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Tortoiseshell cats - Chats Isabelle

The patchy colours of a tortoiseshell cat are the result of different levels
of expression of pigmentation genes in different areas of the skin.



DNA micro-array and diagnostic in genetics?

measuring fluorescence of a spot provides the level of expression of the
corresponding gene.

> T':= set of genes of a background population (|T'| = G)
> ~ := set of genes of a particular family (vl =9)
Question. Are the levels of expression of the genes of v with respect to

the level of expressions of the genes of I" characteristic of an exceptional

behaviour? (Disease, etc)



Random walks model
o Keller, Backes and Lenhof (2007)

Order the genes by level of expression.
Build a walk (B;)o<i<g+g such that By = 0 and

+G if the gene at rank i belongs to 7,
B; = . .
—g if the gene at rank 7 belongs to T’

These walks are therefore bridges as Bg14 = Gg — gG = 0.

exceptional overexpression of the genes of vy —
exceptional height of the bridge with respect to the height of a

G
bridge chosen at random among the < +g> possible bridges.
g
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Number of discrete bridges of length n

» i.id. integer jumps X; € {—c¢, ..., +d}
» characteristic polynomial P(u) = p_.u™¢+ - - 4 pgu?
» P(1)=1

» E(X;)=P(1)=0

Typical generating function

F(z,u) = Z fn(u)z" = Z Z fn,kukz"
n=0

n=0k=—o0

where

> fn is the probability that a walk remaining in an horizontal
strip (by instance | — oo, +h]) has altitude k at time n.

[2™][u"] F (2, u) corresponds to bridges of length n



Asymptotics of the number of bridges

B, = [u’]P"(u) = = 7{ . L(u)du
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Saddle-point expansion

Recall P(1) =1 and P'(1) =0

1 pr
= — ]{ ﬂdu
20w lu|=1 u

™

T ) exp(nlog(P(e")))dt  (u=e")

1 €
o / exp(—no?t?/2) exp(n(iast® + agt* +...))dt (o? = P"(1))
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[Tam looking for the asymptotics expansion of [u*0]P*n(u) with jumps (+d,-1) by saddle-point (P(1)=1;
LP'(1)=0)
> Pr=u->u”d/(d+1)+d/u/(d+1);

u’ d
LR T T w@T o

—exp(I*s) T expand the log
> SS:=simplify(series(n*log(P(exp(I*s))),s=0,5));

5:-:—'—”;3— %1 (d—1)dns + '— (¢ —4d+1)dns* +0(s°) @

ds dusqri(d)/sqri(n)
[> PP:=subs(s=t/sqrt(d)/sqrt(n),ss);

1
sl@=-nrs

- f s
o=t +7'—(’/ 4d+1) +0[ “5,] &)
2 Jair 2 an e

[T compute the expansion of the left exponential at t=0
> QQ:=convert (series (exp(PP+t*2/2),t=0,6),polynom);

1 3
o 7{)1(«/ 1)r +17(d1—4<1’+l)/4 @
Ja7 2 n
> f£:=k->int(exp(-x"2/2)*x*k,x=-infinity..+infinity);
/’:/HJ e 2 ar )
(1 put back the coefficient of dt in ds
> AA:=asympt (1/2/Pi/sqrt(d)/sqrt(n)*add(coeff(QQ,t,i)*£(i),i=0..6),
n,10);
i T
J— ! (,/~—4(/+1)ﬁ[7]
A= + 15 - ©
J—J_ Jwa?
(i check with jumps (+1,-1)
> subs(d=1,AA);
s
Tl )
g — - — ™
SN RENES
[> subs(n=2%n,3);
[T compute directly the asymptotics of bridges (+1.-1) 1111 T miss a factor 2
> [n!/(n/2)!/(n/2)!/2"n,asympt(n!/(n/2)!/(n/2)!/2"n,n,3)];
- A7
I/ T (5)
n 1 n 1
, L +o((—] ] ®
\/7 4 n




Generating function of the bridges

Fzu) =)  fagufe" =) 2"P"(u) = 1—z1P(u)

n>0 n>0
fnk is the probability that the walk is at height £ at time n.
The poles u;(z) and v;(z) of F'(2,u) ui(2) and v;(2) verify

