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Quasicrystal

Matter with non-periodic order enforced by finite range interactions.
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Rhombus tiling (Digital surface)

rhombi defined over n non-co
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Shadow

Orthogonal projection of the lift over 3 vectors of the canonical basis.
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Orthogonal projection of the lift over 3 vectors of the canonical basis.
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Planar rhombus tiling (Digital plane)




Planar rhombus tiling (Digital plane)
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Planar rhombus tiling (Digital plane)
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Local rules
Tiles <i:>> \C:x “‘
‘ <2> Forbidden patterns

Finite set of finite forbidden patterns. Enforcing non-periodic tilings?
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Enforcing the periodicity of a shadow by local rules

Periodic shadow: its lift is invariant by an integer translation.
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Enforcing the periodicity of a shadow by local rules

Periodic shadow: its lift is invariant by an integer translation.

Let R > 0 be larger than the norm of a period vector p € Z3.

Among the patterns of diameter R, forbid the non p-periodic ones.

Only a p-periodic shadow can satisfy such local rules.
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Enforcing the periodicity of a shadow by local rules
Periodic shadow: its lift is invariant by an integer translation.

Let R > 0 be larger than the norm of a period vector p € Z3.
Among the patterns of diameter R, forbid the non p-periodic ones.
Only a p-periodic shadow can satisfy such local rules.

There are however local rules on shadows, not on tilings.
But they can be easily extended to tilings which are planar:

Proposition (BF)

Periodicities of planar tiling shadows are enforceable by local rules.
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Grassmann coordinates

Grassmann coordinates (Gjj)i<j € RP(:)~1 of P = R + RV C R”
Gjj == ujvj — ujv;.

Theorem (Good ol algebraic geometry)

Planes are uniquely characterized by their Grassmann coordinates.
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Grassmann coordinates & Pliicker relations
Grassmann coordinates (Gjj)i<j € RP(:)~1 of P = R + RV C R”
Gjj == ujvj — ujv;.

Theorem (Good ol algebraic geometry)

Planes are uniquely characterized by their Grassmann coordinates.

Pliicker relations on (Gjj)i<j € RP(:)~L; the (4) quadratic relations

GijGu = G Gjj — Gj Gj

Theorem (Good ol algebraic geometry)

Only Grassmann coordinates satisfy all the Pliicker relations.
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Periodicity relations

Proposition (BF)
If the (i, j, k)-shadow of a planar tiling is (p, q, r)-periodic, then
the Grassmann coordinates of the digitalized plane satisfy

PGjk — qGik + rGjj = 0

Local rules enforcing a periodicity relation are said to be associated.
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the Grassmann coordinates of the digitalized plane satisfy

PGjk — qGik + rGjj = 0

Local rules enforcing a periodicity relation are said to be associated.

Proposition (BF)
If Pliicker and periodicity relations characterize a unique plane P,
then the planar tilings satisfying associated local rules digitalize P.

In particular, such tilings are non-periodic when P is irrational.
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Periodicity relations

Proposition (BF)
If the (i, j, k)-shadow of a planar tiling is (p, q, r)-periodic, then
the Grassmann coordinates of the digitalized plane satisfy

PGjk — qGik + rGjj = 0

Local rules enforcing a periodicity relation are said to be associated.

Proposition (BF)
If Pliicker and periodicity relations characterize a unique plane P,
then the planar tilings satisfying associated local rules digitalize P.

In particular, such tilings are non-periodic when P is irrational.

Can this be achieved? What about non-planar tilings?
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Example for n =5 (generalized Penrose tilings)

Enforce by local rules the 10 periodicity relations G;; = Gpi—j i, i.e.,

G2 = Gs1 = Ggs = G3g = Gp3 =: X,
G13 = G41 = Gp3 = Gsp = G35 =
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Example for n =5 (generalized Penrose tilings)

Enforce by local rules the 10 periodicity relations G;; = Gzi—_j ;, I.e.,

G2 = Gs1 = Ggs = G3g = Gp3 =: X,
G13 = G41 = Gp3 = Gsp = G35 =

The 5 Pliicker relations reduce to the single relation
xy = x> — y2.
Up to algebraic conjugation, there is one solution in RP?:

i
(x,¥) = (p,1) or, equivalently, G; = sin ((151)7r> )
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Example for n =5 (generalized Penrose tilings)

Enforce by local rules the 10 periodicity relations G;; = Gzi—_j ;, I.e.,

G2 = Gs1 = Ggs = G3g = Gp3 =: X,
G13 = G41 = Gp3 = Gsp = G35 =

The 5 Pliicker relations reduce to the single relation
xy = x> — y2.
Up to algebraic conjugation, there is one solution in RP?:

(x,¥) = (p,1) or, equivalently, G; = sin ( )

They are the Grassmann coordinates of Rcos(%); + Rsin(%);.
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Generalized Levitov theorem

Theorem (BF)

If Pliicker and periodicity relations characterize a unique plane,
then the tilings satisfying the associated local rules are planar.

The thickness is moreover uniformly (but not precisely) bounded.

The plane has algebraic Grassmann coordinate of degree d < 2(3).

Tedious proof, but much easier analogue “continuous” statement.
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Thank you for your attention



	expose

