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Problem setting

Compute separately the number of occurrences of a non-reduced set of

words U in a random text under Bernoulli (non-uniform) model

Reduced set: no word is factor of another word

Reduced Non-Reduced
U = {aab, ba,bb} | U = {aa, aab,bbaabb}

Methods

— Formal languages manipulations (Régnier-Szpankowski) (it fails in

the non-reduced case)
— Aho-Corasick (automaton) 4+ Chomsky-Schiitzenberger

— Inclusion-Exclusion (Goulden-Jackson, Noonan-Zeilberger)



(Auto)-Correlation Set

auto-correlation

ababa
baba)|
h = s @
ababa
ababa

Cababa,ababa — {67 ba, bab@}

Chrn={w, hw=rh and |w|<|h|}

correlation
Chl,hQ — { w, hl.w = T.hg and ‘UJ’ < ‘h2| }

hy = 3 hy = — Cbaba,abaaba — {aba, bCLCLbCL}



Formal Languages Analysis
(Régnier-Szpankowski)
Right R ={t=wu.h and Ar,s#¢, t=r1.h.s}
Minimal M ={t#e¢ ht=wuh and Ar,s, ht=rh.s}
Ultimate Y = {t, Ar,s, ht=r.h.s}
Not N = A*.h. A ={t, Ar,s, t=r.h.s}

A A=N+R MU = L,=N+Rzx. (Mzx)".U



Equations over the langages

C =Cnn 7, = Pr(h) (Bernoulli model)

() A =U+ MA* (IT) A*h =R.C+ R.A*.h
(M) MT=A*h+C—¢ (IV)NA=R+N —¢

solving

L(z,x) =

r+(1—2)C(2)



Reduced sets (Régnier)

RiaMi,jaz/{i e Ri(z)aMi,j(Z)an(z)
functions of Ch, 1, (2), Chyhs(2), Chyho (2), Chyopy (2)

CElMl,l(Z) QEQMLQ(Z)

F(z, 21, 22) = N(2)+(2181(2), 22 R2(2)) (JU My1(2z) 22Masa(2)

This collapses in case of non-reduced sets



Aho-Corasick

— Input: non-reduced set of words .
— Qutput: automaton A, recognizing A*U.
Algorithm:

1. build 7;,, the ordinary trie representing the set U

2. build Ay = (A, Q,d,¢,T):
— @ = Pref(U)
— T = AU N Pref(U)
qr if qr € Pref(U),
- 5(617 x) — )
Border(qr)  otherwise,

Border(v) = the longest proper suffix of v which belongs to
Pref(U) if defined, or € otherwise.



Example

U = {aab, aa}

Trie 7;, of U



Example

U = {aab, aa} d(e,b) = Border(b) = ¢

A



Example

U = {aab, aa} d(a,b) = Border(a.b) = ¢

b (| a b
Oty 0



Example

U = {aab, aa} d(aa,a) = Border(aa.a) = aa

S0



Example

U = {aab, aa} d(aab, a) = Border(aab.a) = a

b (|

b a ‘
/



Example

U = {aab, aa} d(aab,b) = Border(aab.b) = €




Example

U = {aab, aa}
(b a 0 0)
b 0 0
T(%,CCQ) = e 3
0 0 axs bxy

x1, ro marks for aab, aa



Example

U = {aab, aa}

(b

a
b 0 axro O

T(z1,22) = :
0 0 axs bxy

\b ¢ 0 0

F(a,b,x1,22) = (1,0,0,0)(I — T(a, b, x1, xg))_l

B 1 —a(xy —1)
1—axy —b+ab(zs — 1) — a2bwy (v — 1)2°




Inclusion-Exclusion: one word

word aaa  p(z): unknown p.g.f of counts of aaa

bbbbbaaaaaaaabbbbb

each occurrence is marked or not (flip-flop)

bbbbbaaaaaaaabbbbb bbbbbaaaaaaaabbbbb
bbbbbaaaaaaaabbbbb bbbbbaaaaaaaabbbbb
) . 1 p(x) ~ p(l+x) = ¢(z)
— +x ~ p(z) = ¢(x — 1)

computing easier ¢(¢) and substituting t ~~ = —1

give harder p(z)



