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Approximate pattern matching
and the Jokinen-Ukkonen lemma

Def: g-gram any word of fixed size ¢

Edit operations over strings
— substitution (I — ls) aabdd — aadcc
— insertion (| — ) aaldd — aaecc
— suppression (I — |) aaedd — aalcc
Edit distance (.51, S2) between two strings S; and S5
— minimum number of edit operations transforming S; into S5

Jokinen-Ukkonen 1991 (loose version)

if | S1| = m and (51, 52) < k, then at least m + 1 — (k + 1)q of the
m — q + 1 k-words of S; occur in Sy



Example
S| = aaabaaab

So = aaacaaaa

m =28, 0(51,5) =2
2 — grams(Sy) = {{aa, aa, ab, ba, aa, aa,ab}}
Qs,.s, = 2 — grams(S;) present in Sy = {{aa, aa,aa,aa}}

Jokinen-Ukkonen
Qs,,5,] 2m+1—-(+1)q

4>84+41—(2+1)2=3
Beware of the asymmetry: |Qg, s,| =5
Application

When searching a pattern with errors in a text, slide over the text a
window of same size as the pattern and discard windows which do not
contain enough k-words of the pattern



Long term aim of this work

We would like to find a statistical indicator based on common k-words

to two sequences to infer sequence similarity.

Short term aim

Repeated k-words in one sequence and common k-words to two

sequences share many statistical common features.

— we analyse here the statistics of repeated k-words in a random

sequence

Probabilistic model

We consider random strings generated by a Bernoulli model.

Pr(X =1) =p, Pr(X =0) =g, qg<p



Repeated k-words in a sequence: an example

number of k-words occurring at least twice, without counting

multiplicities

S = aaaabaaaabbb, k=2

R q = laa, ab, bb} Rl =3

repeate



Tries and Suffix-trees

a b trie built with keys
aa..,aba..,abb..,baa..,bab.., bb..

b a b
also suffix-tree built
over sequence S = abbabaa
Se So
SN YN
S4 Sl S5 Sg
S = abbabaa k=2
1234567
Srepeated = 120, ba}
Srepeated‘ — 2 = number of internal nodes at depth &




A heuristic approach

Suffix-tree - Dependent model

abbaaaababb ... aaabbbaaaab

abbaaaaba ...
bbaaaaba . ..
baaaaba ...
aaaaaba ...

Trie - Independent model
aab
bba

aaa
bab

sequence length [ =n+4+q —1 = n k-words
1. analyse the independent trie model

2. compare with the dependent suffix-tree model



Previous work

— Szpankowski and Jacquet - 1994
asymptotically, the distributions of path lengths of suffix-trees and
of tries of same size are equal

— J. Fayolle - 2002, 2004

more precise result for the expectation

— Park and Szpankowski - 2005

asymptotic profile of tries; expectation, standard deviation,

distribution



Trie - fill-up level

A A fill-up level

logn
k log(1/q)

Y

internal nodes

ok
putative
nodes




Profiles expectation - Plan of the talk

I) Non-asymptotic analysis

1. use an urn model with 2* terms to count the number of nodes at
depth k.

2. compute the expectation for the trie as a sum of 2% terms.
3. do simulations for the suffix-tree and compare
IT) Trie Asymptotic analysis
— get asymptotic expectation for the trie by Mellin transform
ITI) Suffix-tree Asymptotic analysis

— bound asymptotically the difference of expectations of the trie and
the suffix-tree



Repeated k-words
Equivalent problems
Input: an alphabet ¥ (|3| = s), an integer k, a random sequence S of
sizen+k—1
Dependent model
1. number of repeated k-words
2. number of internal nodes at depth k of the suffix-tree build on S

3. number of self-intersections of a random walk of length n over the de
Bruijn graph B(s, k)
Independent model

1. number of repeated k-words

2. number of internal nodes at depth k£ of a trie build with n random keys

over X,

3. number of self-intersections of a random walk of length n over a complete
graph K (s")

4. number of urns containing more than one ball in a system of s* urns in

which n balls are thrown



Part 1

Non-asymptotic analysis



Poissonization

do not consider exactly n objects (balls in the urns), but a random
number of objects following a Poisson distribution P, of parameter v.

0.0004 -

0.0003 -

0.0002 -

0.0001

07 920000 960000  1e+06 1.04e+06 1.08e+06

X

Plot of P1000000 o = /1000000 = 1000



Poissonization

internal nodes at depth k in a binary trie = system of 2% urns

internal node w = urn w contains at least 2 balls

do not throw exactly n balls in the urns, but throw a random number of
balls following a Poisson distribution P, of parameter v.

i
LAY

The urns behave independently of each other



Poissonization - Depoissonization

fi(u), fa(u), ..., fu(u),...

