20 € Z2,Vu, v € N*?,

t=t = iz uwy;,z)v

= (Vi, ze ) (5, ze)v) + ), 2 (Vi Ze)u e v)
+ Vigj, 2 (U1 v)

t#t = i ze)uw (), ze).v
= (yls Zt)- (ULtLI(y], Zt/).l)) + (y]v Zt/)' ((yl‘» Zt)'uU:U U)

i—1 .
j=1+n\ (=11
+Z( i—1 )m()’kmzt)(mﬂw)

j-1 i~ 14n 1y
+Z( i—1 )m(}’j—mlﬂ).(uwv).

We also will show that!! for all integer N

v (8. ) (s, £)) = On(s, (s’ 1) (10)

9 Again, rigorously speaking, the left-hand side of the following equation should read

¢ (B (Bels. D5 ) )

10 Ap parameters in the tuple are taken in some subring K of C and none of them is a strictly positive integer.
1 Again, rigorously speaking, the left-hand side of the following equation should read

o (B (Bals. e Bis' 1))
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Remark 1. The functions we call ‘Hurwitz polyzétas’, a term coined in the last century (see for example [15]), must not be
confused with the monocenter polyzétas, defined only for a composition s and a parameter t by

1
(s,)= Yy (11)

(ny =ty ... (n, —t)r’

ny>-->n>0

which follow a much simpler rule, namely the stuffle product on the compositions.

2.1.3. Generalized Polylerch functions

The generalized Polylerch function is the function which maps a compositions = (sq, ..., s;), atuple § = (&1, ..., &) of
complex numbers, and a tuple t = (¢, ..., t;) of parameters (see footnote 10), all three of the same length, to
n nr
(st )= > L (12)

(=t .. (n, =t

ny>-->nr>0

Here, we will need three alphabets Y = {y;}ien+, X = {Xi}icc*,Z = {z;}+ex and the (free) submonoid T generated by Y x Z x X.
The bijection

Bri((s1,.oouse)(try oo te), (Bry e E0) > (Vsy o Vses Zey oo - 2y Xey -2 - Xey) (13)

still extended by linearity. The product uw is given by the following definition:

Definition 3. (Product of Generalized Polyerch functions)
Let Y = {¥i}ient, X = {Xi}icc*» Z = {z¢}tex and T be the (free) submonoid generated by Y x Z x X.
The luffle is defined as the bilinear product over A[T] = A(Y x Z x X) satisfying the following recursive relation:
Yw € A*, wie Iy = Tgr i w = w,
Vi, yj) € Y2, Yz, 20) € 2%, Y(Xe, X)) € X*, Y(u, v) € A7,
t=t' = iz, X)), Ze, X).v
= (i ze, X). (wma (7, 2)-0) + . 26, X0). (Wi, 2¢).-U ma v)
+ Vijs Ze, Xixt)- (U 2 0)
t#t = iz, ) uws (¥, 20, X))V
= > zt, Xi). (uwm (v, 20).0) + V), 2, %1). (Vi 2¢)-U 1 0)

i—1 i1 —1)"
+Z (J +n> ((7)(yi*ﬂvztsxkxl)~ (Ut )

s j—1 t—t/ytn
-1 .
i—14+n (—=1)"
+ HX:; ( i1 ) m (Vi—n, Ze' s Xpext)- (U1 V)
We also show'?
¢ (st &)ma(s, U, &) =2(s,t, E)c(s, 1, &) (15)

2.2. General framework of study

Other products from Table 1 belong to the same family as the examples examined so far, and so pertain to the same kind
of approach. As we aim to offer as comprehensive a framework as possible, we now concentrate on the most general class
of ¢-products, i.e. class V, which emerges from definition 4 . We will use a unitary ring as the ground set of scalars (and
not a field as it would be expected in combinatorics) because some applications require to work with rings of (analytic or
arithmetic) functions.

Proposition 1. Let A be a unitary commutative ring, X be an alphabet and ¢ : X x X — A(X) is an arbitrary mapping. Then
there exists a unique mapping % : X* x X* — A(X) satisfying the conditions:

for any a,beXandu,v € X*, (16)

for any weX, Iyrxw=wxlIxx =w,
(R)
au x bv = a(u = bv) + b(au = v) + ¢(a, b)(u x v).