1 —2P(ui(2)) =0, 1—2P(vj(2)) =0



IS

large root



Getting the generating function of bridges
o bt f1 1
B(z) =l ]1 —2zP(u)  2im j{ w 1= zP(u)du

We consider the integrand as a function of u
For a punctured contour close to the origin, the u;(z) are the poles

. 1

The residues are R; = —m
But
K(z,u) =1-2P(u(z)) =0 = %K(z,u) = —P(u(z))— 2P, (u(2))u'(z) =0

) 1 ui(2)

— 1,0 — i
Therefore (bridges) B(z) = [u ]1 () z 2 (2)
Similarly, walks terminating at altitude k with k < ¢ verify
1 ul(2)
W, — k _ i
k(z) [u ]1 _ ZP(U) < I;C uff—l—l(z)



Domination properties of the roots u;(z) and v;(z)

- Plu)

- i L/‘w ‘ ul(z) < vl(z) forz <1

" ui(z),vj(2) (i,j > 1) complex most of the time

/0 I 2 3 '
By

> = P(ui(2) = Plus(2)) = [P(uj(2))] < Py (=)

P(u) decreases from 400 to 1 as u increases from 0 to 1
Therefore |u;(2)| < ui(z) for 0 <z < 1
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o X;j=+42 (+6/3)
o Xj=—1 (-3/3)
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h P ( max BZ) >h?
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Brownian motion as limit of discrete walks

Uk

Strong approximations of discrete walks by Brownian motion

> Komlés, Major, Tusnady (1976), Chatterjee (2010)

1500 2000

P {1@1?2( |Sk — W (k)| > Clogn + x} < Ke ™ (W(k) Wiener process)

Little done for approximations of bridges

> Kaigh (1976)



Désiré André reflexion principle
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Désiré André reflexion principle

Caveat: This nice reflexion trick won't work in the discrete case if
the walk has a drift or its jumps are other than +1,0, —1. Another
approach is needed then!



Désiré André reflexion principle

o(22) = P(W (1)

P (max By > L)
te[0,1]




Brownian bridge versus simulations

IE

P(max;<, B; > xzo+/n) \ Rayleigh(z) = e—20”
0.81

0.6

0.4+

0.29

bridge length n = G + g = 104 G =493 —g=-11

108 simulations



Brownian bridge versus simulations

5e-05 q

P(max;<n B; > zoy/n) | Rayleigh(z) = o—22?
4e-05 ,

3e-05

2e-05

1le-05 1

bridge length n = G + g = 104 G =493 —g=-11

c=+vGXxg 10® simulations



Brownian bridge versus simulations
5e—05
P(max;<n B; > zoy/n) | Rayleigh(z) = o—22?

e Rayleigh not that good!

2e-05

1le-05 1

bridge length n = G + g = 104 G =493 —g=-11

c=+vGXxg 10% simulations



Brownian bridge versus simulations
5e—05
P(ma,XiSn B; > ﬁ?U\/ﬁ) . Rayleigh(;r) — 6*2;1:2

4e-05 ,

- Rayleigh not that good!

3e-054 ™

We need more precise
seos| asymptotics!

1e-05

bridge length n = G + g = 104 G =493 —g=-11

c=+vGXxg 10% simulations



Model for bounded walks
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» characteristic polynomial P(u) = p_.u=¢+ - - 4 pgu?



Model for bounded walks

)

» iid. integer jumps X; € {—c¢, ..., +d}
» characteristic polynomial P(u) = p_.u=¢+ - - 4 pgu?
» B(X;)=P/(1) =0

Typical generating function

F(Zvu) = Z fn(u)zn = Z Z fn,kukzn
n=0

n=0 k=—o00

where

> fn is the probability that a walk remaining in an horizontal
strip (by instance | — oo, +h]) has altitude k at time n.
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Getting the generating function

1
X;e{-1,+2} P(u) = u® + "

§

frr1(u) = fe(u) x P(u)
—uP T P fr(u) x P(u)
My () x Plu)




