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Regexpcount, a symbolic package for counting problems on regular
expressions and words
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Abstract. In previous work [10], we considered algorithms related to the statistics of matches with
words and regular expressions in texts generated by Bernoulli or Markov sources. In this work
these algorithms are extended for two purposes: to determine the statistics of simultaneous counting
of different motifs, and to compute the waiting time for the first match with a motif in a model
which may be constrained. This extension also handles matches with errors. The package is fully
implemented and gives access to high and low level commands. We also consider an example
corresponding to a practical biological problem: getting the statistics for the number of matches
of words of size 8 in a genome (a Markovian sequence), knowing that an (overrepresented DNA
protecting) pattern named Chi occurs a given number of times.

Keywords: marked automata, generating functions, computer algebra.

1. Introduction

An important class of computational biology problems is related to counting. When considering words,
one is interested in the probability of match in a sequence, the statistics of occurrences in a genome,
and the selection of words with unusual counts. These problems have been studied by several authors
using combinatorics or probabilistic (Poisson approximation) methods, in the Bernoulli and Markov
case [11, 12, 13, 15, 14, 16, 18]. When considering regular expressions or motifs such as Prosite motifs,�
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Table 1. Examples of computations (see notations in Section 2)

pat. stat. md. #%$'&)( *,+�$'&)( #%$.-0/�/�/�( *1+�$.-0/�/�/�(
2�342�3 n.m.o. 576 88:9 &<;>=8:9 ?A@ $'B1C( 8!D+FE 9 &G; EFE+FE 9 ?H@ $'B�C( 62.31 66.10

2�2�2�3 n.m.o 576 88:9 &<; =8:9 ?A@ $'B C ( I+FE 9 &G; 8 E+FE 9 ?H@ $'B C ( 62.31 35.05

2�342�3 n.m.r. 576 8+ 6 &<; 8:=8 6F6 ?A@ $'B C ( 9 I+ 6F6F6 &G; 8:= I+ 6F6F6 ?H@ $'B C ( 49.87 34.34

2�342�3 n.m.o. 5 8 I+FE 9 &<; + D+FE 9 ?A@ $'B C ( + 9 6 89 EFE =F9 &G;KJ EFE I9 EFE =F9 ?L@ $'B C ( 35.05 39.44

2�342�3 n.m.o. M 8 IJ 6 &<; + I DJ 6F6 ?A@ $'B C ( =F9 + D= + 6F6F6 &N; EF+ = E =8 + J 6F6F6 ?A@ $'B C ( 112.12 112.78

O $ 2�342�3�P -�( n.m.o. 576 EJ &<;Q8F8J ?A@ $'B1C( 8 I9FR &G; + =9FR ?H@ $'B�CS( 623.62 296.18

O $ 2�342�3�P -�( n.m.o. 5 8 9F=8 + J &<; 8:R488 + J ?A@ $'B C ( 9 I E D8:9F= J R &G; 8 + 9F9F=8:9F= J R ?L@ $'B C ( 491.08 423.54

O $ 2�342�3�P -�( n.m.o. M 8 E DJ 6 &<; 8:=48F8J 6F6 ?A@ $'B C ( D.= + == + 6F6F6 &N; 8!D.9 6 88 + J 6F6F6 ?A@ $'B C ( 710.86 228.61

T B T�U -
pat. stat. md. # *,+V PW2�3X2�3 wait 576 20 275.89V PF2�2�2�3 wait 576 16 1442�342�3�P.2�2�2�3 wait 576 16 1442�2�2�3�PF2�342�3 wait 5 6 16 271.92V PW2�3X2�3 wait 5 8 33.77 925.38V PW2�3X2�3 wait M 8 12.72 82.26

one is also interested in probability of match in a sequence [17], or, once again, in the statistics of number
of matches [10]. In this article, we consider regular expressions, with words and patterns (finite set of
words) as a subclass of these, and texts generated by either a (uniform or non-uniform) Bernoulli source
or by a Markovian source. In [10], we addressed the counting problem for matches of one motif in these
texts. Our method was based on construction of automata and the analysis of their generating functions
(with one variable and one parameter). We extend this approach to handle simultaneous counting of
several motifs, which corresponds to generating functions with one variable and several parameters and
gives access to covariance statistics. We also consider a new statistic, the waiting time for the first
match with a regular expression Y[Z[\ ; this last problem may be constrained by knowing that a match just
occurred with a regular expression Y[Z^] , either with rematch with Y[Z_] allowed, or forbidden. Another
new feature of the package is the possibility of handling statistics for matches with errors, for all the
problems considered. In Section 2 we give some examples of our computations. In Section 3 we provide
the necessary definitions. We describe our methods and algorithms in Section 4 and several extensions
in Section 5. We give in Section 6 an application to a biological problem.
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2. Examples

Table 1 contains some examples of the possible computations, with the following notations:

pat.: pattern. `badcfe
g,e
hjilk�m�n : language of words at edit distance (substitution, insertion, deletion) opm
from cfe�g1e
hfi . In the case of the wait statistics, two patterns are given (see stat.).

stat.: considered statistics; (1) n.m.o : number of matches in the overlapping case (overlapping matches
are accepted); (2) n.m.r. : number of matches in the renewal case (restart after each match, or non-
overlapping case); (3) wait (pattern i ] k.iq\ ): wait time for the first match with pattern il\ , knowing that
pattern il] has been found (rematch with ir] is allowed during the wait). If ir]tsvu , wait time for the first
match with i \ from the beginning of the text.

md.: model; (1) w[x : Bernoulli uniform; (2) w ] : Bernoulli non-uniform (probability of letters y{z|s}�~S� k�y%�[s�� ~S� ); (3) ��] : Markov model of order 1; (probability associated to the Markov chain: y z s}�~S� k�y%��s�� ~S� k�y z
� z s }�~S� k�y z�� ��s�� ~S� k�yq� � z s }�~�� k�yq� � ��s }�~��
, where y%� is the initial probability of

letter h and yq� � � is the probability that the letter h is followed by the letter � in the text).� ad�7n�k�� \ ad�7n : asymptotic value of the expectation and variance for texts of size � .� a }
����� n�k�� \ a }
����� n : numerical evaluation of the expectation and variance for texts of size
}
�����

.� k�� \ (wait statistics): numerical evaluation of the expectation and variance for the wait statistics.

See Section A of the appendix for a Maple session which computes lines `ba.�1���,�Sk } n , n.m.o, w�] and ��]
of Table 1.

3. Definitions

We recall in this section the classical definitions for languages, generating functions and finite automata.

Languages. An alphabet is a (finite) set of letters. A word is a concatenation of letters of the alphabet.
A language over an alphabet � is a subset of the set ��� of all words over the alphabet. Concatenation
of languages is denoted by a product ( ��]�� \ s>����]�� \ k���]G��� ]
k�� \ ��� \¡ ). Union of languages is the
ordinary set union. The empty word is denoted by u and the Kleene star operator “¢ ” is understood as�£��s�u¥¤¦�§¤¦� \ ¤��G¨©¤«ª
ª
ª , where � \ s>�G� and so on. A regular language over an alphabet � is
built by recursively applying Union, Concatenation and Kleene-Star operators to the singleton languages�Su ¡ and ��� ¡ a:¬�v�®��n . A regular expression is a short-hand description of a regular language (most
commonly using symbols “ ª'k�¤^k¯¢ ” and brackets).

Generating functions. We give the definitions for an alphabet of 2 letters ��s°���qk�� ¡ and consider
generating functions for a language ± . They generalize immediately to alphabets of higher cardinality.
Define the counting generating function of a language ± as ²Ha.�qk���n|s´³¶µ�· � ¸ � · � ¸ where µ�· � ¸ is the
number of words of ± with ¹ letters � and º letters � ; this is equivalent to ²Aa.�%k��
n�s ³¼»l½�¾<¿�ÀfÁ ad�[n ,
where the operator “ ¿�ÀfÁ ”, applied to a word � , produces the monomial obtained by letting the letters
of � commute. For example, if ±ÂsÃ���,�,�Sk��1��� ¡ then ²Ha.�qk���nAs � � \ � . Remark that if Ä)Å is defined
by ²Ha.Æ�k�Æ,n�s ³ ÄjÅ)Æ Å then ÄfÅ counts the number of words of size � in the language. Similarly the
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“probability” generating function of ± is ÇHa.Æ)n�s ³ÉÈ Å Æ Å , where È Å is the probability that a word of
size � belongs to ± . In the Bernoulli models w x and w�] this is ²Ha.Æ ~�� k�Æ ~�� n and ²Ha.y z Æ�k�y%��Æ)n where y z k�y%�
are the probabilities of occurrences of letters � and � respectively. For example with ±Êsv���)�1�Sk��,��� ¡ , we
have ÇHa.Æ)nËsÌÆj¨ ~S� in the model w x . In the Markov model �¦] the probability of each word is computed
by using the probability of occurrences of the first letters and the transitions probabilities (this generalizes
easily to higher Markov models).

