
Stepped planes, Stepped surfaesand Generalized SubstitutionsThomas FerniqueLIRMM CNRS-UMR 5506 and Université Montpellier II,161 rue Ada 34392 Montpellier Cedex 5 - Franethomas.fernique�lirmm.frSturmian words and Sturmian morphismsA substitution on words is a non-erasing morphism of the free monoid: it mapsletters of a �nite alphabet A to non-empty �nite words of A∗, and maps onate-nations of letters onto onatenations of the images of these letters. A Sturmianword is a two-letter in�nite word whih an be de�ned as the digitization of anirrational straight line of the plane. Then, a Sturmian morphism is a substitutionon words whih maps Sturmian words to Sturmian words. We are here interestedin bidimensional extensions of these notions.Stepped planesIt is natural to de�ne a bidimensional word over A as a bidimensional array withoe�ients in A. Then Sturmian bidimensional words are de�ned in [5℄ as dig-itizations of real planes whose normal vetors have entries linearly independentover Q. This extends the de�nition of Sturmian words as digitizations of reallines whose slopes are irrational. More preisely, onsider the union of the unitubes with verties in Z3 whih interset the half-spae below a given real plane.The boundary of this union of ubes is alled a stepped plane- it is a union ofunit squares alled faes. Stepped planes an then be digitized by bidimensionalthree-letter words (see [3℄). Fig. 1 illustrates this.
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1 3Fig. 1. Digitization of a stepped plane: spei� verties (highlighted by blak orners)are assoiated with faes and form a bidimensional lattie, what leads to a naturaloding by a bidimensional three-letter word (to eah type of fae orresponds a letter).



2Stepped surfaesA natural operation on the union of unit ubes interseting the half-spae below areal plane onsists in adding or removing a ube on the boundary. This operationorresponds, in terms of stepped planes, to a loal exhange of three faes - alled�ip - and an be iterated. The obtained unions of faes are not, generally, steppedplanes. In fat, it is proven in [1℄ that these unions exatly orrespond to thestepped surfaes introdued in [4℄. Moreover, stepped surfaes an be digitizedby bidimensional words over a 3-letter alphabet as well as stepped planes. Fig.2 illustrates this.
Fig. 2. Some �ips are performed on a stepped plane (from left to right).Generalized substitutionsDuality has been used in [2℄ to assoiate with lassi substitutions on wordsso-alled generalized substitutions. It is proven in [3℄ that generalized substitu-tions map aperiodi stepped planes to aperiodi stepped planes, as Sturmianmorphisms map Sturmian words to Sturmian words. Moreover, it is proven in[1℄ that generalized substitutions also map stepped surfaes to stepped surfaes,as Sturmian morphisms also map two-letter words to two-letter words. Thus,it ould be natural to onsider generalized substitutions and digitizations ofstepped surfaes as multi-dimensional extensions of, respetively, Sturmian mor-phisms and two-letter words. Fig. 3 and 4 illustrate this.
Fig. 3. Generalized substitutions map stepped planes to stepped planes.
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Fig. 4. Generalized substitutions map stepped surfaes to stepped surfaes.In short. . .We an sum up the previous bidimensional extensions as follows:two-letter words −→ stepped surfaesSturmian words −→ aperiodi stepped planesSturmian morphisms −→ generalized substitutionsNote that these extensions are also suitable in a multi-dimensional framework,more preisely in odimension one, by onsidering hyperplanes instead of planes.Referenes1. P. Arnoux, V. Berthé, T. Fernique, D. Jamet, Funtional stepped surfaes, �ips andgeneralized substitutions, LIRMM researh report 06014 (2006)2. P. Arnoux, S. Ito, Pisot substitutions and Rauzy fratals. Bull. Belg. Math. So.Simon Stevin 8 no. 2 (2001), pp. 181�207.3. T. Fernique, Multi-dimensional Sturmian Sequenes and Generalized Substitutions.to appear in Int. J. Found. Comput. Si. (2006)4. D. Jamet, On the Language of Disrete Planes and Surfaes. Pro. IWCIA'04, Let.Notes Comput. Si. 3322 (2004), pp. 227�241.5. L. Vuillon, Combinatoire des motifs d'une suite sturmienne bidimensionelle. Theo-ret. Comput. Si. 209 (1998) pp. 261�285.