Getting the generating function

X;e{-1,+2} P(u) = u? —I—% folu) =1

P £ (u) x

+ul 2] fi (u)

B P(u)
fer1(u) = fe(u) x P(u) — Plw)



Getting the generating function

X; e {-1,+2} P(u) = u? —l—% folu) =1

uP "] fie(u)

U 2] fi () x

(w)

P
fra(u) = fulw) x Plu) - { Pl

kaﬂ(u)ZkH = F(z,u) — fo(u)
k=0

_ = . 2l (2)
= ZP(U)kZ:Ofk(U)Z { +Zuh+2Fh+2(Z)



Getting the generating function

X;e{-1,+2} P(u) = u? + % folu) =1

uh+1[uh+1}fk(u) X

+ul 2] fi (u)

(u)

P
fer1(u) = fe(u) x P(u) — { Plw)

ka+1(u)zk+l = F(z,u) — fo(u)
k=0

_ = . 2l (2)
= ZP(U)kZ:Ofk(U)Z { +Zuh+2Fh+2(Z)

F(z,u)(1 — 2P(u)) = 1 — 2u" F 1 (2) — 2u"2F, 19(2)



Kernel method
Knuth, Tutte, Brown, Bousquet-Mélou, Petkovsek, etc.
Xie{-1,+2} P(u) = % +u?
F(z,u)(1 — 2P(u)) = 1 — zu"F, 1 (2) — 202 F), 0(2)
F(z,u), Fpt1(2), Fpi2(z) unknown functions

but the roots u(z) of 1 — zP(u) = 0 cancel the left member of
the equation

two roots u(z) provide a linear system of two equations whose
solutions are Fj,1(z) and [}, 2(2)



General case - Any finite set of integer jumps

P(u) = oot + popru 4 -+ pu_ru! + paul
F(z,u)(1 — 2P(w) = 1 — 2" Fyyy (2) — - — a9y, 4 (2)

d unknown functions Fj, j(2), but the equation 1 — 2P(u) = 0 has

{ d large roots v;(2) such that v;(z) ~ %Ud
1/c

c small roots u;(z)  such that u;(z) ~ 2z

as z— 0
as z — 0



General case - Any finite set of integer jumps

P(u) =p-eu™ +pcpru T+ 4 pau™ + pgu’
F(z,u)(1 —2zP(u)) =1— zuhHFhH(z) — o= zuME, (2)

d unknown functions Fj, j(2), but the equation 1 — 2P(u) = 0 has

d large roots v;(z)  such that v;(2) ~ %I/d as z — 0
¢ small roots uj(z)  such that u;(z) ~ 2%/¢ asz — 0

v1(2)" F 1 (2) + -+ 1 (2)P T, La(2) = 1/ 7,

0a(2) F 1 (2) + -+ 0a(2) U F () = 1/2



General case - Any finite set of integer jumps

P(u) =p-eu™ +pcpru T+ 4 pau™ + pgu’
F(z,u)(1 —2zP(u)) =1— zuhHFhH(z) — o= zuME, (2)

d unknown functions Fj, j(2), but the equation 1 — 2P(u) = 0 has

d large roots v;(z)  such that v;(2) ~ %I/d as z — 0
¢ small roots uj(z)  such that u;(z) ~ 2%/¢ asz — 0

v1(2)" F 1 (2) + -+ 1 (2)P T, La(2) = 1/ 7,

0a(2) F 1 (2) + -+ 0a(2) U F () = 1/2

Vandermonde determinants V(... )



Nice expression for the generating function Fl=o0.h]

v1 ()P 1 (2) 4 - F ()R a(2) = 1/ 2,

va(2) F1 (2) + -+ 0a(2)" T Fpa(z) = 1/2

F(z,u)(1 — 2P(w))

h+d htd—(j—1) ht-d—(j+1) hil
vy R 1 v ce vy
d h+d h+d—(j-1) h+d—(j+1) hal
hes v 1o R,
=1- whtd - .
v vV, vg)