Poisson transform of the sequence

Algebraic easy depoissonization (when it works)

fn(u) = [V"]nle” ®(v, u)



Poisson model - Bivariate generating function

P, balls in the system = P, _, balls in urn w

~J 1 if at least two balls in urn w Z =) =k Yo
’ 0 elsewhere number of internal nodes
2 3
Y, (u) = ™™V (1 + v+ u((ﬂg'y) + (Wg'y) + .. ))

Z(u) — H Yw(u) — H (1 + Wwy)e—wwz/ “+ u (1 — (1 + ﬂ-wy)e—wwy)
jw|=k |lw|=Fk

Z 1 — (14 m,v)e ™"

u=1l " |u|=k




Fixed n model - Trie expectation

Trie with number of keys following a Poisson model of parameter v

07 (u)

E(Z,) = inp(v) = =5,

= 3 1 (14 mp)e

u=1l"y|=k

“fixed model”, exactly n keys

E(Z,) = [v"|nle"E(Z Z 1—(1—7m,)" —nmy (1 —m,)" !
|w|=k
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Experimental comparisons

60+

E(internal nodes at depth k) E(internal nodes at depth k)

507
404
30
201 |

10

0.2 0.4 0.6 08 1 0 0.2 0.4 0.6 08 1

trie suffix-tree

¥»=1{0,1} p=Pr(1)=1-Pr(0) wex* 7,=Prw)

n = 300 keys k£ =10
red curves: theoretical curve R(p) for the trie
dots: simulations

R(p) — Z 1—(1—my,)" —nm,(1— Ww)n_l
|lw|=Fk



Cost of summations

¥ =41,2,3,4}, s = |X| m = s?
group urns by families of urns with equal probability
lw| =¢q, |wi| = ¢ number letters equal to 7,

q =q1t+Qq2+q3+qa
q!
q1!q2!g3!qs!

population of (g1, q2,93,94) =

Number of families C, ; (cost of summation)

C,,s = compositions with s summands > 0 of q

= compositions with s summands > 0 of ¢ + s

co=(15) () = ()

Cq,Q = (q -+ 1 ADN: 010,4 = 286 Proteins: 03,20 = 1540




Computing the moments

The values of g1 to q; __1 have been computed previously when
Procedure Calcsum is entered and d = s — <.

s = |2| and g are handled as global constants.
Procedure Calcsum (f,d, n, ¢):
i =s —d
1—1
If d > 1 Then
For j To s — u Do

q; = J
f = Calesum(f,d — 1, n, ¢)
End of for

Else
—1
4s = a4 — X4 _7 9k

|

— q-:
fF=r+ mff)(gql,...,qsan)
End of if
Return (f)

End of procedure

_ _ q1 92 gds
Gg—eql,.,_qs =n X wiTwy? . wg

—0 1 _op
o1 = (TG00 + e 020 - 0p))

HUn = M — Calcsum(O, S, N, ¢1)




Profile asymptotics comparisons - Method

Z|w|:kz7 Cnc/\/ logn

Trie P,, keys (Poisson model)

A = TI,)\/ \A — n—>\2

Trie n keys Suffix-Tree n keys ), _y

Analysis

1. Trie Poisson - get rid of the sum by Mellin; inverse Mellin by
saddle-point method

2. Trie - evaluate A between Poisson and fixed

3. evaluate A between Trie Poisson and Suffix-tree fixed



Part 11

Trie - Asymptotic analysis



Profile of trie and suffix-tree

n keys exactly
Poisson of parameter v keys — P,

A A A fill-up level

logn
height k log(1/q)
2logn V
o5 ()
0g
p? + g internal nodes

{ in(n)
ik, P (V)




Mellin transform

['(s) = / e T8z, I'(n+1) =n!
=0

Replacing e~ by a function f(x) gives the Mellin transform of f

M|f(x);s] = /O:O f(x)z® tdx

(a, B) = largest open strip of complex numbers s = ¢ + it such that
a < o < fand M[f(x);s] is defined

flx) = O@"),  flz) = O@E"), u>v

T —+00

— M| f(x); s] exists in the strip (—u, —v)



Inverse Mellin transtform

/ flx)z*tde = f(z)= ! /Cﬂooqb(s)a;_sds c € (—u,—v)

27i Cioo

Sketch of proof (in one direction)