As an example, the bivariate generating function of number of matches of the pattern �,���1� in the
Markov model �¦] of Section 2 is

²Ha.Æ�k�ÍÎnÏs«Ð Ñ�Ò Å Í Ò Æ Å s }�ÔÓ }���Õ ¤Ö� � Æ[¤Ìa }�× ÍØn�a �jÕ Æ \ ¤ }�� Æ ¨ ¤ÖÙ�Æ�ÚSnÛ��×Ô�jÕ Æ ×�}�Û Æ \ ¤Ìa }�× ÍØn�a �� Æ \ ×�}�Õ Æ ¨ ¤Ö��Æ Ú n k
where Ñ�Ò Å is the probability that there are m matches in a text of size � .

Translation rules. If unions are disjoint and concatenations are unambiguous, unions of languages
translate to sums of generating functions and concatenations translate to products of generating functions;
with the same conditions, the counting and probability generating functions of ±�� are the quasi-inverses² ¾)Ü a.�qk��
nÝs }�~ a }�× ² ¾ a.�%k��
n�n and Ç ¾,Ü a.Æ)nËs }�~ a }<× Ç ¾ a.Æ,n�n .
Automata. A Nondeterministic Finite Automaton (or NFA) is a 5-tuple aW�Gk�Þßk�àfk�²�k�án such that: � is
the input alphabet; Þ is a finite collection of states; àA�QÞ is the start state; ²ãâvÞ is the collection of
final states; á is a (possibly partial) transition function from Þ Ó � to äËå the set of subsets of Þ .
There exists a transition from state æ· to state æ ¸ if there is a letter çÔ�v� such that æ ¸ �vá)a.æ
·0k0ç�n . A
word �KsÌ�[]�� \rè
è
è �£Åb�Ô�Ë� is accepted or recognized by an NFA �>spaW�Gk�Þßk�àfk�²�k�án if there exists a
sequence of states æ�· 6 k�æ�· 8 k�æ
· + k
ª
ª
ª�k�æ�· C such that æ�· 6 sÌà , æ�·êé_�bá)a.æ�·êé�ë 8 k�� ¸ n and æ�· C �b² .
Kleene’s theorem states that a language is regular if and only if it is recognized by an NFA. Given
an input regular language there are several algorithms to construct an NFA that recognizes it. See [6]
among numerous text books for the construction using u -transitions or [2] for the Berry-Sethy algorithm.
Deterministic finite automata (or DFAs) are special cases of NFAs where the images of the transition
function are singletons. By a classical theorem of Rabin and Scott, NFAs are equivalent to DFAs in the
sense that they recognize the same class of languages.
An important theorem of Chomsky and Schützenberger states that the generating function ²Ha.Æ)n of a
regular language Y is rational [3]. The proof uses a DFA recognizing the language Y as an intermediate
step; a system of linear equations is then deduced from the DFA; one of the unknowns of the system is²Ha.Æ)n .
4. Methods and algorithms

4.1. Marked automata

The process is best illustrated with an example. Consider the pattern �1��� and counting the number of
matches of this pattern in random texts over the alphabet �®s����%k�� ¡ . This may be done by considering
marked texts where a mark ì not belonging to � is inserted in the texts after each match. If we consider
the text íGsî�,�,���1���)�,�,���1� , we get ÁLï�ð�ñ adí�n�sî�)�1���jìò���)ìb�)�1���jìò� if overlapping matches are allowed
and ÁHï�ð�ñ adí�nÝs®�,�1���)ìò���)�,�1���)ìò� otherwise.
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A marked automaton is an automaton ���k�Þ�k�àjk�²£k�á�k�� ] k
ª
ª
ª�k��QÒ ¡ where � ] k
ª
ª
ª�k��|Ò are subsets of the
set Þ of states that are distinguished. For instance, consider the DFA �Ésó���aWsb���qk�� ¡ n�k�Þ�k�àjk�²£k�á ¡
recognizing the regular expression � � �,��� . When running this automaton against a text, each state
reached after reading an �1��� is a final state. From there, define a marked automaton �^ô with ��]{sõ²
as marked subset and all states final. Therefore � ôös÷aW�Gk�Þßk�àfk�Þßk�á�k�²�n . We consider now a DFA�<øÏsÃaW�©ø©s°���qk��jìÔk��Sk���ì ¡ k�Þ�k�àjk�Þ�k�á�ô�n deduced from �Gô by transforming á to a marked transition
function á�ô as follows: ¬Îà���Þßk4¬ù¥�ò� , if á,aFàfk�ùWn�ú���¦] then á�ô^aFàjk�ùWnÝsÌá,aFàfk�ùWn , else á�ô�aFàfk�ùdì�nÝsÌá,aFàjk�ùFn
and á ô aFàfk�ùWn is not defined. Then � ø recognizes all the marked texts where the mark ì has been inserted
after each match. This method has been developed in [10] and we extend it to the case where c patterns
are considered. In the latter case, we define c marked sets �®]�k
ª
ª
ªSk��õû corresponding to the matches
with each pattern, and a suitable rule of marking the transitions is chosen.
Since the marked automata that we construct in this paragraph are deterministic, the Chomsky and
Schützenberger method is available. When a single motif is considered, it produces, in the Bernoulli
case, a generating function ²Ha.�%k��Sk�ì�n . From ²Ha.�qk���k�ì�n we get the multivariate probability generating
function ÇAa.Æ�k�ÍÎnßsü²Ha.y z Æ�k�y%��Æ�k�ÍØn�s ³ i Å � Ò�Í Ò Æ Å , where i Å � Ò is the probability that a text of size �
contains m occurrences of the pattern. In what follows, we consider that the insertion of marks is done
during the Chomsky-Schützenberger translation into generating functions.

4.2. Algorithms

We consider a problem for one or several motifs YL]�k
ª
ª
ª�k�YG·{ad¹Ïý } n . The algorithmic chain is as follows.

1. If the match(es) with the motif Y · is (are) considered with a function of error ` , build first an
automaton recognizing Y · and next an “error” automaton recognizing `òa.Y · n . Use classical u -
transitions constructions to connect this automaton to the automata built during the following step.

2. Construct a deterministic Bernoulli automaton corresponding to the problem.
3. If the model is Markov, transform the last automaton constructed to a Markov automaton.
4. Compute the (eventually multivariate) counting or probability generating function of the language

recognized by the automaton.
5. Use computer algebra methods to extract the Taylor coefficients of order � of the generating func-

tions, which provide expectation(s), moment(s) of order 2, or covariance(s) of the statistical pa-
rameters under study. See [10] for details.

Remarks about implementation: steps 1-3 are implemented in the package þ1ÿ��1ÿ��������
	��� ; step 4 is
performed either by use of the package �
���������)þ�	���� (combinatorial structures), or by combination of
functions of the packages þ�ÿ��1ÿ��
���
�
	���� and �
��������)þ�	���� and by the standard solver of Maple; step 5
is performed either by the package ����	�� (generating functions) when computing exact coefficients or
by the packages ÿ��
	��������jÿ
��� (asymptotic expansions of coefficients of generating functions) and ���1ÿ��
(general asymptotic expansions) for asymptotic results.

Properties of marked states: For a given mark, the corresponding set of marked states shares the proper-
ties of the set of final states for the determinization or minimization of automata. This follows from the
fact that, at a given time of the construction of a marked automata, the set of marked states has been (or
has been equivalent to) the set of final states of an automaton. Similarly, the marking process behaves
nicely during the cartesian product of automata.
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NFA determinization. It uses the subset construction adapted to the case of marked automata. Con-
sider the marked NFA � �vsî���k�Þ�k�àjk�²£k�á�k�� ¡ where � is the subset of states marked with the letterì (the extension to a sequence of sets �§]�k
ª
ª
ªSk��õû where � ¸ is the subset of states marked by the letterì ¸ is immediate). Forgetting � , the subset construction on �!� gives a DFA �#"¦s ��Gk�$[k��Sà ¡ k&% k�` ¡
where $ (the set of states) is the subset of

� å used during the construction, ` is the transition function
induced on this set and %¶s���'«�($*)+'-,�²öús/. ¡ . This automaton is marked by adjoining the set of
marked states 0 sK��'Ê�1$*)+'2, � ús3. ¡ to � " .

Automaton minimization. It is performed when necessary during the algorithmic chain.
A marked automaton may be considered as an automaton that simultaneously recognizes several

regular languages. For a given automaton � ô , a minimized automaton is an automaton with minimum
number of states that simultaneously recognizes the same languages as � ô .

We consider first the classical minimization of non-marked deterministic automata. See [7] for details
and proofs. Consider a deterministic automaton �Ìsv��Gk�Þßk�àfk�²�k�á ¡ . We define inductively on the length
of the strings the function 4 á65,Þ Ó �Ë�87 Þ by

4 á,a.æ,k�u�nÝs®æ
4 á,a.æ,k�h�1nÝs«á)a 4 á�a.æ,k�hÎn�k���n

An equivalence relation 9;: is defined on the set of states Þ by

æ
·�9#:òæ ¸ < ��¬qh ��� � k 4 á1a.æ
·4k�hÎnt� ² < 4 á1a.æ ¸ k�hØnt�b² ¡
The automaton naturally defined on the equivalence classes of the relation 9=: on Þ is one instance of
minimal automaton equivalent to � .

