
Generalized Substitutions and Stepped Surfa
esThomas FerniqueLIRMM CNRS-UMR 5506 and Université Montpellier II,161 rue Ada 34392 Montpellier Cedex 5 - Fran
ethomas.fernique�lirmm.frAbstra
t. Generalized substitutions are de�ned by duality from 
lassi
substitutions on words. It is known that they a
t on aperiodi
 steppedhyperplanes - a multidimensional extension of sturmian words. In thispaper, we show that they also a
t on stepped surfa
es - an extension ofstepped hyperplanes whi
h 
ould be 
onsidered as a multidimensionalextension of two-letter words. We give some prospe
ts of this extension.Introdu
tionA �nite (resp. in�nite) word over an alphabet A is a �nite (resp. in�nite) 
on-
atenation of letters ofA. The set of �nite (resp. in�nite) words overA is denotedby A∗ (resp. AN). A substitution on words maps letters of A to non-empty �nitewords of A∗, and maps a �nite (or in�nite) 
on
atenation of letters onto the
on
atenation of the images of these letters. In other words, a substitution isa non-erasing morphism of the free monoid A∗ (or AN). A sturmian word is atwo-letter in�nite words whi
h 
an be de�ned - among other possibilities - asdigitization of an irrational straight line of the plane. Then, a sturmian mor-phism is a substitution on words whi
h maps sturmian words to sturmian words(see e.g. [12℄, Chap. 2 and the referen
es inside). We are here interested in amultidimensional extension of these notions.It is rather natural to de�ne a d-dimensional word over A as a d-dimensionalarray with 
oe�
ients in A, that is, as an element of AZ
d (see e.g. [7℄). Then,extending the de�nition of sturmian words as digitizations of irrational straightlines of R

2, sturmian d-dimensional words are de�ned as digitizations of irra-tional hyperplanes of R
d+1 (see [18, 5℄). They are the d-dimensional words overa (d + 1)-letter alphabet whi
h en
ode the aperiodi
 stepped hyperplanes of [9℄.De�ning substitutions on multidimensional words is not straightforward. Du-ality has been used in [4℄ to asso
iate to a 
lassi
 substitution on words a so-
alledgeneralized substitution. Generalized substitutions map aperiodi
 stepped hyper-planes to aperiodi
 stepped hyperplanes and 
ould be 
onsidered as a multidi-mensional extension of sturmian morphims (see [9℄). However, it is worth noti
-ing that sturmian morphisms a
t not only on sturmian words but on any two-letter in�nite word. By analogy with this, we would like to de�ne d-dimensional

(d + 1)-letter words, in
luding sturmian d-dimensional words and on whi
h a
t



2generalized substitutions. The main purpose of this paper is to show that thestepped surfa
es introdu
ed in [11℄ (see also [1℄) provide su
h an extension.Before summing up these multidimensional extensions, let us also mention thenotion of substitutions by lo
al rules, introdu
ed in [3℄, whi
h has been provedin [10℄ to extend the notion of generalized substitutions, and thus 
ould playthe role of multidimensional substitutions. So, writing from left to right theunidimensional notions and their extensions, we obtain:Two-letters words −→ Stepped surfa
esSturmian words −→ Stepped hyperplanesSturmian morphisms −→ Generalized substitutionsSubstitutions −→ Substitutions by lo
al rules?The paper is organized as follows. The de�nition of stepped hyperplanes is�rst re
alled in Se
tion 1. Then, we de�ne stepped surfa
es in Se
tion 2: they areobtained performing simple operations 
alled �ips on stepped hyperplanes. InSe
tion 3, we restate the de�nition of generalized substitutions and we show thatthey map stepped surfa
es to stepped surfa
es: this is the main result of thispaper. We 
on
lude this paper giving in Se
tion 4 some prospe
ts 
on
erninga possible extension of the de�nition of sturmian words as aperiodi
 two-letterwords of minimal 
omplexity.1 Fa
es and stepped hyperplanesLet (e1, . . . , ed) be the 
anoni
al basis of R
d. The fa
e (x, i∗) is the subset of

R
d de�ned for x ∈ Z

d and 1 ≤ i ≤ d by (see Fig. 1):
(x, i∗) = {x +

∑

j 6=i

λjej , 0 ≤ λj ≤ 1}.