. c—l—zoo
- 3 —Zd
271 /c ©
a-+100 1 1 b+100 o0 )
- d s—z—174 = d s—z—14
=5 | o) z/o v et [ el [ e e
1 b+i00 ¢(Z) 1 a—+100 ¢(Z)
- dz — — dz =
2T Jp_ioo 2 — S T om d—ico 2 — S 2= 90s)

where —u < a < b < —wv



Application to the trie

iep(v) = > 1= (L+muv)e ™"
|lw|=Fk

Mlg(v); s] = /:Oog(v)us_ldu = M1 —(14+rv)e ;s =—(1+s)(s)

wl=Fkand w1 =5 = w,=p¢"7 (¢=1-p)

Mg(xv);s] = x *Mlg(v); 5]



Application to the trie

ik p(V) = Z 1 —(1+m,v)e ™"
|lw|=Fk

Mlg(v); s] = /:Oog(v)us_ldu = M1 —(14+rv)e ;s =—(1+s)(s)

wl=Fkand w1 =5 = w,=p¢"7 (¢=1-p)

Mg(xv);s] = x *Mlg(v); 5]

k

Miip (5] = ~(149)0() 3
j=0
fundamental strip: s € | — 2,0]

k —38,,—(k—3)s —S —S
j)p g 5= —(1+ s)D(s) (p° + ¢ %)

k

. 1 c+100 . N
ip()=—5— | (4T (7 +q7%) vods

2777/ Cc—i00



1

te,p(V) = —5—

Properties of the integrand

c+100

(14+8)'(s) (75 +¢~%)

C— 100

k

1

V_SdS = —
20T

C— 100



Properties of the integrand

k = O(log(v)) induces parametrization k = alog(v) = at
S — e—slog(u) — st
1 c+100 1 c+100

: —s —s\kF  —s =
ik p (V) = “omi ) (1+s)T(s) (p™° +¢~°) v %ds = Sy F(s)ds

F(s) =/ = —(1+5)T(s)(p™° + ¢ °) v ™" = ¢(5)0(s)’

cC—100



Properties of the integrand

k = O(log(v)) induces parametrization k = alog(v) = at
S — e—slog(u) — st
1 c+100 1 c+100

: —s —s\kF  —s =
ik p(v) = i) (14s)T(s) (p™° +¢~°) v %ds = i F(s)ds

F(s) = e/ = —(1+5)T(s)(p™" + 4 °)" v " = ¢(5)0(s)'

S(F (o + ir)) odd function of r
R(F(o +ir)) even function of r
Typical case of saddle-point integral  saddle-point: F'(c) = f'(0) =0

Remark - Res[F(s),s = 0] = —2*



Saddle-point method - Overview

1 1
[=— [ F(2)dz = —e/Pdz
21 21

saddle-point o F'(o) = f'(c) =0

/) = (o) x e T 1 (@) Fol(z0)?)

locally gaussian integral

complete with gaussian tails (Laplace method)
F(o)

V2r|f(o)]

— _[ ~




Saddle-point method - Overview

1 1
[=— [ F(2)dz = —e/Pdz
21 21

saddle-point o F'(o0)=f'(o)=0




Saddle-point method - Overview

1 1
[=— [ F(2)dz = —e/Pdz
21 21

saddle-point o F'(o0)=f'(o)=0

/) = (o) x e~ =51 @l +o((z=0)%)
locally gaussian integral

complete with gaussian tails (Laplace method)

F
— T )
V2 0)
ER S A
n! - 21 |z|=R Zn+1
flz)=z—(n+1)log(z) o=n+1
1 e"




Numerical example
. ( ) B 1 c-l-ioo(l—l_ )I‘( ) ( . n _S)k —5 g — 1 c+1i00 F( )d
i p(V) = Sy s)I'(s) (p q v ds = 5 s)ds

Cc—100 Cc—100

1 —1.44+1200
— el () ds
270 ) 14— ioo
—

p=0.7 k=axlogr=1.8 xlogv c=-—14



Numerical example

1 c+100 i 1 c+100
Ref(o+ir)
5e+06 o el () g
210 J 1 4 0o
4e+06;
| > 5 —

(
| ].

r V:<— 4 X106

~10 -5

\ | 7

p=0.7 k=axlogr=1.8 xlogv c=-—14



Trie - position of the saddle-point

1 c+ oo 1 c+ oo

k
. _ 1 T —s —s —Sdg = — f(s)
ip () = g [ () (0 g s = g [ el

saddle-point o verifies /(o) =0

1 p~*logp+q*logg
'(5) = —k —1
P = 1y + 0ls) — kBRI B g,
k and v tend to infinity
~Slog1 ~Slog1
o P~ log1/p+ 7" log /qzlogy
p—S_l_q—S
1 —alogl/p
k log alogl/q—1
o = — oc=oc(a)= + o(1
log v (@) log(p/q) &)



Saddle-point position

log(1/p)

1
log(1/q)

The saddle-point o as a function of 3, where (3 is a barycentric weight

varying from 0 to 1.