Let us consider now a marked automaton � ô s��Þ�k�àjk�²£k�á�k�� ] k
ª
ª
ª�k�� û ¡ , where (after eventually
renaming the marked sets) the index of the marked sets ranges from 1 to c . We identify the set ² with
a set � x and therefore the index set > ranges from 0 to c . The function 4 á is defined as previously. We
consider now the set ?Ös ��@ of subsets of > and for each Aõ�=? the setsBDC sFE¸ ½ C � ¸�ª (1)

In many cases, the set
B C

is empty. We denote by ? the set of indices A for which
B C

is not empty and
not duplicated that is defined by

?Ösv�
A|� � @ k B C ús3. and ú G�A ø kHA|âIA ø and
B C s B CKJ ¡ ª

We can describe this partitioning in terms of coloring by assigning a color to the set of terminal states
and to each set of marked states; equivalently, we assign a color to each integer from 0 to c . The set of
states is partitioned along the subsets of colors assigned to each state. The cardinality of the partition
is upper bounded by )êÞL) and by

� ûNM7] . We extend now the definition of the equivalence relation given
precedently to the case of marked automata. We consider the marked automaton � ô defined above and
consider the relation 9 :�O on the set of states Þ defined by

æ�]P9#:QO æ \ < ��¬h �ò� � k4¬RA|� ?�kS4 á1a.æ�]
k�hÎnt� B C < 4 á,a.æ \ k�hØnt� B C ¡ ª (2)
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It is easy to prove that the relation 9 :QO is an equivalence relation. The automaton induced by á on the
classes of equivalence of Þ ~ 9;:QO is an instance of minimal marked automaton equivalent to the original
automaton �Gô . All the required proofs are identical to the proofs done for classical automata.

The minimization algorithm for handling marked automata uses a slight generalization of the Hopcroft� T À
U ad�7n algorithm [5]. Instead of beginning with a partition of the set of states with 2 subsets, the set
of final states ² and its complement ² , we begin with the partition � BVC kWAH� ? ¡ (see Equation 1). The
algorithm then further refines the partition as does Hopcroft’s one, and the subset created at each step has
size at most half of the splitted subset. The algorithm has therefore complexity XLad� T À
U �7n as Hopcroft’s
algorithm does.

Product automaton. An automaton is complete if for any state and any letter the transition function is
defined. Let Y ª'k
ª Z denote an ordered list. Given two complete DFAs �_·ls aW�Gk�Þ�·4k�à�·Xk�²7·�k�á�·0k��õ·Wn�k7¹�s } k � ,
we construct the marked product automaton wõs ��] Ó � \ sÔaW��k�Þ [tk\Yêàf]
k�à \ ZWk�²][£k�á^[tk��_[ � ]�k��_[ � \ n as fol-
lows: Þ;[ is a subset of ��Y hlk���ZWk�h|�ÔÞ�]
k��ò�ÔÞ \S¡ ; if Y hlk���Z¥�ÔÞ;[ , then á`[<a+Y h7k���ZWk�ùWntsaYêáS]Sadhlk�ùWn�k�á \ ad�k�ùFnbZ
belongs to Þ;[ . The start state Yêà)]�k�à \ Z belongs to Þ6[ . ²][|sv��Y hlk���ZWk�hÔ�b²Ë]�k����b² \¡ . The distinguished
subsets are � [ � ] sK��Y hlk���ZWk�h ��� ] ¡ k�� [ � \Nsv��Y h7k���ZWk��b�ò�Q\ ¡ . The construction is classical, but com-
pleted to handle the case of marked automata. This construction generalizes immediately to the product
of more than 2 automata.

5. Extensions

5.1. Number of pairs of occurrences.

The automaton construction for counting the number of occurrences of a pattern in a text has been de-
scribed in [10] and in Section 4. To simultaneously consider the occurrences of 2 patterns i ] and iq\ ,
construct two marked automata �^] and � \ recognizing the regular expressions � � i{] and � � i \ respec-
tively and compute the product wüsp�^] Ó � \ s���Gk�Þ�k�àjk�Þ�k���]�k�� \¡ of the two automata, where the
set of final states is made equal to Þ . This is the required automaton. The corresponding probability
generating function is of the form ÇHa.Æ�k�Í7k+c1n©s ³ i%Å � · � ¸ Í · c ¸ Æ Å where iqÅ � · � ¸ is the probability that a text
of size � has ¹ occurrences of i7] and º occurrences of i \ . The construction generalizes immediately to
the case where more than two patterns are simultaneously considered.

5.2. Waiting times

We consider now two patterns ir]Ns>�1� and i \ s ��� . In this case, we are interested in the waiting time
for a match with i \ , knowing that a match with i7] occurred. (See the corresponding next paragraph
for an algorithm). Let us exemplify the marking process on the text íNsp�,��������� . This text begins with
a match with il] , finishes with a match with i \ and has no other matches with i \ . The marked text isÁLï�ð�ñ adí�n[sÂ�1����ìò��ìò��ìb�)ì ; this text contains 4 marks ì , corresponding to the number of letters read
after the match with i7] until the match with i \ occurred. We assume that we know how to construct a
marked automaton w ô � ] s aW�Gk�Þßk�àfk�²�k�á�k�� ] k��Q\�n verifying the following conditions: w ô � ] recognizes
the texts that begin with a match with i¥] , end with a match with i \ and have no other match with i \
(except possibly within the first match with i¥] ); ��] is the set of states reached when matching i¥] and � \
is the set of states crossed after a match with i¥] until a first match with i \ ; furthermore we assume that no
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path from à to � ] intersects a path from � ] to ² . Let Þed 8 be the subset of states of Þ that are accessible
and coaccessible in w d 8 sÉaW�Gk�Þ�k�àjk��Ö]Sk�án ; note that w d 8 recognizes il] . Then � \ s�Þ × Þ d 8 . Said
in different words, the constructed automaton splits into a first part where iË] is recognized and into a
second part where the first match with i \ is recognized, and the marked set � \ is the set of states of
the second part. Forget �§] in wGô � ] to produce w�ô � \ s�aW��k�Þ�k�àjk�²£k�á�k�� \ n . Translate into a generating
function ²Aa.�%k��Sk�ì�n which enumerates the marked texts. In the Bernoulli model, this gives the probability
generating function ÇHadÍÎnÝs«²Ha.y z k�y%��k�ÍÎnÏs ³ à�ÅfÍ Å where à�Å is the probability that the waiting time is� . From there, the expectation and second moment of the statistics are immediately obtained.

Waiting time, first match with a pattern i¥] . Construct the automaton for � � i{] and erase all transi-
tions from final states.

Waiting time i7]#7 i \ for a match with i \ after a match with il] . Construct the marked automata�;f ]hg recognizing il] and �;f \ g recognizing � � i \ , where �;f ·ig s aW�Gk�ÞDf ·ig k�à�f ·ig k�ÞDf ·ig k�á�f ·ig k��jf ·kg n . Construct
the automaton w¶sÂ� f ]hg Ó � f \ g s¶aW�Gk�Þ�k�àjk�²£k�á�k%�Ö]�k�� \ n . Construct an automaton l by duplicating
the states of w by a bijective copy function m of Þ onto mGaWÞ�n such that Þn,om�aWÞ_n sp. . Then the
required automaton is l s aW�Gk�Þ/q*m�aWÞ_n�klàjk+mGaF� \ n�k�á^r©k+mGaWÞ�n�n where á^r is defined as follows: ifà�� Þ × ��] , then á^r£aFàjk�ùWnÏs á)aFàjk�ùWn ; if à^� ��] , then á^rtaFàjk�ùFn©ssmGaFá,aFàfk�ùWn�n ; and if à��tmGaWÞ�n × mGaF� \ n ,
then á r aFàjk�ùFntssmGaFá,aumev ] aFàn�k�ùWn�n ; the transition function á r is not defined for the states of mGaF�Ê\n . Note
that the marked states are all the copied states.

Remark: if rematch with i7] is forbidden, remove all transitions á�r£aFàfk�ùWn such that á`r£aFàjk�ùFnGspí andít�VmGaF��]�n .
5.3. “Error” automaton

We consider successively the cases of an error function ` with (1) 1 substitution (2) 1 insertion (3) 1
deletion allowed for a motif Y · .

Let � · s´aW��k�Þ�k�àjk�²£k�án be a complete DFA recognizing Y · (or � � Y · if necessary). We use a
copy function m as in the preceding paragraph. The NFA error automaton (an u -NFA in the case of one
deletion) is w�·
sÔaW��k�Þ§¤_m�aWÞ_n�k�àjk�²¼¤_m�a.²�n�k�á^rÏn . We have for á`r respectively.