12 Again, rigorously speaking, the left-hand side of Eq. (15) should read

¢ (b7 (st pus (s’ ¢.6)) - (14)



G.H.E. Duchamp et al. / Discrete Mathematics 340 (2017 ) 2286-2300 2291
Proof. By recurrence overn = |u| + |v|. O

Definition 4. With the notations of Proposition 1, the unique mapping from X x X to A(X) satisfying conditions (R) will be
denoted w,, and will be called ¢-shuffle product.

From now on, we suppose that ¢ takes its values in AX, the space of homogeneous polynomials of degree 1. We still denote
by ¢ its linear extension to AX ® AX given by

e(P,Q)= Y _ (P Qly)¢(x.y) (17)

x.yeX

and w,, the extension of the mapping of Definition 4 by linearity [1] B to A(X) ® A(X). Then w , becomes a law of algebra
(with 1x+ as unit) on A(X).

2.3. Extending quasi-stuffle relations
The following elementary result can be found in any complex analysis textbook. It is freely used throughout this section.

Lemma 1. For any integers s, r > 1, for any complex numbers a, b # a:

1 > ay d by
Vx € C\ {a, b}, = 18
M ey ;(x—a)“;(x—b)k s
—k— s—k L _ 1=k
where, forallk € {1,...,s}, aqc = (*751) (a( b)2+r cand, forallk € {(1,....r}, b= ("1 471) (b(,al)ﬁ
Lett = (t1, ..., t;) be a set of parameters (see footnote 10),s = (s, ..., S;) a composition, and § = (1, ...,&) € C".We

define, for N € N_,

M= ¥ ot (19)

Nzny>-->nr>0 i=1

and M 0.0.0, = =1
Of course, it is a truncated series of £(s; t; &).

Proposition 2. For every composition s, tuple & of complex numbers, tuple t of parameters all of the same length | € N, and for
every composition r, tuple p of complex numbers, tuple t' of parameters also of the same length k € N, one has

VN € N, MsEtM pt,—MS“)m( o) (20)
Proof. If | = 0 or k = 0, that is immediate.

Let! € N*, k € N*ands = (s1,...,8)andr = (rq, ..., 1) two compositions, £ = (&, ..., &) e CLp = (p1, ..., px) € CK,
andt = (t1,...,4),t = (t], ..., t,) two sets of parameters and put s, = (sp,...,5) T2 = (12, ..., 1) & = (&, ..., &),
Py =(02, ..., 0 0 =(t2,....;t)and t'y = (t'5, ..., '),

o Ift) =ty

nq pn1 ,
D W VL L U VLS |
MSEtMl'Pt Z (nl _ fl)sl Ms’,é/,tz (n/] _ t1)r1 Ml'/’l’/stz' (2])

Nznq,N>n)

. . . N -
Classically, we decompose the sum ZN%LN}“Q into three sums corresponding to the simplices n; > n; n} > ny and
n; = n’ and get

n
N 1 m nq
Ms &t Mr ot — Z m M52-§2,t2 et
N>nq
Py ,
1 nq 'y
- Z m MS@‘ M"Zvﬂz,tz
N=n'q
(E1p1)" 1 . .
' Z (m—t )1 (m— )1 Mep ot Mry o, (22)
N>m