Shifting the integral path

ik, P (V) _
K A ) F(s) = —(L+s)T(s) (7 +¢7%) v
A _9k
Res(F,s =0) = —
—2 O
-
U U |

The inverse Mellin integral gives i; »(v) when o €| — 2, 0[ (number of
present nodes at depth k), and —i, »(v) = —2% + i) p(v) when
o €]0,+00| (number of missing nodes at depth k).



Shifting the integral path

ik, P (V) _
K A ) F(s) = —(L+s)T(s) (7 +¢7%) v
A _9k
Res(F,s =0) = —
p=0.9 7 6]
—2 O >
-
p = 0.6 061
whr b N

! 4 3 2 10 1 2 3 4 O

The inverse Mellin integral gives i; »(v) when o €| — 2, 0[ (number of
present nodes at depth k), and —i, »(v) = —2% + i) p(v) when
o €]0,+00| (number of missing nodes at depth k).



Region with real saddle-point for o = k/log v

k=a X logv

From bottom to top, the curves are
1

(1) o4 (p,q) =

log1/q
(2) a0 (p, @) °
o =
O )= 1og 1/p+logl/q
2 2
(3) a_s(p, q) = P
p2 lolg 1/p4+q?logl/q
(4) a_oc(p,q) =
g log1/p
o 2
&4 oo (5) E(H) =

05 055 06 065 07 075 08 085 09
'Yy
p

log(1/(p* + q?))

q

X

- log(l/g) 1

1
f (p> log(1/p)  log(l/p) "

~ log(1/q)



Perturbations

I(v) = b /UHOO —(1+s)L(s)(p~° + _S)kl/_sds b T ef(9) 4
" 2im ) b AT Sy
s=o0+4ir T(o +ir)] = O(e™I") as |r| — oo

p~7 7" + ¢~ 77| periodic, maximum when p~? 7" and ¢~ 7" in phase

el (i) el (i)

6e-05 -

5e+06
4e-05

4e+06 2e-057 r

1 12 13 1 6 17 18 p:07

0

3e+06 —2e-05 ]
| —4e-05 A
2e+06[
] —6-05 /

1e+0d —8e-05 1

A 00001 V=A< oo 4 | x 10°

r
-10 -5 0 5 10 -0.00012 -

k=axlogr =18 X logv c=—14



Bounding the periodic perturbation terms

p~77" + ¢~ 77" periodic, maximum when p~? 7" and ¢~ 7" in phase

30,0 <0 <27, jp,5q €N, 7, <Jq

— 7| logl/p =0+ 25,7 and |r|logl/q =0+ 2j,m
il
— |r|=jp =7 X271 X ! 004 ]
log(p/q)
D(o +ip)| ~ ()]
. p

0" 055 06 065 07 075 08 085 09



A
Vil p
Vo

o

v, L
Voo 4=—2p

Trie - end result

L [T orin) il
Bj = % T:jp_(SEZ dr ‘Bj| = B()XCj(V)e i
(o)
By ~ (saddle-point evaluation)
V2rf" (o)

(1+ o) (o) loglp " +a77) —0
V2ralog(v) x Ul(o,p, q)

s 1
<+ et)e) (LH9<1%wQ>

;W) =0()  |e(v)] = O(1)

ipp (V) =—




Dominant power ( in i;p(V)

_>
1
V beta e p=0.9
1 O.‘Z O.‘4 0.‘6 O.‘8
0
) o kB n 1-p3
- log(v) log(l/q) = log(1/p)
i’y
] o ( ) VC
_31 L, p\V) ~
> \/27r log(v)U (o)
4
| (=alog(p™ +q7)—o0
_5{
-6 . 1 1
| min(e, 1 — ) = { 1]:_1; ;f <UO> 0 n L = k’;jkj( ) ~ VT,



Depoissonization “a la Ramanujan”

Ramanujan simplified entry

' - him™ ()
h(x) of at most polynomial growth,

< (é) ) (z large)

m!