e1 e2

e3

e2
e1

e3
x

0 0 0 0Fig. 1. From left to right, the fa
es (0, 1∗), (0, 2∗), (0, 3∗) and (x, 1∗) (in R
3).The set of fa
es is denoted by F . Given two sets of fa
es E ⊂ F and E ′ ⊂ F(�nite or not), let B(0, r) be the largest ball - possibly the whole spa
e - on whi
h

E and E ′ are equal (re
all that both are subsets of R
d). We set d(E , E ′) = 2−r,and it is easy to 
he
k that it de�nes a distan
e d over sets of fa
es. We then usefa
es to approximate hyperplanes of R

d (see Fig. 2):



3De�nition 1. A stepped hyperplane is a set of fa
es de�ned by:
Pα,ρ = {(x, i∗) | 〈x, α〉 + ρ < 0 ≤ 〈x + ei, α〉 + ρ} ,where ρ ∈ R and α ∈ R

d has stri
tly positive entries.

Fig. 2. Stepped hyperplanes for d = 2 (left) and d = 3 (right).The 
ase d = 2 
orresponds to digitizations of straight lines of the plane andis inspired by the notion of arithmeti
al dis
rete line introdu
ed in [17℄. In this
ase, the fa
es are just horizontal or verti
al unit segments, so that the wholestepped hyperplane (whi
h is in fa
t a �stepped line�) 
an be easily en
oded overa two-letter words. In parti
ular, when the slope of the line is irrational, this is away to de�ne sturmian words (see e.g. [12℄, Chap. 2 or the original paper [13℄).It turns out that stepped hyperplanes 
an in fa
t be en
oded by words in anydimension d (see [3℄ for d = 3 or [9℄ for any d). Indeed one has:Proposition 1. Let v : F → Z
d and π : Z

d → Z
d−1 be the maps de�ned by:

v(x, i∗) = x + e1 + . . . + ei and π(x1, . . . , xd) = (x1 − xd, . . . , xd−1 − xd).Then, π ◦ v maps bije
tively the fa
es of a given stepped hyperplane onto Z
d−1.Thus, stepped hyperplanes of R

d 
an be en
oded into (d − 1)-dimensionalwords over the alphabet {1, . . . , d} by the following map (see Fig. 3):
Ψ :

F → Z
d−1 × {1, . . . , d}

(x, i∗) → (π ◦ v(x, i∗), i)
.Remark 1. The map Ψ is not one-to-one, but �almost�: one 
he
ks that twostepped hyperplanes are mapped onto the same multidimensional word if andonly if they are equal up to a translation of ve
tor λ(e1 + . . . + ed), λ ∈ R.Conversely, it is easily seen that Ψ is not at all onto. For example, when d = 2,a word whi
h 
ontains both two 
onse
utive 1's and two 
onse
utive 2's 
annotbe obtained as the image by Ψ of a stepped hyperplane (or �stepped line�).
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Fig. 3. Right: a subset of a stepped hyperplane; for ea
h fa
e (x, i∗) a bla
k 
ornershows the vertex v(x, i∗). Left, the image by Ψ of this set of fa
es. For example, thefa
es whose bla
ked 
orner belongs to one of the two lines on the left are mapped tothe 
orresponding framed letters on the right.2 Flips and stepped surfa
esWe extend here the notion of stepped hyperplane to the more general notion ofstepped surfa
e. We �rst de�ne, for x ∈ Z
d, two spe
i�
 sets of fa
es:

čx =

d⋃

i=1

(x, i∗) and ĉx =

d⋃

i=1

(x + ei, i
∗),whi
h are then used to de�ne an operation on sets of fa
es (see Fig. 4, 5):De�nition 2. A �ip ϕx is the map de�ned for a set of fa
es E and x ∈ Z

d by:
ϕx(E) =







(E\čx) ∪ ĉx if čx ⊂ E ,

(E\ĉx) ∪ čx if ĉx ⊂ E ,

E otherwise.It is worth noti
ing that �ips admit a natural interpretation when a
ting onstepped hyperplanes: 
onsidering a stepped hyperplane as towers of unit 
ubes,perform a �ip 
orresponds to adding or removing a unit 
ube. By performingsu
h �ips, one also obtains sets of fa
es whi
h are not stepped hyperplanes (seeFig. 4). This leads to de�ne stepped surfa
es.De�nition 3. A stepped surfa
e S is a set of fa
es obtained by performing a�nite or in�nite sequen
e of �ips onto a stepped hyperplane P:
S = ϕxN