13 we recall that, all tensor products being supposed over A, AX (resp. A(X)) admits X (resp. X*) as linear basis, therefore AX ® AX (resp. A(X) ® A(X))is
free with basis X x X (resp.X* x X*) or more precisely, the image family (x ® y)x yex (resp. (U ® v)y yex*)-
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so that,
N N N
VN € N, Ms,‘.;',t Mw,,t = M(s,g,t)mm(r,p,t’)' (23)
e In the same way, when t; # t]
ny
N N _ 1 nm m
Ms.&,t Mr,p,t’ - Z (ng — )% Mqu‘s'z,tz Ml"l’,t’
N>nq
pn/] / /
1 nq ny
+ Z (n/1 _ t/l)rl MS,E,t Ml‘z,pz,t’z
N=n'q
1 1
m m m
+ Z(%‘lpl) (m 4 )51 (m — t’1)"1 MSz,EZ.tz Mrz,p2$t2
N>m
ny
_ 1 n m
- Z (ny — t;) MSz.Ez,tz Mr,p.t’
N>nq
I()n/1 / /
1 nq L
+ Z (n'y —t/q)n Ms,g,t Ml‘zyl’zstz
N=n'q
S
_’_2[21 si+ri—k—-1 (—1y1k (&1p1)"
— rn—1 (tr — etk (m — ¢/ )¢
L (sir—k—1 (—1)1k
n 7] M MM 24
; < s1—1 > (t — tqprtr—k | s b2t e € (24
SO
N N N
VN € N, Ms,E,t Mr,p,t’ = M(s,g,t)ujm(r,p,t’)' O (25)

Remark 2. For an integer r, an r-tuple x = (X1, ..., xr) of multiplicative characters'# and (s, &, t as above) let us define

T X (&)
wabo= 2 g =g )

N>ny>-->nr>0 i=1

The same proof shows that, for any (s, &) € Z’>0 x Cland (r, p) € Z’;O x Ck, for any I-tuple t and k—tuple t’ of parameters
(see footnote 10),

VN €N, Mgg,t(X)Mgp,t/(X) = M([\s],é,t) Hiel (r,p.t’)(X)' (27)

This result allows us to deduce some product relations on the different multi-zéta functions.

Theorem 2.1. Let s = (sy,...,s)andr = (rq,..., 1) be two compositions, & = (&,...,&)and p = (p1,..., Pk)
be respectively a I-tuple and a k-tuple of complex numbers of which the first component has a modulus strictly less than 1,
t=(t,...,t)and t = (t], ..., t;) be two tuples of parameters not in N.o, and N € N

(i) For the coloured polyzéta function:

¢(s, 8)¢(r, p) = ¢ (s, §) = (r, p)) (28)

(ii) For the truncated Hurwitz polyzéta function:

&y (s, 0y (1, ) = £, (5, ) (r, t)) (29)
(iii) In particular, for the monocentered polyzéta function:
(S, (ot (t, ..., t)=C (s, (t,..., ) w (r,(t,..., 1)) (30)

where t is a parameter s.t. t ¢ N.o.
(iv) For the Polylerch generalized function:

(s, 6. E)C(r.t, p) = ¢ ((s.t, &)ma (r. ¥, p)) (31)

14 Endomorphisms of the semigroup (C, x).
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Proof. (ii) comes directly from Proposition 2 because ¢, (s, t) = Mg(l,‘.
respectively, the functions

N N N
Mgt o0 Moo, ..o andMgg,

Do for (i), (iii) and (iv), apply Proposition 2 with,
and take both sides of the equality to the limit as N grows to infinity. O

Remark 3. We cannot use this method for the Hurwitz polyzétas because in the decomposition, some divergent terms
(which have s; = 1 !) appear: for example, for t # t’,

2+4n (=1
W2, ze) w0 (y3, ze) = (Yays. zeze) + (V3Y2, zvze) + HX; < ) m(yzfn, z;)
2 n
+Z<l+n> :;M(yg nZv)
n=|
1 3
= (Yay3, zezv) + (¥3Y2, zvze) + m(}’z’ z) — m(J/h Z)
1 2 3
+m(}’3szﬂ)— m(}’h%d*’m(}’h@) (32)
Separately, the terms ~ R ,)4(y1,z[) and = t)4 (1, z¢), corresponding respectively to ﬁﬁ and = t,)4n t, give a
divergent series although all other terms correspond to convergent series. Of course, the sum of the two
3(_1+1>=3<t—t) (33)
(t —t')* n—t n-—t (t—t'Y¥ \(n—t)n-—1t)

is a term of a convergent series, but the series is not a Hurwitz Polyzéta.

3. Radford’s theorem for the AC-stuffle.

In this subsection, A is only supposed to be a ring (with unit); when we need it to be commutative or to contain the set
of rational numbers, we will state it explicitly.