\ ok
hoo(z) =€7% Z hk)

k!
\ k=2

—  heol(®) = h(z) + k" (z) + O (z77) (x — o0)

Reasonning by contradiction implies

ix(n) =i, p(n) (1 +0 <n_(1_€)))



Part 111

Suffix-tree - Asymptotic analysis



Profile asymptotics comparisons - Method

Trie P,, keys (Poisson model)

/

Trie n keys



Profile asymptotics comparisons - Method

Trie P,, keys (Poisson model)

S ™

Trie n keys Suffix-Tree n keys



Profile asymptotics comparisons - Method

Trie P,, keys (Poisson model) ZM:k

™

Suffix-Tree n keys > _;



Repeated words in random strings

W,, random string of size n Pr(l)=p=1—-—¢=1—-Pr(0)

(1)

o, number of occurrences of word w in W,

Pr(o{™ = 0) 4+ Pr(o{™ =1) + Pr(o™ > 2) =1

v =1 indicator that a word w is repeated W,

{0 >2}

E(Y(")=1—Pr(o™ =0) - Pr(o™ =1)

Y (") counts the number of repeated words in W,

E(p,” (n)) =E(Y™) =25 — 3" Pr(o{” =0) — Y Pr(o =1)

|wl=k |w|=k

- > 0Y(z)

n>0 N |lw|=k |lw|=k




Languages and autocorrelation

L£C{0,1}* L(z) = Z T2l = Z 2"
wel n>0
Tw = Pr(w) l, =Pr(wel) if|lw=n

autocorrelation set of word w

A, =1{h; wh=uw and h] < |w|}

ababa | €
¢4ahﬂm,::{€;baababa} ababa | ba
ababa | baba




Languages decomposition

First F={w=uw et Ars, w=rw.s}

aaaaaababa C F, bbbbbabababa ¢ F

Ultimate U = {w, Ar,s, w.w =r.w.s} o =ruy

ababa ababa

aabbbabbbbbbb C U babbbbbbbbbb ¢ U

No occurrences O0) = ¥* — 3% 0. 3* = {w, Ar,s, w=r.w.s}

( T, 2!
F(z)= Ko (2)
Oz =004+ F ¢ 1 1
— < U(z) = =
00, = FA, K. (z) Ko(z)  mozlvl + (1 —2)A,(2)
A (2)
(0)
S E



Expectation of number of repeated words

oY = Fu, = OV (2) = F(2)U(z)

Generating function for the repeated words

=
(S) (S) w(2) Tw?
P —
=2 m ( K. () Kw<z>2)
n>0 |w| k




Suffix-tree - Asymptotic expansion for iés) (n)

7,z

Z(S)n:ZnP(S)Z% k_zn
00 = T R 2

dominant singularity p, =1+ o(1) = bootstrapping, Cauchy integration
N,

iés) (n) = Z 1— (1 + ;:13) e_ Au (1)

|w|=k




Periodic and aperiodic words

basic period d = d(w)

d=3 d=8
~ N —
aabaabaa aaaaaaaba
N’ ~ ~ _
|w|=8 w=9
aperiodic
periodic

1< A1 ! <A <14 2P
< < — < <

D)< <A <1+



Trie Poisson versus suffix-tree

N,

suffix-tree i,is) (n) ~ aés)(n) = |C§::k 1— (1 + jfa)) e Au(l)
trie i p(n) =Y 1—(1+nm,)e "™

|lw|=Fk

use Mellin transform of g(yx) with g(z) =1— (1 +x)e™®
1
Au (1)

and bounds for y of on periodic and aperiodic words

i) — i) =i () xOn™)  A>0
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|l E(H)

Summarizing

g

il

oz_|_oo

05 055 06 065 07 075 08 085 009
D
p

k=a X logv

From bottom to top, the curves are
1

log1/q

(1) a4 (p;q) =

(2) o) verifies

—o(w) —o(w)
p q
oa—(1+o(x lo >0

p2_|_q2

3) a_s(p,q) =
(3) a—2(p, q) P log1/p + @ log1/q

1

log1/p
2

log(1/(p? + q2)

(4) a—(p,q) =

(5) E(H) =




Bad news - Standard deviation

8-
repeated ~ e R
: 2009%0, oo ooo o° oo 0000000
O, %o o o [¢) 0000
k._ | ) 00000 o ° o0 g0,
grams _| " °
6

© 02 o4 06 08 1

n=300 ¥=1{0,1} k=10

theoretical - trie (solid line)
simulations for trie (blue circles)
simulations for suffix-tree (black circles)
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