◦ . . . ◦ ϕx1(P) or S = lim
n→∞

ϕxn
◦ . . . ◦ ϕx1(P).
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Fig. 4. From left to right: some �ips on a stepped hyperplane.Noti
e that in the previous de�nition, the notion of limit follows from thedistan
e de�ned in Se
. 1. Stepped surfa
es share with stepped hyperplanesthe property that they 
an be en
oded by multidimensional words. Indeed, one
he
ks:

∀x ∈ Z
d, π ◦ v(ĉx) = π ◦ v(čx),where π and v are the maps de�ned in Prop. 1. Hen
e, by performing a �ip ona stepped hyperplane, π ◦ v still maps bije
tively the obtained set of fa
es onto

Z
d−1. By indu
tion on the number of �ips, π ◦ v maps bije
tively the fa
es ofany stepped surfa
e onto Z

d−1: this extends Prop. 1 to stepped surfa
es. Then,the map Ψ allows to en
ode stepped surfa
es, as well as stepped hyperplanes, by
(d − 1)-dimensional words over {1, . . . , d}. Fig. 5 and 6 illustrate this.

1
3
21

2
3φxFig. 5. Left: a �ip ex
hanges čx and ĉx . Right: en
oded by Ψ , this 
orresponds to apermutation of letters.Remark 2. As for stepped hyperplanes (Rem. 1), Ψ is �almost� one-to-one: twostepped surfa
es are mapped onto the same multidimensional word if and onlyif they are equal up to a translation of ve
tor λ(e1 + . . .+ed), λ ∈ R. Moreover,

Ψ is onto when d = 2. Indeed, any word over {1, 2} indexed by Z 
an be seen asa sequen
e of horizontal and verti
al unit segments, that is, as a stepped surfa
e(or stepped line). It is however false for d > 2 (see e.g. [11℄).3 Generalized substitutions and stepped surfa
esHere, we brie�y re
all the notion of generalized substitutions and we show howthey a
t on stepped hyperplanes and stepped surfa
es.
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Fig. 6. The analogue of Fig. 3 for a stepped surfa
e.Let us re
all that the in
iden
e matrix of a substitution σ over {1, . . . , n} isthe n × n integer matrix whose 
oe�
ient at row i and 
olumn j is the numberof o

uren
es of the letter i in the word σ(j). A substitution σ is then said uni-modular if det Mσ = ±1. In parti
ular, M−1
σ has integer 
oe�
ients.We also denote by f(u) the ve
tor of Z
n whose i-th 
oordinate is the numberof o

uren
es of the letter i in the word u. In parti
ular, f(σ(i)) = Mσei.De�nition 4 ([4℄). Given a unimodular substitution σ over {1, . . . , n}, the gen-eralized substitution Θ∗

σ is de�ned over (non-empty) sets of fa
es as follows:
∀E , E ′ ⊂ F , Θ∗

σ(E ∪ E ′) = Θ∗
σ(E) ∪ Θ∗

σ(E ′),

∀(x, i∗) ∈ F , Θ∗
σ({(x, i∗)}) =

⋃

j,p,s

|σ(j)=p·i·s

(
M−1

σ (x + f(s)), j∗
)
.Let us 
onsider for example the substitution σ : 1 → 13, 2 → 1, 3 → 2. One has:

Mσ =





1 1 0
0 0 1
1 0 0



 , and M−1
σ =





0 0 1
1 0 −1
0 1 0



 ,and this yields (see Fig. 7):
Θ∗

σ :
{(x, 1∗)} 7→ {(M−1

σ x + e1 − e2, 1∗), (M−1
σ x, 2∗)}

{(x, 2∗)} 7→ {(M−1
σ x, 3∗)}

{(x, 3∗)} 7→ {(M−1
σ x, 1∗)}.Noti
e that one has:

Θ∗
σ({(0, 1∗)}) = {(e1−e2, 1∗), (0, 2∗)} and Θ∗

σ({(e3, 3∗)}) = {(e1−e2, 1∗)},
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Θσ