1. One substitution:

¬Îà7�NÞ�k á^r£aum�aFàn�k�ùWnÏswmGaFá,aFàfk�ùWn�n�k á^r£aFàjk�ùFn sK�Sá)aFàjk�ùWn ¡ q��`m�aFá)aFàjk�ù�·0n�n�k%ù�·��N�exj��ù ¡�¡ ª
2. One insertion:

¬Øàl�NÞßk á^rtaumGaFà�n�k�ùFnÏswmGaFá,aFàjk�ùFn�n�k á^r£aFàjk�ùWnÝsv�Sá,aFàfk�ùWn ¡ q �`mGaFà�n ¡ ª
3. One deletion:

¬Îàl�GÞ�k^á^r£aum�aFàn�k�ùWnÏswmGaFá,aFàfk�ùWn�n�kÏá^rtaFàjk�ùWnÝsv�Sá,aFàfk�ùWn ¡ kËá^r£aFàjk�u�nÝsv�`m�aFá)aFàjk�ùWn�n�k�ùÏ�ò� ¡ ª
Use w�· as input in the algorithm corresponding to the problem to produce an u -NFA. Determinize and
minimize it, and translate into a generating function. When m errors are allowed, repeat the constructionm ×�} times. Combinations of substitutions, insertions, and deletions are handled in the like.
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5.4. Markov automaton

The construction from a Bernoulli automaton into a Markov automaton of order 1 has been given in [10].
The extension to a Markov automaton of order m is immediate: Let à be a state of the Bernoulli automa-
ton, and let y sp����·0k��£· is a path of length m ending in à ¡ . Create a state à »{z for each ��·t�|y in the
Markov automaton and add the necessary transitions.

Remark that, in the case of a Markov model of order m , if the letter } is used for naming the tran-
sitions, a transition } � 8 ��~�~�~ � �\� � �\�&� 8 from a state à means that the state has been entered by a transition
of the form } ��� � 8 ��~�~�~ � � � and that the letter currently read is h{Ò M7] . This translates to yq� 8 ��~�~�~ � � � � � �&� 8 Æ when
computing generating functions.

6. Occurrences of words under constraint

Although the full power of the package þ�ÿ��1ÿ��
���
�
	���� is best demonstrated on regular expressions, we
give an application of our computations to a biological problem over words. This application is fully au-
tomatized. See Section B of the appendix for a Maple session computing the conditional expectation and
the conditional standard deviation of the word considered in this section for the genome of H. influenzae.

6.1. Statistics of number of occurrences pairs

We make some preliminary remarks about the statistics of the number of occurrences of pairs of words.
Let �[] and � \ be the words and ²Aa.Æ�k�Ílk+c�nßs ³ ÑÅ � · � ¸ Í · c ¸ Æ Å be the multivariate generating function
counting the number of pairs of matches. Here, Ñ)Å � · � ¸ is the probability that a random sequence of size� has ¹ matches with � ] and º matches with �N\ . Bender and Kochman [1] prove that the counts of
generalized words (finite sets of words) verify a multivariate normal distribution. They also prove that
this remains true when conditioning by the count of one of the generalized words. It seems reasonable to
conjecture that these results also hold when considering counts of matches with regular expressions, but
there are so far no proofs for this.

The “section” Y Í Ò Æ Å Z!Ñ a.Æ�k�Í7k+c1n of the generating function, up to a normalization coefficient, counts
the number of matches of the word � \ in texts of size � , knowing that exactly m matches with �^]
occurred. It is computationally expensive to compute the m -th Taylor coefficient with respect to the
variable Í of ²Aa.Æ�k�Ílk+c�n when m is not small and practically impossible as soon as m is larger than 100. To
circumvent this problem, we use the following heuristic: we shift the distribution so that the expectation
of the number of matches with �_] is m , and we compute the moments of matches with � \ from the
shifted distribution. The shift is obtained by giving to the parameter Í the appropriate positive value � .

The methods developed in Nicodeme et al. [10] apply here. When � and c are real positive k�²Ha.Æ�k��Ýk+c�n
is part of a system involving a matrix with non-negative entries. The Perron-Frobenius theory induces
that there exist a dominant singularity. Suitable Cauchy integration and application of the large powers
theorem of Hwang then imply that the distribution of number of matches of � \ remains normal when the
distribution is shifted.



80 P. Nicodème / Regexpcount, a symbolic package

6.2. Biological application

We consider now the Chi sequence ��sÉgjhqí¯gjgjí¯gjg of the 1830140 base pairs long genome of H. in-
fluenzae read in the transcription direction ( h stands for any letter of the alphabet �®s>���qk�µk0g%k�í ¡ ). The
variables µ · � ¸ , with ¹�k¯º �§� count the number of bases ¹ followed by the base º in the genome. From
this, we deduce the Markov probability yÎ· � ¸ sîµ�· � ¸ ~ a.µ�· � z ¤Aµ�· � � ¤Aµ�· � � ¤Aµ�· � � n�ª With this Markov model of
order 1, the expectation and standard deviation of number of occurrences of � in the genome are 56.26
and 7.59. However, the � sequence is highly overrepresented in the genome, and found 223 times. When
looking for exceptional words in H. influenzae, we must condition the statistics by the observed number
of occurrences of the � sequence. We compute the constrained statistics of the word �ps>íXgfgjíXgfgfg)µ as
follows. Construct a marked automaton � ô for � � � and a marked automaton � d for � � � . Compute the
product w¶s Markov a.� ô Ó ��djnGsã��Gk�Þßk�àfk�²�k�á�k�� k�Ç ¡ , where � and Ç are the set of states corre-
sponding to matches with � and with � . Set ²vs«Þ in w to recognize all the marked texts ìb�)cfm�ô � d aW� � n ,
where ì and i are respectively inserted after a match with � and � . Compute the generating function²Ha.Æ�k�Í7k+c1n©s ³ ÑÅ � · � ¸ Í · c ¸ Æ Å where Ñ�Å � · � ¸ is the probability that a text of size � distributed as H. influen-
zae contains ¹ occurrences of � and º occurrences of � . We use the mean-shifting method1 to get the
constrained probability. Consider

� ad� k��rnÝs Y Æ Å ZH� ²Ha.Æ�k��lÍlk } n� Í
������K� ]Y Æ Å Z:²Ha.Æ�k��Ëk } n and � � s Y Æ Å ZH� ²Ha.Æ�k�� x k+c�n� c

���� ��� ]Y Æ Å Z:²Ha.Æ�k�� x k } n ª (3)

Remark that
� ad� k��rn is the shifted mean of occurrences of � for parameter � . Solving

� a }�Õ � ��}��f� k��rn£s��� � numerically provides � x sv�,ª�� }`� . The expectation � � of the constrained statistics is given in Eq 3.
More specifically, let

� Å sjY Æ Å Z:²Ha.Æ�k�� x k } n and �Êa.Æ)nÝs ÇHa.Æ)nÞLa.Æ)n s � ²Ha.Æ ~ � k���x�k+c�n� c
���� ��� ]

and let � be the dominant singularity of � a.Æ)n . Note that � is a pole of order 2 of �Êa.Æ)n . The Taylor
expansions of ÇAa.Æ)n and ÞHa.Æ)n at Æ^sw� are

ÇHa.Æ)nËsÌÇHau�jnØ¤Ìa.Æ × �jn�� Ç� Æ au�jnØ¤1��a.Æ
× �fn�k

and ÞHa.Æ)nÝs }� a.Æ × �jn \ � f \ g Þ� Æ \ au�jn{¤
}Û a.Æ × �jn ¨ � f ¨ g Þ� Æ ¨ au�jn{¤��1a.Æ

× �jn ¨ ª
Let iq·Øs�� f ·kg Ç� Æ · au�jn and æ�·Øs�� f ·ig Þ� Æ · ª

We get by Laurent expansion of � a.Æ,n at � the asymptotic equivalent of the conditioned expectation,

� � s � i xæ \ ad�A¤ } nh� v Å v \ ×
�
� ��i{]�æ \

× i x æ ¨æ \\ � v Å v ] ¤_��a } n
1Greene and Knuth [4] give a nice account of this method. They want to compute the asymptotic value of the coefficient of� C in the binomial distribution $.-N��� ? � ����( = C . A direct use of the saddle point method is hard, the values considered being
out of the domain of application of the central limit theorem. Greene and Knuth make the shift ���n� ��� . This transforms the
distribution to $ ����¡ ? � ��¡�( = C , and a saddle point method applies within the domain of the central limit theorem. See also [19]
for an application of this method to large deviations.
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The moment of order 2 is computed similarly, and from there, the standard deviation �¢� follows. A
2.5 seconds computation gives the numerical values � � s � �,ª ��� and � � s � ª Õ
� , to be compared to
the unconditioned values � s }`� ª �1} and �«sü�,ª Ù . Theoretical [9] and numerical [10] considerations
indicate that �_£ � \ and � � £ � \� when the words are not self-overlapping (or have low probability of
self-overlapping matches); in this case (that covers most of the words and can be easily pre-checked by
a pattern-matching algorithm) computation of � � alone that requires only 0.48 seconds provides a good
estimation of � � . For the words with strong self-overlap structure, the full computation is necessary. This
makes a total time shorter than 15 hours for computing all the words of size 8. As a comparison, the
package ¤R¥§¦�¨�© at ª
«�«�¬]h®�®^¯�¯�¯�°`±�²`³R´+²�µ�¶�³·´¹¸�¶�®�ºK®\»�¼�®\½
¾\µ�¿�À�¾�® computes the unconstrained statistics for all
the words of size 8 in the Markov case in a few seconds, but fails to compute the constrained case.

7. Conclusion

We provide here a general purpose symbolic package for statistical properties of occurrences of words
and regular expressions. Our method goes through the construction of automata and translations into
generating function. Although determinization could lead to an explosion of the size of the automata
constructed, previous work shows that this is not the case when considering exact matches and a biologi-
cal application such as calibrating Prosite motifs. The package should be able to cope with matches with
errors of DNA or RNA motifs in reasonable time. Complete biological applications and a push-button
interface are part of future work.