One word - Clusters

word aaa
bbbbbaaaaaaaabbbbb
bbbbbaaaaaaaabbbbb bbbbbaaaaaaaabbbbb
bbbbbaaaaaaaabbbbb bbbbbaaaaaaaabbbbb
clusters €
T2 ]
@ — 6. wa w S ¢ , — w
Wt € o = B0 = e -
1
T = b —
Seq(A+ €) = (z,x) p—

F(z,x)=®(z,x — 1)



Three words - Clusters (Goulden-Jackson)

U = {aba, bab, aa}

bbbbbabababaabbbbb bbbbbabababaabbbbb bbbbbabababaabbbbb

clusters €; ; begin with w; and finish with w;

ci,j = wiji,wj -+ Z @i,k.(ka,wj — 5kj€)

1<k<3
~1
Cuwyw ® — € Cuwy ,wo® Cuwy ,ws®
¢ = (wie,wae, wse) | I — Cuwrw;®  Cuwsws®—€  Cuprws® 1
Cwg w, ® Cuwg s ® Cus ws® — € 1
T =8Seq(A+ &) = ®(z, 11,19, 13) = !
1 —2z—&(z,21,79,13)

1
F(Z,lel,llig,ilﬁg) — (I)(z,ajl—l,iljg—l,llfg—l) —

l—2—C&(z,x1 — 1,20 — 1,25 — 1)



General Case: Non Reduced Set of Words

U ={aa,ab, baaaab}

Consider clusters I and 11

I I1
I S
aaaabbbbbbbabaaaabbbb
aa aa

aa aa
aa aa
ab ab

— Cluster I: as in the one word or reduced case: “flip-flop” counting

— Cluster II: there are supplementary matches: “sticky” counting,
attached to a right extension of one word to another word (here ab

to baaaab).

Main idea: consider the “reduced” backbone by counting flip-flop
occurrences, add the sticky occurrences during the right extensions

from one word to another (generalization of correlation)



“Flip-Flop” versus “Sticky”

U = {u; = aa,uy = ab,uz = baaaab}

I 11
I N
aaaabbbbbbbabaaaabbbb
aa aa

aa aa
aa aa
ab ab

— Cluster I “flip-flop”

— Cluster II contains ‘“sticky” words



Inclusion-Exclusion: Non-Reduced Case

U = {u; = aa,us = ab,uz = baaaab}

I L
aaaabbbbbbbabaaaabbbb

aa aa

aa ab aa
aa aa
ab ab
baaaab
I I1
— S
aaaabbbbbbbabaaaabbbb
aa aa
aa ab aa
aa aa
ab ab
baaaab

I 11
L L
aaaabbbbbbbabaaaabbbb
aa aa
aa ab aa
aaq aa
ab ab
baaaab
I I1
E— S
aaaabbbbbbbabaaaabbbb
aa aa
aa ab aa
aa aa
ab ab
baaaab

1. flip-flop all occurrences giving clusters

2. forget factor occurrences

3. add sticky occurrences



Counting “Flip-Flop” versus “Sticky”

U = {u; = aa,us = ab,us = baaaab}

I 11
I N
aaaabbbbbbbabaaaabbbb
aa aa

aa ab aa
aa aa
ab ab
baaaab

— Cluster 1 “flip-flop”: t; ~ x; — 1
— Cluster 11

1. “flip-flop”: t; ~>x; — 1

2. “sticky”: v; ~ x;

Remark: counting the sticky ocurrences by v, = 1 + ¢; and doing

t; ~ x; — 1 1s correct



Right Extension Sets and Matrices

Right Extension Set of a pair of words (h1, hs)

En.n, =1e€ there exists ¢/ € AT such that hie = ¢'hy with 0 < le| < |hs]}.
1,782

if h1 # ha have no factor relation, &y, h, = Chy h, but Epp =Ch — €

Right Extension Matrix of a vector of words u = (uy,...,u,)

Eu = (guiauj>1§i,j§7“ .