∗

Θσ
∗

Θσ
∗

Θσ
∗

Fig. 7. A
tion of Θ∗

σ on single fa
es and on a small set of fa
es.that is, Θ∗
σ({(0, 1∗)}) ∩ Θ∗

σ({(e3, 3∗)}) 6= ∅. So, a generalized substitution doesnot ne
essarily map di�erent fa
es onto disjoint sets of fa
es. Thus, it is worthstressing when it does:De�nition 5. A generalized substitution Θ∗
σ is said to map properly a set offa
es E onto Θ∗

σ(E) if it maps distin
t fa
es of E to disjoint subsets of Θ∗
σ(E).In this regard, stepped hyperplanes are parti
ularly interesting:Theorem 1 ([9℄). A generalized substitution maps properly a stepped hyper-plane onto a stepped hyperplane. More pre
isely, the generalized substitution Θ∗

σmaps properly the stepped hyperplane Pα,ρ onto the stepped hyperplane PtMσα,ρ.Let us now 
onsider the 
ase of stepped surfa
es. The following lemma linksthe a
tion of a generalized susbtitution and the a
tion of a �ip (see Fig. 8):Lemma 1. If a generalized substitution Θ∗
σ maps properly a set of fa
es E onto

Θ∗
σ(E), then Θ∗

σ maps properly ϕx(E) onto ϕM
−1
σ x(Θ∗

σ(E)), for any x ∈ R
d su
hthat ϕx(E) 6= E.

Θσ
∗

Θσ
∗

φx φ
M xσ

−1

Fig. 8. If two sets of fa
es di�er by a �ip ϕx , then their images by Θ∗

σ di�er by a �ip
ϕ

M
−1
σ x

(here: σ : 1→ 13, 2→ 1, 3→ 2).The next lemma allows to extend this result to the a
tion of a sequen
e of �ips:



8Lemma 2. If a sequen
e (En) of sets of fa
es admits a limit, then:
lim

n→∞
Θ∗

σ(En) = Θ∗
σ( lim

n→∞
En).Proof. (Sket
h) The result follows on
e we proved:

d(Θ∗
σ(E), Θ∗

σ(E ′)) ≤ 2−ρσd(E , E ′),where ρσ denotes the spe
tral radius of Mσ. ⊓⊔We are now in a position to prove the following theorem (whi
h 
an also bestated in terms of multidimensional words thanks to the en
oding map Ψ):Theorem 2. A generalized substitution maps properly a stepped surfa
e onto astepped surfa
e.Proof. Let us 
onsider a stepped surfa
e S = limn→∞ ϕxn
◦ . . . ◦ ϕx1

(P), where
P is a stepped hyperplane. A

ording to Lem. 1 and 2, one has:

Θ∗
σ(S) = Θ∗

σ

(

lim
n→∞

ϕxn
◦ . . . ◦ ϕx1

(P)
)

= lim
n→∞

Θ∗
σ(ϕxn

◦ . . . ◦ ϕx1
(P))

= lim
n→∞

ϕM−1
σ xn

◦ . . . ◦ ϕM−1
σ x1

(Θ∗
σ(P))The result follows, sin
e Th. 1 yields that Θ∗

σ maps properly P onto the steppedhyperplane Θ∗
σ(P). ⊓⊔Fig. 9 illustrates this. Th. 2 improves the result of [2℄, whi
h proves for aparti
ular generalized substitution that it maps a stepped surfa
e to a subset ofa stepped surfa
e. The present improvement mainly relies on the notion of �ip,a promising tool newly introdu
ed here in su
h a 
ontext.

Fig. 9. Generalized substitutions map stepped surfa
es onto stepped surfa
es.



94 Prospe
tsIt is known that an in�nite word is periodi
 if and only if it admits, for n0 ∈ N,no more than n0 distin
t fa
tors of length n0 (a fa
tor of length k 
onsists in k
onse
utive letters). Hen
e, an in�nite word with n+1 distin
t fa
tors of length
n for any n ∈ N - one says with 
omplexity n + 1 - is aperiodi
 and there isno in�nite word with a smaller 
omplexity. Su
h words turn out to be exa
tlythe words de�ned by digitizations of irrational straight half-lines, that is, thesturmian words (see [13℄).A similar result holds for bi-in�nite words, that is, 1-dimensional words.Indeed, sturmian 1-dimensional words 
an be de�ned equivalently as the digi-tizations of irrational straight lines or as the re
urrent aperiodi
 1-dimensionalwords with minimal 
omplexity (re
all that a word is re
urrent if any of itsfa
tors o

urs with unbounded indi
es). Moreover, the non-re
urrent aperiodi

1-dimensional words with minimal 
omplexity are also 
hara
terized (see [8℄).However, no similar result yet exists for d-dimensional words (d > 1). Let usmention a 
onje
ture due to M. Nivat in [14℄, whi
h states that a 2-dimensionalword having no more than m0n0 distin
t re
tangular fa
tors of size m0 × n0,for at least one 
ouple (m0, n0) ∈ Z