Let < be a total ordering on the alphabet X, and £yn(X) denote the family of Lyndon words [22] constructed from X* w.r.t.
this ordering. We will prove that the largest framework in which Radford’s theorem holds true [20] is when ¢ is commutative
(and associative).

3.1. Computing ¢-shuffle expressions using shuffles

In this subsection A is a ring with unit and ¢ : AX ® AX — AX an associative law.
We can express the result of the ¢-shuffle product thanks to the shuffle product (and some terms of lower degree). First, we
observe what happens with the product of two words:

Lemma 2. For u, v € X*, there exists (C¥, )juw|<ju+v| € A such that:

w
i)
Uy, v = Uwv + E

[w|<[ul+|v]

Proof. Omitted. O

Now, because the Lyndon words are candidates to be a transcendence basis [16], we see what happens when they are
@-shuffled.

Definition 5. Let » : A(X) x A(X) — A(X) be an associative law with unit. For any « € N&"™® and (I, ..., I,} D supp(«)in
strict decreasing order (i.e.l; > --- > I;), we set

XM =0 e (34)
where «; = «(l;) for all i and, for short, X = Lyn(X).
One easily checks that the product (34) does not depend on the choice of the set {l, ..., .} D supp(a). We will also need
the following parameter (which will turn out to be the length of the dominant terms in the product)

lall = Y aDil. (35)

leLyn(X)
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Lemma 3. If w,, is associative,

Vo € N 38y, € AN et = e g ST caxf,

pen(Lyn(X))
lIBlI<lell
Proof. Omitted O
3.2. Radford’s theorem in @-shuffle algebras
Lemma 4. If w,, is associative,
Vp € N*, span ((waa)aeN(ﬁy”(X)),HaH <p) = Span ((Xwa)oteN(Ly”(X)),HdlkD) : (36)

Proof. Lemma 3 give

Vp e N, span (X )yenemin g <p) C SPAN (X )geneymton jaf<p) -

We just have to prove, for any p € N*, the property P(p):

Span ((Xma)aeN(ﬁyn(X))’“a”<p) C Span ((mea )aeN(Ly"(X)),||a\|<p) (37)

e Itistrue forp = 1.
e Assume P(p) true for an integer p.
Leta € N&YX) guch that ||la|| < p + 1.
. n(X
We can find (C); € AT such that X'e® = X ZﬁeN(Lyﬂ(X))Cngﬁ’ 50 X = XMt — ZﬂEN(EJ’n(X)) ngwﬂ'

IBII<llecll [IBlI<llell
But every term of the sum is of the form C5X# with g € N9V and || || < [la|l < p+ 150 |8l < p.

Consequently, they are in span ((X“w“)aeNmymx»M< ) and so is the sum. By the induction hypothesis, the sum is
in span ((X"“9*), ezt o <p)- therefore X € span ((X9%), cuemto) jof<ps1)- O

Theorem 3.1. Let A be a commutative ring (with unit) such that™ Q C A and wy,  AX) ® A(X) — A(X) is associative.
If X is totally ordered by <, then (X™¢*) _ ..« is a linear basis of A(X).

aeN

Proof. Since this family is a generating family by Lemma 4, only freeness remains to be proven.
Let )", B X"'¢* = Obeanulllinear combination of (X"*'¢*), cycynxy , with ] a nonempty finite subset of N“"*). Thanks
to Lemma 3, for any « € J, we can find a finite family B, C NU“"*) and (C§ )gep, € AP such that

XU = x4 Y oxet,
BeBy
IBl<llell
SetB=jJU (U Ba) ; Bis a finite set. Then (X"¢"),; is a triangular family for |.| with respect to the family 7 = (X“¢*),ep

aef
in the vector space span(F), which is of finite dimension. But F is a basis, so (X"'¢%),¢; is free and Vo € ], B = 0. O

Corollary 1. Under the same hypotheses, if in addition w. , is commutative in A then
(i) The algebra A = (A(X), w,, 1xx) is a polynomial algebra.
(ii) Lyn(X)is a transcendence basis of A.