Availability. The ¶
¾K½�¾KÁ�¬�Â\¿\Ã�µ
« package is written in Maple. It is fully documented and available atª
«�«�¬]h®�®K³
Ä\½�¿R´&²�µ
¶�²^³R´¹¸�¶
®�Ä�²�±
¶
³K¶�²`¾�Å`®�Å`¿�¸K«K¯�³`¶�¾·´Æª�«^ÀÄ . The packages Â\¿�À�±�Å^«�¶KÃ�Â^« , ½
¸\Ã�µ , ¾�ÇKÃ²WÈ
³
Ä�¾\µ
« and½
É�¾KÈ are also available at this address.

Acknowledgments. The ¶�¾K½
¾KÁ�¬�Â\¿`Ã�µ
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Appendix: maple sessions

A. Occurrences of Î�Ï�ÐHÑ�ÐPÑ{Ò
We consider here the number of occurrences with overlap and one possible error (insertion, substitution, deletion) of the
pattern 2�342�3 in the non-uniform Bernoulli and Markov models. The asymptotic expectation and variance for these statistics are
computed (see lines

O $ 2�342�3�P -�( , n.m.o, 5 8 and M 8 of Table 1).

ÓÕÔ�Ö^×�ØuÙ�Ú�ÚbÛNÜ�ÝÞÆß�àÞ`ÚâáWÜ�ÝÞâã^à�à�Ø äåÔ 	�" � �������
� Ö 	
� × �
�\æÓLäåç\ß ����	Væ�� � � ß � � 	���	`æ�æ���� ß ��	`æ ß �������S�ò��	�����	�"�è!��	�"
	 "����\é� ���" ç\ß "�êS��ë ��" ß � æ�������� � æ)�ÓÕç�Ö^×�ØuÙ�Ú�ÚbÛNÜ�ÝÞ "���� Úuß�àWàÞ`ÚâáWÜ�ÝÞ "���� Úiã^àWà�ÞDäÕç\ß "�ê���ë Ö 	�� × �
�\æÚbÛ+Ü�ÝÞ "���� Úuß�Þ¹ß�àWàÞ`ÚâáWÜ�ÝÞ "���� Úuß�ÞâãWàWàÞ\ÚbÛNÜ�ì�Þ "���� Ú ãÞ¹ß�à^àÞ`Ú§Û�ÜWì�Þ "��S� Úiã�Þuã^àWà�à�Ø
ÓLí�î{ØuÙ^ïWßNã\ß�ã`Ù�ð "����è ß�Þâã�Þ¹ß�Þ ã é Þ=ß�Ù�ñ ���0� Þ8ã^Ù�ñ ���0��ò ØóäL× " ß ��� ß "  
��" Ö ��"�� ß�ã\ß�ã



P. Nicodème / Regexpcount, a symbolic package 83

Ó � Û�ØuÙ ���4�	�èhé ØÓ � ß "�ê�	��`ô ß �
�
�0� ß � ØâÙ "
	 × 	����S����� � � Ú "�	 × 	����
���0� ß ������	\æ × " ß � à è í�î{Þuñ�Ô^ñWÔ�ÞÚWÚußNã\ß�ã�Þ � ÞWõ ��ë
	�"�� ß � õ�ÞWõ 	�"�"
��" õ`ÚbÛ�Þ¹ï�õ æ�� ã æ�� õWÞWõ � � æ õWÞ^õ �
	�� õ ò àWà^à é
öÓ ���4�	�èbé�÷�� Û ö
øÕù�ú�û
ü�ý ù�þÿ���øÕù
ÿ 5 sK���ßs � ÿ���ø k%�£s � ÿ���ø k��� s��	��
 À �{a.ZHk� ð�À�� aF�Sk ��� n�k�� ð�À�� a.�qk ��� n�n�k��� s��	��
 À �{a.ZHk� ð�À�� a.�qk ��� n�k�� ð�À�� aF�Sk�ìÔk ��� n�n�k�ì sÌZLk��� s��	��
 À �{a.ZHk� ð�À�� aF�Sk ��� n�k�� ð�À�� a.�qk ��� n�n�k��� s��	��
 À �{a.ZHk� ð�À�� aF�Sk ��� n�k�� ð�À�� a.�qk ��� n�n�k��� s��	��
 À �{a.ZHk� ð�À�� a.�qk�ìÔk ��� n�k� ð�À�� aF�Sk�ìÔk ��� n�n�k�	����� s��	��
 À �Øa.ZLk�� ð�À � a.�qk ��� n�k� ð�À � aF�Sk ��� n�n�k��� s��	��
 À �{a.ZHk� ð�À�� a.�qk�ìÔk ��� n�k� ð�À�� aF�Sk�ìÔk ��� n�n�k��� s��	��
 À �{a.ZHk� ð�À�� aF�Sk�ìÔk ��� n�k� ð�À � a.�%k ��� n�n�k��� s��	��
 À �{a.ZHk� ð�À�� a.�qk�ìÔk ��! n�k� ð�À�� aF�Sk�ìÔk ��� n�n�k��! s��	��
 À �{a.ZHk� ð�À�� a.�qk ��� n�k�� ð�À�� aF�Sk�ìÔk ��� n�n ¡

ª }�Û �
Óåä#" � ����� Øóß � ß "�ê�	�� ß �
���0� ß ��� �  ���"�����	 � ��� ã 	�"ò�� ß� ß �����
	`æL�
"�� ã ��	��ä × 	��Wë ß �^æL�
"�� � �\æA���
	 ß æ������
����������	�����	���� ß ����� � ß � � ë ß "�� ß � ��	b�� � ��� ã 	�"b�� L� ß ������	^æÓÕ× 	��Wë ß �^æ ØuÙ ��"��
��è ß �
��� Þ � � ��� ÞâÖ 	�� × ����é���
� ß � ×  
	�� Þ Ö\ß ����� Þ � Þ8×  %$�� Þ8×  %$ Þ ë ß " Þ 	��öÖ\ß ����� ØuÙ "�	 × 	���������� � � Ú × " ß � Ö 	�� × ��� à è ß �
�
�Ké Ø×  
	�� ØuÙ ���4� ã æ���"��S��� Ú ×  
	�� � æ à è Ö\ß ����� Þ � � � ß�ã 	
��	�� Þ $ ÞuÖ 	�� × ����é�öäL×  %$����WæL����	 ã �Në ß "�� ß �
	 × 	 � 	�" ß ��� � ×  �� � ������� �  ���" � ��� ã 	�" �� L� ß ������	`æ×  %$�� ØuÙ æ�� ã æ�è§æ�����ë
	�è ï ����è ×  �	���é�ò ÞÆï æ�	��èF���{è Û
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Þ ���� � è ×  %$�� Þ ��éWé�ö ä × �!  
��" 	����
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é Þ ��é^é�ö ä × �! ��< ���"2æ�	
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"�� � �è('0	�����	���� ß ����� � ' Þ 	�� ÚbÛ&à é�öë ß " ØuÙ 	�� Úâì�à ÷�	�� ÚbÛ&à10Nì ö�
"�� � �è(' ë ß "�� ß � ��	1' Þu× �
	�ëèuë ß " Þ � Ù � �  �� � ���
� Þ Û32 éWé
ö	 � � Ø
Ó � ì�ØuÙ ���4�	�èhé Ø#× 	��Wë ß �Wæ�è'� ß "�ê�	��`ô ß �
���0� ß � Þuñ�Ô^ñ�Ô�Þ`Ú ����è ÔWÖ`× é Þ`Ú � Þ � àWà é�ö����4�	�èbé�÷�� ì ö

gfzu 4 ; -0/W�65 ;H-N��/ � R37�= ;L-(5*5 � =37 + ;85*9 � =(7�= ;H-3:W� � + 7 + ? �<;<= � R37 + ? -(:W� � +? : � E 7 = ;A-(9 � E 7 +;H-3:�� � = ;A-(:W� � R 7 ? ¡*965 � = 7 ? ¡*= � R ? : � E 79S$.-N�69 � ;A-+�<9 ? : � R 7 = ;>= � = 7 + ? = � = 7 = ? �65 � + 7 + ;>: � R 7 + ;=�?5 � + (
“expectation” k Û �}���Õ � × }���}}���Õ ¤A@Lad� f vCB g n