Examples

ba b aba = |aba
u; = (aba,ab) = Eu, = Eab.aba =0
- e =eg AT

at+a’+a® a+a’ a & Evaa,anaa aaa.q = |aaaq
u2 = (aaaa,aaa) = Eu, =

2
a’+a’ a+a’ aa € Eqaa,aaaa AAA.GG = G.AAAA



Counting Sticky Words

U = {u; = aa,us = baaaabaaaab} Eus uy = {aaaab, aaaabaaaab}
baaaabaaaabaaaab
baaaabaaaabaaaab Ny1(6)=9—-6=
baaaabaaaabaaaab
baaaabaaaabaaaab Nyi(11)=9—-3=6

J J’

(Eugun)y = Tampz® (11 + 1)ty + wimp 20 (¢ + 1)%



Formal Setting

N; j(k) counts the number of occurrences of u; in u,; ending in the last
k positions
(s), formal weight of a suffix of word u;

extension to a set of words S which are suffixes of u;



Right Extension Graph

a
(2
a

aa

b baaaab

o
aaaab
ab

A D

2 b

aaab

aaaab
U = {aa,ab,ba,baaaab}
baaaab

Language G. F

aa t1z2

ab t222

ba t322

baaaab t4z6

ga,b,ba - {a} t3z

gba,baaaab — {aaab} (1 + t1)2(1 + t2)t4z4
gbaaaab,baaaab = {aaa/ab} (1 + tl)g(l —I— t2)t4z5




Putting Things Together

Let (u) = ((u1)q,---,(ur),) and  (Eu)=|... <5z',j>j

Proposition I. The generating function €(z,t) of clusters built from
the set U = {uy,...,u,} is given by

where u = (u1,...,u.), t = (t1,..., )

Proposition II. The generating function F(x,X) counting matches of
a non-reduced set of words is
1

Flzx) = l—2z—¢€(z,x—1)




Examples

U={u}
Sl f) — t(u) trr(u)z
) = ey T 1ot -1
Z/[ = {ul,ug}
Q:(Z,tl,tz)

t1<u1>1 + t2<u2>2 - t1t2(<u1>1 [<52,2>2 B <51,2>2} + <u2>2 [<5171>1 B <5271>1])

B 1 — t2<52,2>2 — 11 <51,1>1 + t1t2(<gl,l>1<52,2>2 o <g2,1>1<5172>2)



Algorithmic computation

INniT(Agy)
1 for i+« 1 to r do
2 fi(u;) «— 1
3 for w € Pref(U) by a postorder traversal of the tree do
4 for i — 1 to r do
5 for a € A such that w - « € Pref(u;) do
6 fi(w) — m(a)zfi(w - a) [Tz (1 + tj)[[uj suffix of w - «]
7 return (fl)lgzgr

BUILD-EXTENSION-MATRIX (A7 /)

1 > Initialize the matrix (&; j)1<i j<r
b —_ b —_

2 for 1 «— 1 to r do

3 for j — 1 to r do

4 gi,j — 0

5 > Compute the maps (f;(w)) for ¢« = 1..» and w € Pref(U)
7 D> Main loop

8 for 1+ 1 to r do

9 Vo Uy

10 do for j «— 1 to r do

11 5i,j <_S’i,j +fj(v)
12 v «— Border(v)

13 while v # €

14 return FE

Time complexity of the main loop O(s X 7"2), where r is the number of words and s is the
length of the longest suffix chain

(sequence (u1 = u,us = Border(uy), us = Border(us),...,us = Border(us_1) = ¢€))