Remark 4. It is necessary to suppose Q C A as, in case ¢ = 0, one has

1
Vn e Nog,d" = E(am”) (38)

Proof.

(i) Immediate result.
(ii) Comes from Theorems 3.1 and 4.1, which proves in an elementary (so independent) way that the commutativity of ¢
is equivalent to the commutativity of w,. O

15 This condition amounts to ask that N*.1, C A%
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3.3. Bialgebra structure
From now on, all tensor products are supposed over A (unless specifically mentioned, see the proof of prop. Proposition 4).

Definition 6. A law x defined over A(X) is a dual law (or dualizable) if there exists a linear mapping A, : A(X) — A(X) ®A(X)
such
Y(u, v, w) € X* x X* x X*, (uxv|w) = U v|A,(w))®?. (39)

In this case, A, will be called the comultiplication dual to .

Theorem 3.2. Let A be a commutative ring (with unit). We suppose that the product w, : A(X) ® A(X) — A(X) is an associative
and commutative law on A(X), then the algebra (A(X), w,, 1x=) can be endowed with the comultiplication Aconc dual to the
concatenation

Aconc(w) = Z u®v (40)

and the “constant term” character €(P) = (P|1xx).

(i) With this setting

B :(A(X),u_l(ﬂ, 1x+, Aconc, €) (41)

is a bialgebra'® .
(ii) The bialgebra (41) is, in fact, a Hopf Algebra.

Proof.

(i) Itis a classical combinatorial verification, done in [10]. The following identity remains to be proven:

Y(w1, wa) € X*, Aconc(wn Wey w3) = Aconc(W1)Aconc(w32) (42)

which can be done by a (lengthy) induction or by duality.
(ii) Let, classically, A%, . be defined by
Yw e X*, AL (w)= Y u®nv.

uv#l

We remark that A%,

(Yw € X*)(3n € N*)((A%

conc

is coassociative and locally nilpotent, i.e.
(n)
)" (w) =0)

which gives result. O
4. Conditions for AC-shuffle and dualizability

4.1. Commutative and associative conditions

We have obtained an extended version of Radford’s theorem and other properties with conditions stated w.r.t. w,, we
will see in this subsection that these conditions can be set uniquely in terms of properties of ¢ itself.

Definition 7. For P € A(X), we denote supp(P) the support of P and
deg(P) = max{|l|, | € supp(P)}

(with this convention deg(0) = —o0).

Lemma 5. Let A be a commutative ring, X be an alphabet and ¢ : X x X — A(X) is an arbitrary mapping.
Then

Y(u, v) € (X*)?, deg(uw, v) < [ul + [v]. (43)

16 Commutative and, when |X| > 2, noncocommutative.
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Proof. If |u| = 0 or [v| = 0, then uw,, v is one of {u, v} so its length is [u| + |v].

Let XT be the set of nonempty words. We prove Y(u, v) € (X)?, deg(uw, v) = |u| + |v| by induction on [u| + |v].

For any letters a and b, aw, b = ab + ba + ¢(a, b)14+ so deg(aw, b) = 2 = |a| + |b|.

One assumes the property true for all words u, v € X™ such that |u| + |v| < n, where n is an integer. Let u and v be now
two words of X* such that |u| + |v| =n + 1.

There exist x, y in X, /, v’ in X* such that u = xu/, v = yv’ (because (u, v) € (X*)?). Then |u| + [v| = |u|+|v]| — 1< n,s0
deg(y(uw, v')) <n+1.Also [v/| + |v] = |u] — 1+ |v| < nsodeg(x(u' w,v)) <n+1,and [u'|+ [v'| = |u| -1+ |v|-=1<n
so deg(gp(x, y)u'w, v') < n+ 1. Hence, deg(uw, v) = n + 1: the induction is proved. O

Theorem 4.1. In the context of Definition 4,

(i) The law w,, is commutative if and only if the extension ¢ : AX ® AX — AX is commutative.
(ii) The law w,, is associative if and only if the extension ¢ : AX ® AX — AX is associative.

Proof. We give an elementary proof.