“variance” k Û Ù � �}�Û � Õ� � ×
}���Û�Û �}�Û � Õ� ¤D@Lad� f vCB g n

ª �1} Ù
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Ó � áØuÙ ���X�	�èhé ØÓ � ß "�êS��ë^ô0� ß "�ê�	��`ô ß �����0� ß � ØuÙ "
	 × 	����S����� � � Ú × " ß ��� ß "�êS��ë à è'� ß "�ê�	��\ô ß �
����� ß � ÞÆñ�Ô^ñ�Ô�Þ&Û
Þ "��S� Þ`Ú � à é�öÓ ���4�	�èhéN÷�� á ö
ø=ù
ú�ûE�1F øÕù�ú�û
üNý ù
þ�ÿ��
ø=ù�ÿ 5 sv�ì s®ZLk ��� z s��	��
 À �{aG� ð�À�� au},z
�Fz�k ��� zn�k%ZHk�� ð�À � au} z�� ��k ��� ��n�n�k�����	� sH����
 À �{a.ZLk� ð�À�� au} z k ��� z n�k�� ð�À � au})��k ��� ��n�n�k��� z s��	��
 À �{aG� ð�À�� au} z
�.z k ��� z n�kC� ð�À � au} z�� ��k�ìÔk ��� ��n�k%Z^n�k��! z s��	��
 À �{aG� ð�À�� au} z
�.z k ��� z n�kC� ð�À � au} z�� ��k�ìÔk ��� ��n�k%Z^n�k��� � s����
 À �{a.ZLk� ð�À � au})� � ��k�ìÔk ��� ��n�k� ð�À � au})� �dz k ��� z n�n�k��� �Ýs����
 À �{a.ZLk� ð�À � au})� � ��k ��� ��n�k� ð�À � au},� �dz k ��� zSn�n�k��� �Ýs����
 À �{a.ZLk� ð�À � au})� �dz k�ìÔk ��� z n�k�� ð�À�� au},� � ��k�ìÔk ��� � n�n�k��� �Ýs����
 À �{a.ZLk� ð�À � au})� �dz k�ìÔk ��� z n�k�� ð�À�� au},� � ��k�ìÔk ��� � n�n�k��� z s��	��
 À �{aG� ð�À�� au} z
� ��k�ìÔk ��� ��n�k%ZLk�� ð�À�� au} z
�Fz k�ìÔk ��! z n�n�k��� �Ýs����
 À �{a.ZLk� ð�À � au})� � ��k ��� ��n�k� ð�À � au},� �dz k ��� z n�n�k} z s � ÿ���ø k{})�Ës � ÿ��
ø k} z�� �Ës � ÿ��
ø k�})� �dz s � ÿ��
ø k})� � �Ës � ÿ���ø k} z
�.z s � ÿ��
ø ¡ª � ��Ù

Ó � Ý�ØuÙ ���X�	�èhé Øó× 	��Wë ß �^æ�è'� ß "�ê���ë`ô0� ß "�ê�	��`ô ß �
���0� ß � Þuñ�Ô^ñWÔÞ`Ú ����è ç�Ö`× é Þ`Ú � Þ � àWà é�ö^���4�	�èhéN÷�� Ý ö

gfzu 4 ;R¡�� � ;85*9 � + ? -N� � = 7 = ? -39 � R 7 = ;A-+�<9 ? ¡*= � = 7 +? 5*9 � + 7 + ;!¡�/ � R(7 + ;I=<= � =(7 ? -39 � = ? -?J � R37 ;!¡ � R��$K5%9 � ;>9 � + ? = � = 7 = ? ¡ � R 7 = ;>=65Ý;8= � = 7 + ? �65 � + 7 + ;D¡ � R 7 + (
“expectation” k � �Õ�� � × } � }�}Õ���� × � ��
� a ×£� n f v Å
g ¤L@ßa � f v Å
g��M n

“variance” k ��� � �� ������� � ×
} � Û���}}���Õ������ ¤D@ßad� � fâv Å�g n

ª�� Õ
�

B. Occurrences of words on DNA under constraint
We compute the expectation and standard deviation of the word NPOQOQN&OQOQOSR for H. influenzae (Markov model of order 1). Con-
straint: the observed number of occurrences of the motif Chi OSTUN&OQOQNPOQO is 223. See Section 6.ÓÕÖ ������èd"�	 × 	���������� � �Ké Ø Ö ������èW���4� ã æ���"��S����é ØóÖ ������è ×  �� � é ØÓ � �S� ØuÙ�Úâß�Þu×Þ � Þ � à�Ø ä � �S����	
�������
	`æ �� WV*X ñÓLä ����� � �`æ �� ã � � �S����	��������
	^æ�è ç\ß "�êS��ëò�� b��"���	�" Û éÓ � � � Úuß�ÞÆß�à�ØuÙ2ìKÛ+á*Y�Û?Z�Ø � � � Úuß�Þu×�à�ØuÙ\[�Û?Z<2�Ý�Ø � � � Úuß�Þ � à�ØuÙ#]%.Wá%]KÛ�Ø � � � Úuß�Þ � àØuÙ Û3.%.%]Wá*]ØÓ � � � Ú ×ÞÆß�à�ØuÙ\[%Y�á%[QZ�Ø � � � Ú ×Þu×�à�ØuÙ\Y�Û&Ý%2%[Ø � � � Ú ×Þ � à�ØuÙ#[QZ%Z�á*2Ø � � � Ú ×Þ � àØuÙ\[%YWá�Ý^ì�ØÓ � � � Ú � ÞÆß�à�ØuÙ ÛWÛ?Z�á%.�Û�Ø � � � Ú � Þu×�à�ØuÙ\Y^ì%Z�ìWì�Ø � � � Ú � Þ � à�ØuÙ#.Wá%2%.KÛ�Ø � � � Ú � Þ � àØuÙ\]QZ%Z*2Wì�ØÓ � � � Ú � ÞÆß�à�ØuÙ Û+á�Û([QZ*YØ � � � Ú � Þu×�à�ØuÙoÛNì*.Wì�ÝQ[Ø � � � Ú � Þ � à�ØuÙ#[�Û&ÝQYKÛ�Ø � � � Ú � Þ � àØuÙ2ìWì�á%.%Y*2ØÓ  
��"ò� � ��� �S�L�
��
��� Ú � àØuÙ^ß ����èW� � � Ú � Þ/^�àÞG^�Ù � �S�^é Ø  ���" ^ � ��� �S�H��� Ö � Ú � Þ/^�à�ØuÙ � � � Ú � Þ/^�à`Ü ����� Ú � à ��� Ø��� Ø
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Ó ����� ß � ØuÙ^ß ����èd����� Ú � àÞ � Ù � �S�`é ØÓ`_^× 	 � ØâÙ^ï ���S� Ù�ð "�����è ×Þ � Þ � Þu×Þu×�Þ � Þu×�Þu× é Þ � Ù6a � ��� � è ß�Þ � Þu×�Þ ��é ÞÆßWÙ�ñ ����� Þ � Ù�ñ ���0� ÞÆ×^Ù�ñ ���0� Þ � ÙWñ ���4�
ò ØÓ=Ö ��"�� ØâÙ^ï6b`Ù�ð "����èd� Þu×Þu×Þ � Þu×Þu×�Þu×Þ �\é�ò ØÓLß � � Ö{ØâÙ ÚWÚ ����� Úuß�à`Ü �
��� ß � Þ ê Úuß�àWà�Þ`Ú ����� Ú � à`Ü �
��� ß � Þ ê Ú � à^àÞÚ ����� Úi×Wà`Ü ����� ß � Þ ê Ú ×WàWàÞ^Ú ����� Ú � à`Ü ����� ß � Þ ê Ú � àWà�Þæ�	��è§æ�	��è ÚiÖ � Ú � Þ/^�àÞ ê Ú � Þ/^�àWàÞ � Ù � �S�^é Þ/^�Ù � �S�^é Þ\Ú � Þ � à�Þ`Ú ë Þ � à�à�ØÓ=ã 	�" Ö{ØâÙ�Ú æ�	���è ÚbÛNÜ�Ý�Þ ê Ú � à�àÞ � Ù � �S�`é Þ æ�	��èbæ�	��è ÚhÛNÜ�ÝÞ ê Ú � Þ�^�àWàÞ � Ù � �S�\é ÞG^�Ù � �S�`é Þ\Ú � Þ � àÞ^Ú ë Þ � àWàØÓ �`ê�	�� ØâÙ �
"��
��è ß �
��� ØWØ æ�	�� Þ¹ß � Ö é ����� ß � b^ñ�Þ � Þ �
��æ�� ß � Þ 	��öb^ñ�ØâÙ�× " ß � Ö 	�� × ���è ß �
�
�\é�öb^ñ�ØâÙcb^ñ ��� � �Kæ æ�	
��	�����èd������	 ÞPb^ñÞ¹ß � �����S� � ×^Ù^ï ���
	 � ����� ß ��è õPd �Kæ������ � õ éNòKé Ø	�� ØâÙ^ï æ�	���è.	�ë ß ��è§æ�� ã æ�è ð "���� Ù e , eWÞfa � ��� � Ù�e/g eWÞPd �Kæ����
� � Ù�Û�ÞÆñ ���0� Ù $ Þ � Ù � Þ � Ù ë Þ �`é^é Þ � Ù ����è bWñ éWé�ò Ø	�� ØâÙ æ�� ã æ�è§æ�	��èF� Úuì�à^Ù � ÚbÛ&àÞ � Ù^ß � Ö é Þ 	���é�ö	��ö	 � � Ø
Óåä � �Wæ × ��ë
	 ��� ���	�"���� ß �����ò�
�H����	A �� � ������� � 	����\æ����ä ë�� Ø � ���	�"���� ß � ë ß ����	 �� ��ö#æ�� Ø æ���� �� b����	� � �������	 � �\æ� ���"�� Ù ë�� ß � � ��	 � × ��� �ä ������æ ß ������	 �� b��"��
	�" ì  ���" dQhWí*itß � � �� b��"���	�" á  
��" ç\ì�í<iÓ 	����Kæ���� ØuÙ �
"
�
��è ç%j^í*i<aQj�Þ ë�� Þ æ�� Þ � é���
� ß �Õê ß ��� ß�Þóí*iÞ ��� Þ�dQhWí*iÞ8ç\ì�í<iÞP_
Û
Þk_\ì�Þ V%X á�Þ � 2�Þ � Û
Þ � ì�Þ � ì�Þ � á�Þ � ÝÞ � Z ö�� ë�� Ù�Û ���
	 � ê ß ��� ß�ØuÙ�Û	
�^æ�	Õê ß ��� ß�ØuÙ æ�� 0 è ÛNÜ � éH ���öí*i�ØuÙ æ�� ã æ�è:� Ù ë�� Þ $ Ù $ Ü ê ß ��� ß�Þ ç%j`í*i<a%j é�ödQh^í*iØuÙ æ�� ã æ�èuë Ù�Û�Þ ���� � �è í*iÞ ëKéWé�ö��� ØuÙ ����è Û
Þ^Ú  \æ�����ë
	�èd�
	 � �0��è d%h^í*i é Þ $ Þ/2 � ] ��� Û � ì é à é
ö� 2ØuÙ æ�� ã æ�èP$ Ù ��� Þ � ���	�"�è dQh^í*i éWé�ö� Û�ØuÙ æ�� ã æ�èP$ Ù ��� Þ ���� � è � ���	�"�è dQh^í*i é Þ $�éWé�ö� ì�ØuÙ æ�� ã æ�èP$ Ù ��� Þ ���� � è!�
	 � �0�Qè dQh^í*i é Þ $ Þ $�é�é�ö� áØuÙ æ�� ã æ�èP$ Ù ��� Þ ���� � è!�
	 � �0�Qè dQh^í*i é Þ $ Þ $ Þ $�éWé�ö_
Û�ØuÙWì ,�� 2 ,�è � g�Û é Ü � ìWÜ ��� 0 è � gWì é�÷ ì ,�è!� Û ,�� ì ÷�� 2 ,�� á^Ü�á é Ü � ìl0+ì^Ü ��� 0 è � g�Û é�ö�� ë�� Ù�Û ���
	 � �
"�� � �è(' d ����	���� ß ����� � ' ÞP_
Û é
ö	
�^æ�	 �
"�� � �è('(m�� � ��������� � 	�� d ����	
��� ß ����� � ' ÞP_�Û é�ö  ���öç\ì�í*iØuÙ æ�� ã æ�èuë Ù�Û�Þ ���� � �èuë-,����� � è í*i�Þ ë�é Þ ë�é�é�ö� 2ØuÙ æ�� ã æ�èP$ Ù ��� Þ � ���	�"�è ç\ì�í*i éWé�ö� Û�ØuÙ æ�� ã æ�èP$ Ù ��� Þ ���� � è � ���	�"�è ç\ì�í*i é Þ $�éWé�ö� ì�ØuÙ æ�� ã æ�èP$ Ù ��� Þ ���� � è � ���	�"�è ç\ì�í*i é Þ $ Þ $�é�é�ö� áØuÙ æ�� ã æ�èP$ Ù ��� Þ ���� � è!�
	 � �0�Qè ç\ì�í*i é Þ $ Þ $ Þ $�éWé�ö� Ý�ØuÙ æ�� ã æ�èP$ Ù ��� Þ ���� � è!�
	 � �0�Qè ç\ì�í*i é Þ $ Þ $ Þ $ Þ $�éWé�ö� Z�ØuÙ æ�� ã æ�èP$ Ù ��� Þ ���� � è!�
	 � �0�Qè ç\ì�í*i é Þ $ Þ $ Þ $ Þ $ Þ $�éWé
ö_\ì�ØuÙ ÷ . ,�� 2 ,�è � 0Nì�ÜWì*gWá , � ÜWì*g�Û é Ü � á^Ü ��� 0 è � g�á é g%. ,�è!� Û ,�� á ÷�� 2 ,�� Ý`Ü�Ý é6,�è � g�Û é Ü � áU0Nì^Ü ��� 0 è � g^ì é÷ . ,�è!� ì ,�� áU0+ìWÜWì ÷�� 2 ,�� á ,�� ZWÜWì*2 ÷�è Ý ,�� Û ,�� á ÷�� 2 ,�� Ý é<,�� Ý^Ü�Û3. é Ü � ál0+á^Ü ��� 0 è � g�Û é�ö�� ë�� Ù�Û ���
	 � �
"�� � �è('3n�� ß � � ß "��oV
	�ë�� ß ����� � ' Þ 	�ë ß �� è§æ���"��è _`ì ÷ _
Û%0+ì éWéWé�ö	
�^æ�	 �
"�� � �è('(m�� � ��������� � 	��pn�� ß � � ß "��qV�	�ë�� ß ����� � ' Þ 	�ë ß �� è§æ���"��è _\ì ÷ _
Û%0Nì éWéWé�ö ��	 � � Ø