J=1



Nice expression for the generating function Fl=o0.h]

v1 ()P 1 (2) 4 - F ()R a(2) = 1/ 2,

va(2) F1 (2) + -+ 0a(2)" T Fpa(z) = 1/2

F(z,u)(1 —2P(u))

htd—(j—1 h+d—(j+1
ohtd ot G- 4 ot G+ T
d h+d A= a1 St
=1 ,UhrJrj d d d
’ h h
j=1 Ul ~--vdV(U1,...,Ud)
h+d—(j-1 i htd—(+1
phtd o phdmUT g hd=GED)
d_| phtd  hHd=G=1) gy htd=(GHD) Al
=1— E d d d d
; ol L0l (v, vg)

~
I
—



Nice expression for the generating function F/~/"

F(z,u)(1 —2P(u))

—(j—-1 ; —(j+1
U{H_d v?—’_d G=1) bt viH_d G+ vi”'H
h+d—(j—1 i h+d—(7+1
d ,U;H-d Ud+ G=1)  h+i Ud+ U+y Ug+1
-1
§ : h R
v V(v vg)



Nice expression for the generating function F

F(z,u)(1 — zP(u))

}*oovh]

h+d—(j—-1 j h4d—(j+1
U{H_d v1+ G=1)  h+i Ul+ G+ v?-&-l
h+d—(j—1 i h+d—(§+1
d ’U;H'd Ud+ G=1)  h+i Ud+ G+ UZLH
= 1 _—
Z h h
j=1 U1 -~-UdV(U17---7Ud,)
d
- Z Subs(v; = u, V(v1,...,vq))
ol V(v vq)
=1 1 Vg V(v 04
Subs vj =u 1/,}'7,+d z/‘/.H».] ’U,}-l'+]
d J J J
=1 § . .. hV e
U1 ---Yg (Uh 7Ud)



Nice expression for the generating function F

F(z,u)(1 —2P(u))

}*oovh]

h+d—(5—1 i h+d—(j+1
U{wfd ’U1+ G=1)  h+i Ul+ (J+1) v?+1
h+d—(5—1 i h+d—(5+1
d_| phtd G=1)  h+i o0 (G+1) it
-1 Z d d d d
== h h
= v V(v vg)
d 3 '
1 Z Subs(v; = u, V(v1,...,vq))
B ol V(v vq)
= 1.y 1y+-+,0d
Subs [ v; = u, | /T . oIl
J J j J
=1- E : h — hy
im1 Uy .-y (v1, aUd)
d
Z Uh'+l H U Vi
L gyht1 ; Vi
i#5



Nice expression for the generating functions

oo h]( ) 1 1 zd: uh+! H U — v
M(zyu) = —
’ 1—2P(u) 1—2P(u) ht1 vj — v

i=1Y  1<i<d
1#]
N.B L counts all the walks
B:———cou walks.
1 —2zP(u)
Theorem (Banderier-N. 2010)
Walks going beyond the barrier +h verify
d - htl "y — s
F[>h] u (o
(2,u) = 1—zP ZU (2)hH1 H v — U
g=1 i 1<i<d 7
i#j

Gives fast computation scheme for the n-th coefficients via
holonomy theory.



Roots properties (Banderier-Flajolet)

L0221 03 2)

oot ace.
eoomeoe)

1
P(u) = u® 4+ = z=¢=1/3 z=p
u o
| |
| |
|
|

|
|
|
|
J
z

: I
00 ui(¢) v 1 vi(Q) 3 o1 0.2 03 0.4 0.5

Left: behaviour of the characteristic polynomial P(u) =u® + L.

Right: domination property of the roots of 1 — 2P (u) =1 — z(u® 4 1)
in ]0, p], where 7 is the unique positive solution of P’(z) = 0 and

p=1/P(7).
Pl(r)=0 = wu(p) =vi(p).
u(z) <wvi(z) < |ua(2)] = |vs(z)| for z €]0, pl.