(i) [w, commutative = ¢ commutative|
Let us suppose ¥(u, v) € (X*)?, U,V =V, U.
In particular, V(x, ) € (X*)?, xw,, y = Xxw, y. But, for any (x, y) € X?,

Xw,y =Xy +yx+ o(x, ylandy w, X = yx + Xy + ¢(y, x). (44)

and so (Vx,y € X)(¢(x,y) = ¢(y, X)).
[¢ commutative = w, commutative]
Now let us suppose ¢ is commutative then let us prove by recurrence on |uv| that w,, is commutative:

- The previous computation proves that the recurrence holds for |u| = |v| = 0.
- Suppose the recurrence holds for any uq, v; € X* such that |u;v{| < nandletu, v € X* such that juv| < n+ 1.
Ifu = 1y« or v = 1y« it is true, else let u = xu’ and v = yv’ withx,y € X and v/, v' € X*. Then,

Uw,v = XU w, yv) + yxu w,v) + X, y)(u' w,v')
= X(yv wy u) + Y wy, xu') + @y, X)(v'w, u')
(by the induction hypothesis)
=V u_|(p u. (45)

(i) [w,, associative = ¢ associative] Let us suppose

Yu,v,w e X*, (Uw, v)w,w =uw, (vw,w). (46)

Then, for any x, y, z € X, one has

(XwyY)wyz = Xxw, (Yuw, 2). (47)

But

(Xwy)w,z = (xy +yx+ (X, y))w, z (48)
=Xyw,Z+YXw,Z+ (X, y)w,z
= X(ywy,z) +z(xyw, 1) + (%, 2)y
+y(xw,z) + z(yxw, 1) + oy, 2)x
+ox ¥)z +zpx, y) + o(px, y), 2)
= x(yz +zy + (v, 2)) + 2xy + ¢(x, 2)y
+y(xz + zx + ¢(x, 2)) + zyx
+ oy, 2)x + o(x, )z + z(x, y) + p(¢(x, ¥), 2)

Xwy, (Ywy,z) = Xw, ¥z + 2y + (v, 2)) (49)

=Xw,yZ+Xw,zy +xw, @y, 2)

= xX(1w, yz) + y(xw, z) + (X, y)z
+x(1wy,zy) +z(xwy, ) + @(x, 2)y
+x9(y, 2) + oy, 2)x + ¢(x, ¢(y, 2))

= xyz +y(xz + zx + ¢(x, 2)) + (%, y)z
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+xzy + z(xy + yx + @(x, ¥)) + (%, 2)y
+x0(y,2) + oy, 2)x + ¢(x, 9(y, 2)). (50)
One can then deduce that

(Vx,y,z € X)Xy (Ywy2) = (Xwy y)w, 2) (51)

—  (Vxy,z € X)o(x, oy, 2)) = p(e(x,y), 2)). (52)
[¢ associative = w, associative] Now if ¢ is associative then let us prove by induction on |u| + |v| + |w] that w,, is
associative:

- The previous equivalence proves that the induction holds for |u| = |v| = |w| = 1.
- Suppose the recurrence holds for any u, v € X* such that 3 < |u| + |v| + |w| < nand |y, |v], |lw| # 1.
- Letu=xu',v=yv and w = zw’ withx,y,z € X and v/, v/, w’ € X*. Then,

Uwy, (v Wy w)

=, (Y0 wy w) 4+ 2(v i, w) + ¢y, 2V w, w)

= x(U wy y(v wy, w)) F y(uw, (v w, w)) + @X, y)(u' wy, (v w, w))
XU w2V W)+ 2wy (Vi w)) + @X, 2) (U wy (v, ')
+X(U Wy 0y, 2)(V wy ") + @y, 2) (U, (V' w, w'))
+ o, oy, 2wy, (v w, w')

= X(u/ W (U Wy w))
YUy (0w ) + Q% YU wy (0 sy W)
+2(U sy (Vg W) + 9%, 2)U sy (Vi W)
+ oy, 2)(uw, (v w, w") + @x, oy, 2w, (V' w, w') (53)

and

(u Wy v)u.v(p w

= (X(U' Wy v) + Y(Uw, V') 4+ @(x, y)U wy, v))w, w

= X((U iy 0) iy W) F ZX(U 1 V) s W) + QX Z) (U 1y ) )
F (U v)wy w) 4z (U w, v)w, w') + @y, 2)((Uw, v)w, w')
+ (X, YU wy v ) wg w) 4+ 2(@(X, y)(U w, v )w, w')
+o(p(x, ), ) (U wy V') w, w')