Óåä � ���	�"���� ß � 	�ë ß ��� ß ����� � �� �����	Wr ß ������"ò����	� � �������	 � ���� ��"��
	�" �  ���" ß ����� ß�Ù ë`ô ß ����� ßÓ 	�ë ß �
����	� � ØâÙ �
"��
��èd Þ ë`ô ß ����� ß�Þ � Þ ê�é ���
� ß �Væ�� � ×Þ	_ öæ�� � ×ØuÙ ����è Û
Þ`Ú  \æ�����ë
	�è¹æ�� ã æ�è ß ����� ß�Ù ë\ô ß ����� ß�Þ �
	 � �4��è. �éWé Þ $ Þ � ] �
� Û � ì é à é�ö�� åê Ù�Û ����	 �_{ØuÙ ÷^æ�� ã æ�è ß ����� ß�Ù ë`ô ß ����� ß�Þ $ Ù æ�� � ×Þ � ���	�"è. �é Ü �S�� � è!��	 � �0��èd Ké Þ $�éWé<,�æ
� � ×10 è¹÷ � ÷ Û é
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�^æ�	 ä ê Ù^ì_{ØâÙ è � g�Û é<,Wæ�� � ×10 è¹÷ � ÷ ì é<,Wæ�� ã æ�è ß ����� ß�Ù ë^ô ß ����� ß�Þ $ Ù æ
� � ×�Þ � ���	�"�èd �é<, ì�Ü ���� � �èd�
	 � �4��èd �é Þ $ Þ $�éWé ���ö_Ó 	 � � ØÓ r ØuÙ ���4�S	�èhé Ø ß ����� ØuÙ "�	 × 	��������0� ß ������	`æ × " ß ��è _W× 	 � � � ��� � Ö ��"�� Þ m _l"�ÞÚWÚ ���S� Þ � ÞWõ ��ë
	�"�� ß � õâàÞ`Úfb�Þ � ÞWõ ��ë�	�"�� ß � õÆà�à é ØÓ � ß "�êS��ë ß �
��� ØâÙ�× " ß ��� ß "�êS��ëè ß �
�
� Þ m _l"�Þ Û�ÞWõ ê õ é Ø � ß �
�
� ØuÙ ���X�	�èhé�÷6rösr ØuÙ ���4�S	�èhé Øÿ§ù
þ�ÿ�� 5 sKª � }`�
Ó � 	�� ØuÙ �^ê�	��è'� ß "�êS��ë ß �
��� ÞÆß � � Ö é ØÓ �\ë ×  ��^ë ØuÙ æ�� ã æ�è§æ�����ë
	�è ï ����è � 	��Ké�ò Þ¹ï æ�	���èF���{è Û
Þ �\é Þ � Ù � 	���é�òKé Þ m _U" é Ø �\æ�����ë
	 ØâÙ ���4�	�èhé�÷<röPr ØuÙ ���X�	�èhé Øÿ&t%�1uvF�ü 5 s } ª Ù }
�
ÓLäåÖ ��	 � � ���	�"���� ß �����-æ�����ë�� � × ���S� Ö �����  \æ�����ë
	 Þ � � ���ò� � 	 ß " × ���	 � ���Wæ ß ����� Ö 	��ÓLä  ���"�������öG����	�"
	� ���"�	Ww Þ m��S��ô�� ã æ Þ � �������S� ß � ���
	 � ���S� ß "�	��
	� �� � 	�� ß æ × ��� ã\ß � ë ß "�� ßNã ��	`æ
Ó w ØuÙ�Û3]Wá*2�Û&ÝQ2Ø m�����ô�� ã æ ØuÙ^ìWì�á�Ø
Ó �\ë ×  �� ØâÙ æ�� ã æ�èuë Ù�Û
Þ �Kë ×  ��Wë�é ØÓ � �������S� ØuÙ æ�� ã æ�è!� Ù�Û�Þ ���� � �è'�Kë ×  �� Þ ��éWé Ø ��	 � ���S� ØuÙ æ�� ã æ�è!� Ù�Û�Þ �Kë ×  ���é Ø
Ó ���S� ØuÙ ��"��
��èuë^ô ß ����� ß é ���
� ß � � � Þ � � ö� � ØuÙ 	�ë ß �
����	� � è � ��������� Þ ë`ô ß ����� ß�Þ w Þ¹ì é�ö^� � ØuÙ 	�ë ß �
����	� � èd�
	 � ���S� Þ ë^ô ß ����� ß�Þ w Þ Û é�ö� � Ü � � ÷cm��S��ô�� ã æÓ 	 � � Ø
Ó V�� × ���\æ ØuÙWá%2Ø r ØâÙ ���4�	�èhé Øß ����� ß*2�ØuÙ  \æ�����ë
	�è!���S� Þ¹ì ��� Z é�ö^���4�	�èhéN÷<rö