Roots properties (Banderier-Flajolet)

fore<|z| <p

max;>o |ui(2)]
<|ui(2)]
< fv1(2)]

< minj>g |v;(2)]



Roots properties (Banderier-Flajolet)

[v2(2)]; [vs(2)]

[v1(2)]

[ui(2)]

z

o 02 03 04 05 o6 07 08 09

E(X) = P/(1) =0 (p = 1)
fore < |z| < p X; € {+3,-1} {
P(1)=1
max;>2 |ui(z)|
< Jus (2) o me =1/ =9 +oa -2
<Jv1(2)] vi(z) = 1+ P”2(1) (1-2)+0(1-=2)

< minj>g |v;(2)]



Asymptotics simplifications for F*" as h —

uhtl B uh 1 ,Ul(z) h+1 B ,
'Uj(z)hﬂ - v1(z)h+1 <’Uj(z)> - O(A )

<j >2, A=max sup |vl(z)]< 1)

j22 |z|<p—e ”Uj(z)|




Asymptotics simplifications for F*" as h —

uh+1 B ’U,h+1 ’01(2') h+1 B )
0y (L = oy () <vj<z>> =0h

<j >2, A=max sup |vl(z)]< 1)

j22 |z|<p—e ”Uj(z)|

d h+1
FIM (5 0) = 1 u u—v;
= (z,u) = 1— zP(u)]Z::l,Uj(z)hﬂ 191_'£d —
i#]
_ 1 u"Qu) h
1= 2zP(u) v1(2) Q(vi(2)) <1 +0(4 ))

where Q(z) = H (x —vi(2))

2<i<d



Asymptotics simplifications for [u’] " (bridges)
Thm. Banderier-Flajolet

i 1 ¢ u’i(2)
(k<=0 e = F X w



Asymptotics simplifications for [u’] " (bridges)
Thm. Banderier-Flajolet

—k < —c) [71{}¥7 iﬂ_[uo]“ik
(—k c U 1= 2P() =z — uy(z) R 1 = 2P(u)



Asymptotics simplifications for [u’]F>" (bridges)
Thm. Banderier-Flajolet

(—k < —¢) [ufﬂ* = zi M = [u] ut
’ 1—zP(u) ~ wj(z) 7k 1—2P(u)
d—1
Q)= [ w—v(2) => @)’
2<j<d i=0
— [0 1 ut! Q(u) h
= 2P w @ @y O
L 5 o M4 ogan
= ) & M e (o)
h "(2)Q(uy (2 '
N <2E2) Zlgzggévl((z)) - (1 +O(C}/))




Extracting asymptotically [2"][u’]FP*vVRl(z u)
P(1)=1, P'(1)=0, p=1, o?>=P'(1)

=1y BI =9 +001 -2

s nx) = 1+m+0(1 —2)
Qui(z))  QM)+O0(W1—-2) -
[ Qui(2))  Q)+O0(WT—2) 1+0(V1-2)




Extracting asymptotically [2"][u’]FP*vVRl(z u)
P(1)=1, P'(1)=0, p=1, o?>=P'(1)

=1y BI =9 +001 -2

s nx) = 1+m+0(1 —2)
Qui(z))  QM)+O0(W1—-2) -
[ Qui(2))  Q)+O0(WT—2) 1+0(V1-2)

O E oy = () Q) .
(O] B0Vl ( ) B 1+ 0(cm)

: (1—2¢j) % (1+O0(T=2)x(1+0(C™)

-~




Extracting asymptotically [2"][u’]FP*vVRl(z u)
P(1)=1, P'(1)=0, p=1, o?>=P'(1)

) =1y /E0 9+ 00

14 vila) = 1+\/m+0(1 —2)
Qui(2)) QML) +O0(KWIT—2) —
[ Q(ui(2)) Q) +O0(WT—2) 1+0(V1-z2)

:U\/i 1—2

Semi-large powers Banderier-Flajolet-Soria-Schaeffer (2001)



Aiming to a Cauchy integral with Hankel contour

To\/n
prrovi - L2 (1-2y30-2) (1+0(WT-2)
" T Yo N G )
1 1 t —2x/2t
:f]{ ce ><<1+O(1>)dt,
2ix o ovan i i
t
This follows from the substitution z =1 — —
n

Expand the term e 22V2 gnd set t = —r
This gives integrals of the Hankel form, valid for all 4 s € C4

I 1
%im +w(—r)se_rdr = sin(7s)I'(1 + s)