= X((U' wy v)w, w) + @x, 2)(U' wy v)w, w')
FY((Uwy v )w, w) + @y, 2)(Uwy, v)w, w')
+ (X, Y (U wy v )y w) + (X, y), 2)(U wy v )w, w')
+z(uw, v)uwy, w'. (54)

Indeed, thanks to the induction hypothesis and the commutativity of ¢, the terms u w,, (v w, w)and (Uw, vV)w, w
are equal. O

4.2. Dualizability conditions

Proposition 3. We call yxz_y = (@(x, y)|z) the structure constants of ¢ (w.r.t. the basis X ).
The product w, is a dual law if and only if (V,fy)x,y,zex is dualizable in the following sense

(Vz € X)(#{(x. y) € X*|y{, # 0} < +00). (55)
Proof. (w, dual law = y)fy dualizable). Let A be the dual of w, that is, for all u, v, w € X*

(w, v|w) = (u® v|A(w)®* . (56)

For all z € X, one must have A(z) = Zlea,-u,- ® v;. On the other hand, for all x, y € X, one has (x w, y) — (xy +yx) = ¢(x, ¥).
Hence

ey = (0(x,¥)Iz) = (xwyy) — (xy +yx)|z) = (X, Y)Iz) — ((xy + yX)|2)

= (x®@YIA@) = (x®Y)| Y _aiti ® vi) . (57)
i=1
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We can deduce from the preceding argument that
i, # 0= (x € UL Au;and y € UL Av))

which proves the point.
[¥y dualizable = w,, dual law]). This is, combinatorially speaking, the most interesting point. We first define a
comultiplication A on A{X) by transposing the structure constants of w, by

AZ)=z®@1+1@z+ Y ¥ x®y (58)
x,yeX

and, as the sum is finite (see however the comment after this theorem), this quantity belongs to A(X) ® A(X). One then
has a linear mapping A : AX — A(X) ® A(X) which is extended, by universal property, into a morphism of algebras
A AX) - A(X) ® A(X). Explicitly, for all w = z1z; - - - z,, one has

Az1zy -+ zn) = A(21)A(22) - - - Alzn) . (59)
Now, we prove that the dual law of the latter coproduct is exactly wu,,.

First remark: by (58) and (59), one has
Aw)=w@l+1Qw+ Y A vu®v (60)
u,vexXt

the last sum being finitely supported. This shows by duality that
U l=1lu,u=u (61)
(here, w 4 stands for the dual law of A). Moreover

auw ,bv = Z (auw pbv|w)w

weX*

> {au ® bu|A(w))w

weX*

(u@bv1@ N1+ Y (au® bv|Aw))w

weXt

= Z (au ® bv|A(xm)) xm

xeX ; meX*

= Z (au ® bv| A(x)A(m)) xm

xeX ; meX*

3 <au®bv|(x® 1+1@x+ Z(A(x)ly@z)y@z)A(m)> xm

xeX ; meX* y,zeX

Z {au ® bv|(x ® 1)A(m)) xm

xeX; meX*

+ Z (au ® bv|(1 ® x)A(m)) xm

xeX ; meX*

+ Z <au®bv|Z Ny®2z)y®zA(m )> xm

xeX ; meX* y,zeX

+ Y (au®bvl(a® 1)A(m)) am + Y (au ® bv|(1 ® b)A(m)) bm

mexX* mex*

+ Z (au ® bv|(A(x)|a ® by a ® bA(m)) xm
xeX ; meX*

+ Y (u®@bv|A(m)) am+ Y (au ® v| A(m)) bm
mex* mex*

+ Y (AX)la®b)u®v|Am)) xm
xeX ; meX*

=a Z (u® bvlA(m)) m+b Z (au ® v|A(m)) m

meX* meX*



G.H.E. Duchamp et al. / Discrete Mathematics 340 (2017 ) 2286-2300 2299

+ 3 (Z(A(x)la ® b) x)(u ® v|A(m)) m

meX* xeX

— a(uw ,bv) + blauw ,v) + @(a, b)(uw Lv). (62)