��xó5 s«�,ª�� }`�����f��Û��fÛ1} Ù Õ�)Û�ÕfÕ
����Õ��jÕ1}��jÛ���� ��Ù �
ª Ù Û�

sumofcoeff 4yx C 4pz � C-{}| $ �SP BÝ6 P -�( ;z � C-{}| $ � �6x P B�6 PG~ ( is a probability generating function; coefficients sum up to 1

Ó æ������� �����	� � ØâÙ 	�ë ß ������	� � �èd�
	 � ���� Þ¹ß ����� ß*2�Þ w Þ Û é�öt�þ�ø��(�Q�6�KüG� 5 s>ª ��� � ��� Û Ù �f����� ��Ù �� ��� ÕfÕ
�����jÕ�Õ�����}�Õ ÙfÙ }��E�6�
Ó V�� × ���\æ ØuÙ�Û32Ø ß � � Ö ö��� }�Õ�Û1}��jÛÛ�� Ù�Ù Û Ù k�m zQ� k

� ��� Û���jÛ}�Õ�� Ù�Ù � � k�m ��� k
� � Û1}�Û � Û}�Õ�� Ù�Ù � � k�m �%� k

� � ����� � �}�Õ�� Ù�Ù � � k�m �G� k
� �1} ��� }`��
��Õ� � Õ k�m z
� zQ� k

� Ù�����Ù �� Û1}�Û � Û k�m �
� zQ� k� }�}`� � Û1}��� Û���jÛ k�m��0� z � k
� } � } Ù � �� ����� � � k�m��.� z � k

� ��� � ���� ��Ù �1} Ù k�mfz�� � � k
� � }��f� Ù� Û1}�Û � Û k�m
�
� � � k

� � Û���Û1}}�Û�Õ���� � k�m��0� � � k� }���Û��� Ù� ����� � � k�m �.� � ��k
� Õ�Û � Õ1}�
��Õ� � Õ k�m z�� � �Gk

� � �
� Û
�}�Õ��fÕ � Õ k�m �
� � �[k
� Û � �fÛ1}��� Û���jÛ k�m �0� � �Gk

� Ù }�� � }� ����� � � k�m �.� � ��k� Õ � ��} Ù� ��Ù �1} Ù k�m z
� � ��k
� Û Ù � ��
��Õ � � k�m �
� � �Gk

� �j� � �1}}�Û�Õ���� � k�m �0� � �[k
� ��� � Û � �� ����� � � k�m �.� � ��k\Y Ílk�ì ZWk\Y cqk.i�ZK�
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Ó VS� × ���`æ ØuÙWá%2�Ø 	����Kæ�����è'�Kë ×  ��^ë Þ¹ß ����� ß*2�Þ æ������� �����	� 
 ÞhÛ3]^á%2�Û&Ý%. é�ö
“Conditioned Expectation” k � �,ª �1}�Õ1}`�
����Û��} Ù � ��Ù�� � �jÙ � � ��} � Û ��Ù ���

“Conditioned Standard Deviation” k � ª Õ� Ù }�� � �jÕ�Õ� Ù � ��� �fÕ�Õ���)Û�Õ Ù ���f�f� � Û�}
Ó �\æ�� ß �`æ ØuÙ ���X�	�èhé�÷6rö°������� ß � ØuÙ � ß �
��� g �`æ�����ë
	 g �\æ�� ß �\æ�öÿ&t�ÿ§ù�ÿ&t 5 sKª ��� �ÿ¹ÿ��
ÿ§ù1u 5 s � ª �����
Ó æ����è'�\ë ×  ��^ë Þ Û
Þ Û
ÞhÛ3]Wá%2�Û ÝQ. é�ö

“Expectation” k }`� ª �1}���f�����
�� � � � �����j�fÛ������ �f� }K��� � �fÛ
“Standard Deviation” k%�,ª Ù ��������Õ � Õ����f� Ù �)Û1}������j�f� Ù�Ùj� � Ù � � ���

Óåä  ���"Væ ß ê�	b�� ���0��� ß "��Wæ�� � Þ ���������Në ß "�� ß �
	 × 	 � 	�" ß ��� � ×  �� � ������� � � � ���
	A� � �� 
��"��ÓåäLÔ 	�" � �������
������
	
�Ó=ã 	�" � ô4�Kë ×  ��Wë ØuÙ æ�� ã æ�è ×  `æ�����ë
	�è ß �
��� Þ � � � ß�ã 	���	�� Þ $ Þ`Ú�Ú � Þ � àÞ^Ú ë Þ � à^à é Þ $ Ù $ Ü�Ý�Þ m _l" èG$ Þ � Þ ë�éWé�ö
bern-mvgfuv 4

- ? 8R48 I RF= 6 R � 8F8 ~ ; 8R48 I RF= 6 R � 8F8�7 ~ ? 89 EFE =F9 � J ~ ; 89 EFE =F9 � J 7 ~ ; 8R48 I RF= 6 R � 8F8 ? 8R48 I RF= 6 R � 8F8�7; 89 EFE =F9 � J ? 89 EFE =F9 � J�7 ? 8R 6 I 9 � D ; 8R 6 I 9 � D 7 ? 8R 6 I 9 � 9 ; 8R 6 I 9 � 9 7 ? 89FR � = ; 89FR � = 7-Ø; � ? 89FR � R 7 ; 89 EFE =F9 � I ~ ; 8+ 9 + 8:RFR � 8 6 ? 8+ 9 + 8:RFR � 8 6 ~ ; 89 EFE =F9 � I(7 ;p89FR � = 7 ? 89FR � =; 89 EFE =F9 � J(7 ~ ; 8+ 9 + 8:RFR � 8 6 7 ~ ; =8:9F= J R � J ? 89 EFE =F9 � I ;î89FR � R ; 8R 6 I 9 � 9 7 ? 89 EFE =F9 � I(7 ~? 8:=9 EFE =F9 � J�7 ; 8+ 9 J RF= E R E 9 � 8 E ~ ? 8R48 I RF= 6 R � 8 + ; 8+ 9 J RF= E R E 9 � 8 E 7 ? 8+ 9 J RF= E R E 9 � 8 E 7 ~? 88:9WDFDFD + 8:9 � 8:= ~ ? 8+ 9 J RF= E R E 9 � 8 E ; 8R48 I RF= 6 R � 8 + 7 ? 8R48 I RF= 6 R � 8 + 7 ~ ; 88:9WDFDFD + 8:9 � 8:= ; 8R48 I RF= 6 R � 8 + ~? 8+ 9 + 8:RFR � 8 6 7 ; 88:9WDFDFD + 8:9 � 8:= 7 ~ ? 88:9WDFDFD + 8:9 � 8:= 7 ? 8R 6 I 9 � 9ÓåäWi ��"\æ�� �
	�"���æ��� ���
	Wr ß ������" 	���� ß � æ���� � � � $Ó 	���� ß � �è§æ�	�"���	`æ�è ã 	�" � ô0�\ë ×  ��^ë Þ $ Ù%2Þ Û Ý é^é�ö
- ? � ? � + ? � = ? � R ? � E ? � 9 ? � D ?�� =%J<J�¡�-=%J<J�¡*= ? --3=�¡<9<5 7 ? -=%J*J�¡*= ~Q�#� J?A� ¡W�<;<=�¡¡W�<;<=*9 ? -9�-(:W� 7 ? -¡��*;6=*9 ~Q�#� I ?�� -�-�6=W�
-(5*5 ~ ? -�<=W�
-(5<5 7 ~ ? �<=���/*9*J�<=���-(5<5 ? 5Q;�<=���-�5*5 7 � � 8 6?A� -�/65%9W�6=%J-�/65%9%J<;<= ? -N��¡J��65W�<9*9 7 ? --�/<5*9%J<;<= 7 + ? ;-&¡�-0/%;�� ~ ? --+¡�-0/%;�� 7 ~Q� � 8F8?A� -(:=%J<J�¡*= 7 ? J��?5�/*:*JJ��?5^�<9<9 ? -J��?5^�69*9 7 + ? ¡�6=W�
-(5*5 7 ~ ? -3;�<=���-(5<5 ~Q� � 8 +?A� -�/65%9�-�-?J-�/65%9%J<;<= ? J*;6:�¡-(=%;<;*;��
-3= 7 ? J=*J*J�¡*= ~ ? �*J<J-(=%;*;<;��
-3= 7 ~ ? 5Q;-(=%;*;<;��
-3= 7 + ? --(=%;*;<;��
-3= 7 + ~Q�#� 8:= ?�� $ � 8:R (