Gathering the terms of resulting sum provides

- B (o () = (100 (7))




Asymptotics for upper bounded bridges

P(1)=1, P'(1)=0, p=1, o’>=P'(1)

(2" [u0] FlFrovnl — \/j x e 2 x (1 +0 <\/1%)>



Asymptotics for upper bounded bridges

P(1)=1, P'(1)=0, p=1, o’>=P'(1)

[0 2oVl = U\\Fer x<1+0<\}ﬁ>>

but for unconditionned bridges (Banderier-Flajolet)

(o)) FI=oerocl = ;{/’2 < <1 +0 <\/15>>

Theorem (Banderier-N. 2010)

P(omﬁaB mf) (”OQﬁ))




Full asymptotics for tukasiewicz bridges

..... +d} only one small root

Q(u1(z)) and Q(v1(z)) expressible as functions of w;(z) and v1(z) only

d
- ol — u(l —2zP(u))
Qu) _g(u i(2)) = paz(u —ui(2))(u —v1(2))

P'(u(z)) = —1/(2%u/(z)) for any root u(z) of the kernel

Qun(2)) = 2 sl ==zP(W) 1 i (2)

© pazOu u-— v1(2) u=u, (2)  paz? u(2)(ui(2) — vi1(2))




Asymptotics at higher order

b>wo\/ﬁ _
- =

1 7( 1 el 20V 5 <t>i/2 o
= 5= X ;| — s
2im Jp gﬂ\/ﬁ Vi -t t\

Hankel integral again

1 (0)

1
e +w(—r)se_rdr = sin(ms)['(1 + s)



Full asymptotics for tukasiewicz bridges

Proposition (Banderier-N. 2010)
tukasiewicz bridges verify asymptotically

h H2)ui(z




Full asymptotics for tukasiewicz bridges

Proposition (Banderier-N. 2010)
tukasiewicz bridges verify asymptotically

h H2)ui(z

use Newton iterations for expansions of uj(z) and vy(z2)

BroV" _1+(7(2/3)z£/<3/276z/\f<)+3<(727E§ 20 16 8¢
exp(—2z2) Vn n 9 ¢3 3¢2 3¢ 3¢2

24 5¢2 6 20¢6 o, 5 3 TE 5¢2 16 5 ¢3 102 —3¢2
e tsa et e T s uetsatue v e )

¢(=o%=P"(1),
grrovn — p <max B; > > xo/n, {
g — PI//(].), 9 — P////(l)




Simple tukasiewicz walks with d as parameter

u n 1
d+1 (d+1u

4 10 4 17 . 1
1- oty =22 34y ( Zato = \1,12)4 1)—
) 3 o 12 "

(L ay Byan, - Lo
27 135 90 E 5 15 Vi 27 135 90
19 4 08 g 8 g 11 4 1 5 694 4, 361 , B304 g 109 16 g
(=t —= — — ' —)d"+ (— = — = — x4 —+ —=z )d
27 81 15 54 288 135 135 135 720 81
1051 o 460 TAT 4 0B s 232 5 (1460 16 5 2701, 208 g 2854 r,]) 1
90 180 45 27 a5 720 81 135 45 135
& 302 3583 1957 1871 oy L ,
i (— LI i . My J,“)d 2) — +0 (vz 5/3) (23)
81 135 270 1440 135 n

Conjecture
The error term of order r in the asymptotics development of bzm‘/ﬁ

is of the form O (dT/QmQT X n_”/Q).

48 g, EJ) 1 , (mls 1244 g 497 .r) p 3/2)

1




Back to simulations
0.0014
P(max;<, B; > xo+/n)
0.0008
Rayleigh(z) = e 2
Vvs.
our more precise asymptotics

0.0006

0.0004

0.0002

2.6

X e{-1,+19}  n=400



Heuristics for bioinformatics - rational jumps

5e-05

P(max;<, B; > zo/n)

4e-05 1\,

3e-051

2e-05

1e-05 1

Rayleigh(x) = e 27

Vs.
our more precise asymptotics

93

X e {-11,493} ~ X' € {—1,+} n = 104

11
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