This proves that the dual law w, equals u, and we are done. O

4.3. The Hopf-Hurwitz algebra
In Section 2.1.2, we provided the law on indices followed by the product of Formal Hurwitz polyzétas, we now prove that
the law ¢ associated with it is associative. The “centres” will be taken from a subfield K of C and the set of coefficients A is

a K-CAAU.

Proposition 4.

(i) Thelaw ¢ : AN ® AN — AN associated to o is defined, on the basis N, by the multiplication table Trormal Hurwitz

ift=ts (i, z), ¥, 20)) = Wisj> 2t)

i-1 .
. N . N j—1+n (—1)" '
lft#tv (p((ylvzt)’(y]ﬂzt ))_§O< ]—1 )(t—t/)H—n (yl*nszt)
C(i—14n) (=1)
+§( i1 )m()’j—mzt’)- (63)

(ii) The product s associative, commutative and unital, making (A(N), o, 1y) into a A-CAAU.

Proof. (i) Let first j : KN — K(X) be the linear mapping defined by j((y;, z;)) = ﬁ In fact, as the {ﬁ} are linearly
independent, j is injective. On the other hand, j is a morphism of K-AAU due to the fact that the multiplication table is
identical. Hence ¢ is a law of K-CAAU on A ®x KN. (ii) Is a consequence of the general theorems. O

Now, we have the following bialgebra

HFormal Hurwitz = (A(N>, L In+, Aconcs E) (64)

which is a Hopf algebra. Note that w, is not dualisable which means that the adjoint

Ay, N* > A(N* @ N*)) (65)

does not have its image in A(N) ® A(N). See next paragraph for tools and proofs.
Corollary 2. The product w.is associative, commutative and unital, making (A(N), w., 1y) into a A-CAAU.

Proof. It comes that the product ueis a direct product of the products o and ... O

5. Conclusion

We have been able to give a useful extended version of Radford’s theorem.
Let us observe that:

e For the shuffle product, ¢, = 0, so the shuffle w is associative, commutative and dualizable.
e The stuffle product over an alphabet indexed by N is associative and commutative because ¢ ., (x;, X;) = Xij is so;
moreover it is dualizable.
o The muffle product over an alphabet indexed by C is associative and commutative because ¢ .., (x;, Xj) = Xi; is so; it
is not dualizable because for alln € N.g, X1 = @ ., (X1/n, Xn).
However, there are multiplicative subsemigroups S of C such that ¢ restricted to the alphabet (x;)ics is dualizable.
Such an example is given where S is the set of rth root of unity, the case is described in [17] example 2.
e The duffle product over an alphabet indexed by N* x C* is associative and commutative because ¢ ..., ((y,~, xi), (V) xl)) =
(Vi+j» Xkx1) 1s associative and commutative; it is not dualizable either (for the same reason).
But we can make the same remark as the muffle about the possibility to restrict the alphabet so that ¢ becomes
dualizable.
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e The Formal Polyzéta product is associative, commutative but, for all j € N. o, with t # t/,

LIS _qy
wo«midxmzwy=§:<] +H>FL—L—Upm4)

o —
—~ j—1 t—t'ytn
ZUiien (<1
+ Z < 1 ) m(%’—mzt’) (66)
n=0
and thenVj € Noo, (@, (V2. 2). 0j. 20)) 11, 20)) = — ji'l) W # 0 which implies that o is not dualizable.

e The Lerch product is associative, commutative and not dualizable (for the same reason as ... ).

So, if we work in the Riemann polyzéta algebra, in the coloured polyzéta algebra, or in the Generalized Lerch polyzéta
algebra, we can use a representation with the Lyndon set as a transcendence basis. Moreover, the Riemann polyzéta algebra
and the truncated Hurwitz polyzéta algebra can both be completed into Hopf algebras.
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