
Tilings of a poly
ell :Algorithmi
 and stru
tural aspe
tsBodini Olivier Fernique ThomasMay 27, 2004We 
onsider the following de�nition of tiling (see Figure 1):Let C = {C1, . . . , Ck} be a set of 
ir
uits (
alled 
ells) of a dire
tedgraph G. Let E be the set of all (dire
ted) edges in C and I a subsetof E. We 
all inner edges the edges of I and boudary edges those of
B = E\I. For a ∈ I, Cell(a) denotes the subset of C formed by the
ells whi
h use the edge a. A tiling of (C, I) is a subset T of I su
h that
{Cell(a)}a∈T is a partition of C.

Figure 1: From left to right: a poly
ell C of 5 
ells (the 
hordless 
ir
uits); 3inner edges (dashed); a tiling (dashed edges).This de�nition, introdu
ed in [BL03℄, extends the 
lassi
al planar tilingswith dominoes or lozenges ([Thu90℄, [DMRR03℄, [Fou03℄ and [Thi03℄), and alsothe 
odimension-one tilings ([DMB97℄). Figure 2 shows the 
ase with dominoes.
Figure 2: Tiling of a polyomino with dominoes: ea
h square is mapped to a
ell of C, whose orientation depends on the 
olor of the square; the inner edgeseparates two squares, and to ea
h edge of a tiling 
orresponds the dominoformed by the two 
ells 
ontaining this edge.We are interested in both a des
riptive approa
h (
onditions for existen
eof a tiling and stru
ture of the whole set of the tilings for a �xed 
ouple (C, I))1



and a 
onstru
tive approa
h (algorithms to 
onstru
t a tiling, to generate theset of the tilings and to perform random sampling upon).[Pro93℄ des
ribes the stru
ture of the set of the tilings, within a frameworkbarely less general than ours, but only with non-
onstru
tive methods. Re
entworks ([DMRR03℄, [BL03℄, [Thi03℄ or [Fou03℄) provide more algorithmi
 ap-proa
hes, but with noti
eable loss of generality (planar tilings with dominoes,lozenges or k-regular 
ells). Our aim is to unify these results within a moregeneral and simplier framework.In order to do that, we will de�ne some basi
 notions (see Figures 3 and 4):
• a 
ounter is a weight-fun
tion on the edges su
h that the weight over ea
h
ell of C is equal to one. Those with 0-1 values (only 0 for boundary edges)
orrespond to tilings;
• the height fun
tion of a 
ounter maps ea
h vertex to the weight (by this
ounter) of a shortest path from a �xed vertex to this vertex itself;
• a fen
e is a strongly 
onne
ted 
omponent of the graph obtained by re-moving the edges T of a tiling (one proves that it does not depend on thetiling). In a sense, fen
es split a poly
ell into independly-tileable poly
ells;
• a �ip (on a fen
e) is an elementary operation whi
h transforms a tilinginto another tiling. There are lo
al and global �ips.
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Figure 3: From left to right: a 
ounter with 0-1 values on triangular 
ells; theasso
iated tiling (dashed edges) and height fun
tion; a more visual interpretationof height fun
tions.
Figure 4: Lo
al �ip (left) and global �ip (right) on tilings with dominoes of adomain with a hole (used fen
es are drawn in a thi
ker way).2



We thus obtain the following results:
• the �ip operation indu
es a stru
ture of (�nite) distributive latti
e overthe set of tilings. Consequently, results about this well-studied stru
ture
an be applied to our purpose (see [DP90℄ for general latti
e theory);
• an algorithm to 
onstru
t a tiling (minimal, in a sense to be spe
i�ed),whose 
omplexity depends on the 
onsidered 
lass of graphs. For planartilings, result in [FR01℄ leads to a O(n log3(n)) algorithm;
• an algorithm to generate the whole set of the tilings and one to performrandom sampling on this set ([DR03℄, [Pro97℄).

Figure 5: Distributive latti
e of the tilings of a poly
ell with lozenges (left) anda more 
ompa
t isomorphi
 representation, namely the Birkho�'s one (right).3
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