2, is ne
essarily periodi
. If this 
onje
turewould hold true (see e.g. [15, 16℄ for partial results), the aperiodi
 2-dimensionalwords of �minimal 
omplexity� 
ould be de�ned as those with re
tangular 
om-plexity mn + 1 for any (m, n) ∈ Z
2. Nevertheless, these 2-dimensional words,
hara
terized in [6℄, do not 
orrespond to sturmian 2-dimensional words de�nedby digitizations of real planes. Thus, we do not get in this way a simultaneousmultidimensional extension of both de�nitions by digitizations and 
omplexityof sturmian words.To get round this, the stepped surfa
es studied in this paper 
ould be helpful.Indeed, sin
e sturmian 1-dimensional words 
an be de�ned as the re
urrent ape-riodi
 two-letter words of minimal 
omplexity, 
onsidering stepped surfa
es as amultidimensional extension of two-letter 1-dimensional words leads naturally tothe following 
onje
ture:Conje
ture 1. The re
urrent aperiodi
 stepped surfa
es of minimal 
omplexityare the aperiodi
 stepped hyperplanes.Noti
e that we do not have here de�ned pre
isely the notions of 
omplexityand re
urren
e. In parti
ular, it 
ould be worth 
onsidering notions spe
i�
 tostepped surfa
es instead of using de�nitions whi
h hold for general d-dimensionalwords (as the re
tangular 
omplexity). On
e these notions are �xed, it would alsobe interesting to 
hara
terize all the stepped surfa
es with the same 
omplex-ity as aperiodi
 stepped hyperplanes, as done in [8℄ for sturmian 1-dimensionalwords, and similarly to the work of [6℄ relatively to the Nivat's 
onje
ture.
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11AppendixProof of Lemma 1:In the one hand, one 
omputes:
Θ∗

σ(čx) =
⋃

i

Θ∗
σ({(x, i∗)})

=
⋃

j,p,i,s

|σ(j)=p·i·s

(M−1
σ (x + f (s)), j∗)

=
⋃

j,p′ 6=ε,s

|σ(j)=p′ ·s

(M−1
σ (x + f(s)), j∗)

=
⋃

j,p′ 6=ε,s 6=ε

|σ(j)=p′ ·s

(M−1
σ (x + f (s)), j∗) ∪

⋃

j

(M−1
σ x, j∗)

︸ ︷︷ ︸

č
M

−1
σ x

.On the other hand, using that ei = f(i) and f (σ(j)) = Mσej , one 
omputes:
Θ∗

σ(ĉx) =
⋃

i

Θ∗
σ({(x + ei, i

∗)})

=
⋃

j,p,i,s

|σ(j)=p·i·s

(M−1
σ (x + ei + f(s)), j∗)

=
⋃

j,p,i,s

|σ(j)=p·i·s

(M−1
σ (x + f(i· s)), j∗)

=
⋃

j,p,s′ 6=ε

|σ(j)=p·s′

(M−1
σ (x + f(s′)), j∗)

=
⋃

j,p 6=ε,s′ 6=ε

|σ(j)=p·s′

(M−1
σ (x + f(s′)), j∗) ∪

⋃

j

(M−1
σ (x + f (σ(j))), j∗)

=
⋃

j,p 6=ε,s′ 6=ε

|σ(j)=p·s′

(M−1
σ (x + f(s′)), j∗) ∪

⋃

j

(M−1
σ (x + Mσej), j

∗)

=
⋃

j,p 6=ε,s′ 6=ε

|σ(j)=p·s′

(M−1
σ (x + f(s′)), j∗) ∪

⋃

j

(M−1
σ x + ej , j

∗)

︸ ︷︷ ︸

ĉ
M

−1
σ xThe result easily follows. �


