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Abstract

We investigate the problem of multiplexing PCR for medical applications.
We show that the problem is NP-complete by transformation to the Multiple
Choice Matching problem and give an efficient approximation algorithm. We
developed this algorithm in a computer program that predicts which genomic
regions may be simultaneously amplified by PCR. Practical use of the software
shows that the method can treat 250 non-polymorphic loci with less than 5
simultaneous experiments.
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1 Introduction

Introduced in the mid-1980s, the Polymerase Chain Reaction, PCR for short, is able
to amplify segments of DNA a million times. The method is sensible to very small
amounts of DNA, and is considerably faster than other methods. However, in most
PCR experiments performed by biologists, the amplification of each target fragment
of DNA requires a separate and costly PCR experiment, which involves difficult ma-
nipulations and monopolises an automat [8] for its exclusive use. PCR has numerous
applications. For instance, it is known that diseases may result of long deletions on
one or several genes. Such pathological genes may be characterised by the incor-
rect amplification of loci where deletions have occurred. Genotyping requires PCR
amplifications of many different loci; whenever it is possible to group these PCR
amplifications in a same experiment, called PCR multiplex, time and money can be
saved. We study in this paper the conditions required for PCR multiplex and propose
an algorithm that performs an almost optimal choice of PCR primers, with the aim
of minimising the number of PCR multiplex operations.
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Besides genotyping applications, PCR multiplexing has been used to detect multi-
gene families [5]. Multigene families are composed of many highly homologous genes
and biologists often want to discover new genes belonging to the family. More recently,
PCR multiplex has also been used to accelerate the ordering of contigs (contiguous
segments of DNA) in DNA physical mapping [12]. The algorithmic problems cor-
responding to these two applications are described in [4, 9].

This paper is organised as follows. In section 2, we present the main concepts
of the Polymerase Chain Reaction. In section 3, we present the constraints of PCR
multiplex, and describe our algorithm. In section 4, we give experimental results.
In section 5, we show that our problem is NP-complete and in section 6, we give a
probability analysis of our problem.

2 Biological overview of the Polymerase Chain Re-
action

We present in this section a short overview of the PCR subject. We refer to J. D.
Watson and al., Recombinant DNA [13], for a detailed introduction to this subject.

PCR exploits certain features of DNA replication. Single-stranded DNA is used
as a template for the synthesis of a complementary new strand. These single stranded
DNA templates can be produced by simply heating double-stranded DNA to near
boiling temperature. Then a small fragment of double stranded DNA is required to
initiate (“prime”) synthesis.

The starting point for DNA synthesis can be specified by supplying an oligonu-
cleotide primer that anneals to the template at this point. Both DNA strands can
serve as templates for synthesis provided an oligonucleotide primer is supplied for each
strand.

Each cycle of PCR duplicates the segments under amplification. Starting from
one segment, n cycles of PCR produce therefore 2" segments.

Figure 1 shows the synthesis initiated by the forward primer 5°-ACACA...AGCAA-3 on
the 3’-5" strand of a segment of DNA.

5’ . .CTGACACAACTGTGTTCACTAGCAA...... AAGGTGAACGTGGATGAAGTTGGTG.. 3’
3?<<-TTCCACTTGCACCTACTTCAAC 5’
reverse primer
forward primer
5’ACACAACTGTGTTCACTAGCAA->> 3’
3’ ..GACTGTGTTGACACAAGTGATCGTT...... TTCCACTTGCACCTACTTCAACCAC.. 5’

Figure 1: Primers for DNA polymerase

Primers cannot be chosen at will inside a locus (a portion) of a gene: they must
respect conditions permitting a correct amplification by PCR; the temperature of
hybridisation at which the polymerase synthesises the new DNA strand is one of
these conditions. This temperature depends on the composition of the primer, and
more specifically on the respective percentage of the bases A and T, versus the bases
G and C it contains. When choosing a pair of primers, the hybridising temperatures



of the two primers should be about the same. It is important to prevent the two
primers to hybridise to each other, or identical copies of a self-homologous primer to
hybridise together. We discuss these conditions in next section.

3 Multiplexing the Polymerase Chain Reaction

Applying the method described in the preceding section to n loci and n pairs of
primers, we want the conditions mentioned above (valid for a pair of primers) to still

hold for the (%) combinations of two among the 2n primers.

3.1 Conditions for PCR Multiplex

We detail in this section a model of compatibility between primers and its requirements
for classical PCR; we leave to future work extension of the model to Long Accurate
PCR (LA-PCR) [1, 2] which permits amplification of very long segments of several
thousand bases.

We speak of locus amplification when considering the amplification of a single
segment. Only one amplification is allowed inside a given locus, and to each locus
amplification corresponds a forward and a reverse primer. We define a subprimer
as a subsequence of length o of a primer and we consider in the following that o
has the same value for all subprimers of a multiplexing experiment. In practical
experimentations, o will have values 4 or 5. We define a 3’-subprimer as the subprimer
ending a primer at its 3’ extremity (primers are always read in the direction 5 = 37).

The morphism C(A — T,T — A,C — G,G — C), corresponding to DNA base
pairing, of the alphabet ¥ = {A,C,G, T} over itself is naturally extended to the
“complementation” morphism C* of ¥* over itself. The “reverse” morphism R* of ¥*
over itself transforms a string s; € ¥* into a string sy by simply reading backwards
s1. Both C* and R* are involutive and C*o R* = R*o C*. Two strings s; and s, are

said reverse complementary if s; = C*0o R*(s1) = R*0 C*(s1).
The requirements are the following:

1. Locus amplification requirements:

(a) Pairing-distance. The distance between a forward primer and a reverse
primer (pairing-distance) must be in the range of 150-450 bases (the mini-
mum and maximum values given here are indicative).

(b) Non-palindromicity. The primers satisfy the conditions of non-palindromi-
city preventing self-homology.

(c) Reverse-complementarity. The 3’-subprimers must be reverse complemen-
tary to none of the subprimers (subprimers as 3’-subprimers are assumed
to be of length o bases).

2. Multi-locus amplification or experiment requirements:

(a) Reverse-complementarity. Any 3’-subprimer of an experiment is not reverse
complementary to any subprimer, including itself, of any primer of the



experiment; this would initiate hybridisation of the primers themselves. An
example for this condition is given in subsection 3.2. Note that subprimers
(including the 3’-subprimers) may be identical between different loci, or
inside a locus.

(b) GT-AC composition. The temperatures of denaturation, or the GC/AT
percentage in the primers of a multi-locus PCR amplification must belong
to a limited range of values (for instance, 48% — 52%).

(¢) Electrophoresis distance. The difference of lengths between any two seg-
ments amplified in the same multi-locus PCR amplification must be greater
than 6 bases; this is necessary to allow a correct differentiation of the am-
plified segments after electrophoresis!. This distance supposes that the loci
are not polymorphic; in case of polymorphic loci, the problem of differen-
tiating the amplified segments has to be handled in a different way.

3.2 An urn model to solve the problem of compatibility bet-
ween primers

We give here a constructive example of our algorithm.
o We associate to each base a number between 0 and 3

e We associate to each subprimer of length o = 4 a number between 0 and 4* =
256, and to each subprimer of length ¢ = 5 a number between 0 and 4° = 1024,
as follows:

A=0,C=1,G=2,T = 3, giving for example TTA = 330, = 6040
We can then consider a model of 256 urns, when ¢ = 4, or a model of 1024 urns,

when o = 5. The compatibility constraint is then transformed into a compatibility
rule over an urn model for which the following is an example (for o = 4):

Primer Urn number

3’ CTTA 5’ = B ATTC 30 — 61 o
1117
5’ AAGAAGAAT 3’
AAGA — 8 o
AGAA — 32 e
GAAG — 130 e
AAGA — 8 o
AGAA — 32 e
GAAT — 131 o
[ ] _ [ ] _ (] [ ] L ] o
0 1 8 32 61 130 131 255

!Electrophoresis is a migration method which allows short segments to move faster than the long
one; this method allows the differentiation of segments of different length, from a mixture of them,
but it has a limited precision corresponding to our parameter é.
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The compatibility rule implies that an urn can never contain black and white balls
simultaneously.

3.3 An algorithm deriving from the urn model: MULTIPCR

We propose in this section an approximate algorithm with high efficiency in practical
computations; this algorithm is likely to be almost optimal.
Our algorithm is as follows.

e We sort our set of loci in increasing order of the number of candidate pairs of
primers;.

e We process our set of ordered loci, locus after locus.

e For each locus, we finally try each possible pair of primers with respect to the
conditions given above, including the distance condition (requirement 1(a)).

For each pair, we “throw white and black balls in the urns”, with respect to the
model described above; we eliminate the pairs which cause “black and white”
collisions; among the acceptable pairs of primers, we select the pair of primers
which minimises, in the following order:

1. the number of urns containing white balls;

2. the number of urns containing black balls, whenever the number of “white
urns” is identical for two pairs.

The “white and black balls” corresponding to pairs of primers already selected
remain in the urns when processing a new locus.

The loci providing no compatible pair with the pairs of the loci already selected for
the current experiment are left apart and processed in a next experiment.

Complexity. The complexity C of our algorithm is C' = O(Knl) with K ~ E7¢k, ~
6F, where E is the number of experiments, n is the number of loci, [ is the average
length of a locus, ¢ &~ 1/7 is the probability of getting a forward primer at a position,
and k. ~ 40 is a constant giving the approximate number of acceptable reverse primers
for a forward primer. (See section 4 for the numerical values of 74 and k).

3.4 Software Implementation

The MULTIPCR program implements the algorithm described in the preceding sec-
tion.

Different software programs are available predicting which pair of primers to choose
inside a given locus.

We use the program PRIMER, of S.E. Lincoln, M.J. Daly, and E.S. Lander [6] as
a preparation step in our program. PRIMER is a two-step program; step-1 selects
candidates for forward and reverse primers; step-2 chooses a best pair of one forward
and one reverse primer among all the possible pairs of candidates. MULTIPCR takes
as input the output of PRIMER step-1, and chooses for each locus a forward and a
reverse primer compatible with the primers chosen for the other loci, whenever this
is possible.



Both PRIMER and MULTIPCR are written in the C language and implemented
on the Unix System V system. The package “PRIMER+MULTIPCR” is avail-
able by anonymous ftp at ftp://ftp.infobiogen.fr/pub/logiciels/unix/bio and
portable on SUN, DEC and Silicon Graphics workstations.

checking | electro- | experiment | number number number
length phoresis number of loci of of
o) distance ¢ amplified | white urns | black urns
1 214 34 222
1 2 32 27 223
3 2 4 48
1 133 34 222
2 2 113 26 230
3 2 4 51
1 84 31 224
2 81 30 226
3 3 73 34 222
4 4 10 17 168
1 61 33 222
2 60 30 223
4 3 61 32 222
4 59 31 218
5 7 10 128
1 48 31 223
2 45 29 223
3 49 32 218
5 4 49 30 219
5 47 31 219
6 10 19 171
no possible amplification 0
number of loci processed 248

Table 1: Submitting 248 loci to MULTIPCR, compatibility check length is 4 bases
(model of 256 urns)

4 Experimental results

Table 1 shows the results obtained in a few seconds on a SUN 3-60 when processing
248 loci of Genbank; as a typical locus, the locus HUMDYSGP of the gene of dystrophy
is 2202 base pairs long. The program Primer produces for this gene 343 forward and
339 reverse primers. Therefore, in the average, a primer starts each seventh position,
and the pairing-distance condition implies that there are approximately 40 admissible
reverse primers for each forward primer.

It is clear that simultaneous amplification of 214 loci, as proposed in Table 1, is
biologically unrealistic, but a multiplex of about 10 to 20 PCR looks reasonable.
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(a) A representation of the (b) A transformation of the mul-

compatible primer problem tiple choice matching problem

Figure 2: Transformation of any graph to a set of bipartite subgraphs modelling the
compatible primers problem

5 Determining the pairs of primers which max-
imise the number of loci in a single experiment
is a N P-complete problem

We show in this section that our problem is N P-complete, justifying the use of an
approximation algorithm. We mention here that Gabriel Robins and al. [10] demons-
trate the N P-completeness of the minimisation problem for the multigene primer
selection; they reduce their problem (an approximate super-string problem) into the
Minimum Set Cover problem. We describe a transformation of our compatibility
problem into the Multiple Choice Matching problem which proves N P-completeness
of our problem. The demonstration of Robins and al. and our demonstration [7] have
been made independently and about simultaneously. Moreover, our problem does not
seem to be transformable simply to their problem, and this implies the necessity of
two different demonstrations.

We first model our problem, representing it as a set of bipartite subgraphs with
additional edges (Figure 2 (a)). In this graph, each primer is represented by a vertex
and the set of vertices is partitioned by locus, each locus corresponding to a bipartite
subgraph. In our example, vertices belonging to the same locus are represented by
the same character (e for locus 1, o for locus 2, * for locus 3). We distinguish also



forward vertices, corresponding to forward primers, that are represented on the left
part of the figure (Figure 2 (a)), and reverse vertices, corresponding to reverse primers,
that are represented on the right part of the figure (Figure 2 (a)).

We define two kind of edges:

e acceptance edges, inside the bipartite subgraph restricted to a single locus; such
an undirected edge indicates that the primers associated to the forward vertex
and the reverse vertex that it links together are compatible.

e incompatibility edges, joining a vertex of a locus to a vertex of a different locus;
these directed edges indicate incompatibility of the primers associated with the
vertices (the primers do not satisfy condition 2(a) of section 3.1.).

Remark: the incompatibility edges are not represented inside a locus; if they
were added, we would have a complete bipartite graph for each locus. They are
“complementary” to the acceptance edges in each bipartite subgraph.

Our “Compatible Primers Problem”, in short CPP, has the following description:

Instance of the problem: a graph composed of a set of bipartite graphs By, By, ...,
By (the edges of these graphs constitute a set of acceptance edges A); a set of incom-
patibility edges, which join pairs of vertices that do not belong to the same bipartite
subgraphs; an integer K.

Question: is it possible to choose a subset of acceptance edges A" C A with
|A"| > K such that A’ contains at most one edge from each B;, 1 <i < .J, and such
that no two vertices belonging to these edges are extremities of an incompatibility
edge?

CPP is in NP: a non-deterministic Turing Machine may write an arbitrary se-
quence of symbols representing edges and check in polynomial time if the corres-
ponding set is a subset of acceptance edges A’ that answers “yes” to the preceding
question.

We now make use of the “Multiple Choice Matching Problem”, in short MCMP,
which is known to be N P-complete [3]. The problem is given as follows:

Instance of the problem: a graph G = (V, E), a partition of E into disjoint
sets Fy, Fs, ..., By, a positive integer K.

Question: is there a subset £’ C F with | E'| > K such that no two edges in
E’ share a common vertex and such that £’ contains at most one edge from each F;,
1< < J?

Comment: the problem remains N P-complete even if (G is bipartite.

Proof of the NP-completeness of CPP. We transform in polynomial time any
graph to a graph of the Compatibility Primer Problem form (Figure 2), showing that
if we could solve this last problem in polynomial time, we would also be able to solve
the Multiple Choice Matching Problem in polynomial time, which would contradict
the N P-completeness of MCMP.



Consider an instance [(MCMP) of the Multiple Choice Matching Problem. We
transform any edge e;; of a set E; of [[MCMP) into a vertex f;; of our I{CPP) instance
of the Compatible Primers Problem. We now transform any vertex v;;x, with ¢ # k,
which is the intersection of two edges e;; and ey of different subsets E; and Ej of
I(MCMP) into an incompatibility edge #;; 1, joining vertices f;; and fy in I(CPP).
We associate to each set E; of [MCMP) a dummy vertex d; in I(CPP), and we join
this vertex to each vertex f;; by an acceptance edge a;; (remember that subscripts
notations 25 and k[ refer here to edges of sets F; and Ej labelled 7 and k respectively

and do not refer to nodes indexing; edges e;; and e may therefore intersect). We
do not transform the vertices of [[MCMP) which are intersections of edges of a same
subset E; because these intersections have no effect in the Multiple Choice Matching
Problem.

Figure 2 (b) illustrates such a transformation, with three subsets E, Ey, E5, and
dummy vertices represented by a x.

We have therefore transformed any MCMP-graph into a CPP-graph; the transform
itself is polynomial. At this point, we see that solving the question of the CPP problem
with the integer K would also solve the MCMP problem with the same integer K,
because any such solution would provide a set A’ of acceptances edges, with |A’| > K,
and the non dummy vertices of these edges clearly correspond to a set E’ of edges of
the initial general graph, with | E'|=| A’| > K. Therefore, the Compatible Primer
Problem is N P-complete.

6 Analysis of the MULTIPCR algorithm

Evaluating the limit probability of rejection of a locus. This section presents
a simplified analysis of the urn model, when a steady state is reached; it gives insights
into the optimality of our algorithm.

We make some empirical observations on Table 1: in this table, we see that, with
an electrophoresis distance 6 = 5, the number of urns filled with black or white balls
(subprimers and 3’-subprimers scores respectively) is almost equal to the total number
U of urns (with U = 256), with less than about 50 loci in an experiment. If we consider
the case 6 = 1, this means that, after less than 50 loci, we reach a “stationary” state
where there are no more empty urns, and in which the composition in white (w) and
black (b) urns stays constant till the end of the experiment. If s is the number of
subprimers inside the primers (in practice, if ¢ = 4, we have s = 17 for primers of
length 20), noting 71, the probability that a primer is accepted by a system of U
urns either black or white (U = w + b), we have

w w\ S
T1wb = E (1 — ﬁ) and 71,30,226 ~ 0.014 (1)

The probability 711 of compatibility of two primers (thrown inside an empty system

of urns), is
1 128 1 92\ 28
= —(1—-= 1—=]{1—-=] =0.766 2
™ U( U) +< U)( U) )



The MULTIPCR algorithm considers a number F' of candidate forward primers
for a locus, and, for each forward primer, a number R of candidate reverse primers
at an acceptable pairing-distance (in the range 150-450 bp.) of this forward primer.
Depending on the loci length, F'is in the range 100-500, while R stays close to 50.

When considering a locus, the asymptotical distributions of the number of accepted
forward primers f and accepted reverse primers r are both binomials; the small value
of 7130226 ~ 0.014 allows us to apply the Poisson approximation to these binomial
distributions, with respective parameters ¢ = F'ry 5 and p = Rr1171 4 (With w+b =
U). The probability II of rejection of a locus, at the stationary state, is then

H(¢(F), p(R)) = Y (Pr{f =i} x (Pr{r=0})") = e7***"", (3)

1=0

probability for which some values are given for R = 50 in the table below:

v 250 | 300 | 350 | 400 | 450
T(¢(V), p(50)) | 0.230 | 0.171 | 0.128 | 0.095 | 0.071

Considering the results obtained for 248 loci (Table 1), with an average number
of 300 to 350 forward primers per locus, we see that our algorithm is quasi-optimal.

Remark It is interesting to have an idea of the dimension of the space in which
we search the solutions to our problem; given n = m X k loci, with m the number
of experiments and k the average number of loci in one experiment, let p, ; be the
number of partitions of n elements into sets of size k (a set corresponds in this model
to a PCR-multiplex experiment); there could be many such partitions. We give here
an idea of the value of p, ; for values of n and k obtained in biological applications.

Let P(z) = Z%z” be the exponential generating function of the p, ;. We count
the number of partitions by considering sets Sy of k& elements, and sets of such sets.
Noting Si(z) the exponential generating function for the Si, standard symbolic me-
thods for counting labelled objects [11] gives

k k

Sk(z):% and P(z) = %) = ¢, (4)

I
]

We therefore get

’ _ (mk)!

Pmkk = ml(k)
We noticed that in biological applications, it is unreasonable to amplify simultaneously
more than about 20 loci. Considering n = 200 loci, m = 10 and k = 20, we get

200! _ .
IO 3 % 10'%°,

P200,20 =

Our approximation algorithm drastically reduces the size of the space in which we
effectively search for solutions.
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7 Conclusion

We showed that the theoretical problem of grouping a maximum number of loci that
satisfy constraints allowing PCR multiplex is N P-complete. We explored a model of
compatibility between primers that allows multiplexing and provided the biologists
with an efficient and simple tool to choose the pairs of primers in the general case.
This model considers that the crucial point is to avoid reverse complementarity of
the 3’ end of the primers to subsequences of any primer in the mixture used for
the multiplex PCR experiment. Considering the traditional PCR method, where the
length of the amplified segments is limited to some 500 bp., our MULTIPCR approach
encounters serious limitations when applied to highly polymorphic loci. The method
is also not applicable when only one pair of primer is available for each locus, which
is the case when considering primers dictionary. However, the recent emergence of
Long Accurate PCR [2, 1], which allows amplification of long segments (comprising
as much as 35-kb) offers excellent perspectives to the application of our method to
genotyping and to DNA physical mapping.
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