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f1(u), f2(u), . . . , fn(u), . . .
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q = q1 + q2 + q3 + q4
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ik(n)

ik,P (ν)

k

(

n� � ��� �� ��	 
 �

� � � � �� �� � �� �� �	 �� ν� � ��� − Pν
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�� � � � � � �� � �� �

Γ(s) =

∫ ∞

x=0

e−xxs−1dx, Γ(n+ 1) = n!

� � �, + # */ � e−x � � + - $ / # '* ) / f(x) � * % �� '( �� �, , */ ' !+/ � - ) !. ) - f

M[f(x); s] =

∫ ∞

x=0

f(x)xs−1dx

〈α, β 〉 =, + ! � �� ' ) � �/ � ' !* � ) - #) . �, � / $ . � � !� s = σ + it� $ # ( ' ( + '

α < σ < β+/ " M[f(x); s]* � " � !/ �"

f(x) =
x→0+

O(xu), f(x) =
x→+∞ O(xv), u > v

=⇒ M[f(x); s] �� � �� � �� �	 
 � �� �  〈−u,−v 〉



�� � � � � � �� � � � � � �� � � � �

φ(s) =

∫ ∞

x=0

f(x)xs−1dx ⇐⇒ f(x) =
1

2πi

∫ c+i∞

c−i∞

φ(s)x−sds c ∈ 〈−u,−v 〉

�� ��� � 	
 ��� 	 	
 ��/ 	/ ��  � �� �  	/ 

1

2πi

∫ ∞

0

xs−1

∫ c+i∞

c−i∞

φ(z)x−zdz

=
1

2πi

∫ a+i∞

a−i∞

φ(z)dz

∫ 1

0

xs−z−1dx+
1

2πi

∫ b+i∞

b−i∞

φ(z)dz

∫ ∞

1

xs−z−1dx

=
1

2πi

∫ b+i∞

b−i∞

φ(z)

z − s
dz − 1

2πi

∫ a+i∞

a−i∞

φ(z)

z − s
dz = φ(s)

 � �� � −u < a < b < −v



� � � � � �� � �� � � � � � � �� �

ik,P(ν) =
∑

|ω|=k

1 − (1 + πων)e
−πων

M[g(ν); s] =

∫ ∞

ν=0

g(ν)νs−1dν ⇒ M[1 − (1 + ν)e−ν ; s] = −(1 + s)Γ(s)

|ω| = k �/ � |ω|1 = j ⇒ πω = pjqk−j (q = 1 − p)

M[g(χν); s] = χ−sM[g(ν); s]

M[ik,P(ν); s] = −(1+s)Γ(s)
k
∑

j=0

(

k

j

)

p−jsq−(k−j)s= −(1 + s)Γ(s)
(

p−s + q−s
)k
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ik,P(ν) =
∑

|ω|=k

1 − (1 + πων)e
−πων

M[g(ν); s] =

∫ ∞

ν=0

g(ν)νs−1dν ⇒ M[1 − (1 + ν)e−ν ; s] = −(1 + s)Γ(s)

|ω| = k �/ � |ω|1 = j ⇒ πω = pjqk−j (q = 1 − p)

M[g(χν); s] = χ−sM[g(ν); s]

M[ik,P(ν); s] = −(1+s)Γ(s)
k
∑

j=0

(

k

j

)

p−jsq−(k−j)s= −(1 + s)Γ(s)
(

p−s + q−s
)k


 �/ � �. �/ � �� �� �  ��� <s ∈ ] − 2, 0[

ik,P(ν) = − 1

2πi

∫ c+i∞

c−i∞

(1 + s)Γ(s)
(

p−s + q−s
)k
ν−sds



� � � � �� � � � � � � � � � � � � � � �� �

ik,P(ν) = − 1

2πi

∫ c+i∞

c−i∞

(1+s)Γ(s)
(

p−s + q−s
)k
ν−sds =

1

2iπ

∫ c+i∞

c−i∞

F (s)ds



� � � � �� � � � � � � � � � � � � � � �� �

k = O(log(ν)) / � �� � � � �� �. � � � � � �  	/ k = αlog(ν) = α t

ν−s = e−s log(ν) = e−st

ik,P(ν) = − 1

2πi

∫ c+i∞

c−i∞

(1+s)Γ(s)
(

p−s + q−s
)k
ν−sds =

1

2iπ

∫ c+i∞

c−i∞

F (s)ds

F (s) = ef(s) = −(1 + s)Γ(s)(p−s + q−s)kν−s = φ(s)Θ(s)t



� � � � �� � � � � � � � � � � � � � � �� �

k = O(log(ν)) / � �� � � � �� �. � � � � � �  	/ k = αlog(ν) = α t

ν−s = e−s log(ν) = e−st

ik,P(ν) = − 1

2πi

∫ c+i∞

c−i∞

(1+s)Γ(s)
(

p−s + q−s
)k
ν−sds =

1

2iπ

∫ c+i∞

c−i∞

F (s)ds

F (s) = ef(s) = −(1 + s)Γ(s)(p−s + q−s)kν−s = φ(s)Θ(s)t

=(F (σ + ir)) 	� � 
 �/ � �  	/ 	
 r

<(F (σ + ir)) �� �/ 
 �/ � �  	/ 	
 r

� � � � �� � � � � 	 
 � �� � � � � � 	 / � / � � �� �� � �� � � � � � 	 / � � F ′(σ) = f ′(σ) = 0

� �. �� � � � � � [F (s), s = 0] = −2k



� � � � � � � � � � � � �� � � � � � � � � � ��

I =
1

2πi

∫

F (z)dz =
1

2πi
ef(z)dz

� �� � � � � � 	 / � σ F ′(σ) = f ′(σ) = 0

ef(z) = F (σ) × e−
(z−σ)2

2 |f ′′(σ)|+o((z−σ)2)

� 	� �� � � � � � � �  �/ / � � �� ��

� 	. � � �� �   � � � � � � �  �/ � �  � � ��� � � � �� � . �� � 	� 


=⇒ I ∼ F (σ)
√

2π|f ′′(σ)|



� � � � � � � � � � � � �� � � � � � � � � � ��
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∣

∣

∣

∣

ez

z11

∣

∣

∣

∣

1

10!
=

1

2πi

∫

|z|=R

ez dz

z11

I =
1

2πi

∫

F (z)dz =
1

2πi
ef(z)dz

� �� � � � � � 	 / � σ F ′(σ) = f ′(σ) = 0

1

n!
=

1

2πi

∫

|z|=R

ez dz

zn+1

f(z) = z − (n+ 1) log(z) σ = n+ 1
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1

10!
=

1

2πi

∫

|z|=R

ez dz

z11

=

∫

C1

+

∫

C2

I =
1

2πi

∫

F (z)dz =
1

2πi
ef(z)dz

� �� � � � � � 	 / � σ F ′(σ) = f ′(σ) = 0

ef(z) = F (σ) × e−
(z−σ)2

2 |f ′′(σ)|+o((z−σ)2)

� 	� �� � � � � � � �  �/ / � � �� ��

� 	. � � �� �   � � � � � � �  �/ � �  � � ��� � � � �� � . �� � 	� 


=⇒ I ∼ F (σ)
√

2π|f ′′(σ)|

1

n!
=

1

2πi

∫

|z|=R

ez dz

zn+1

f(z) = z − (n+ 1) log(z) σ = n+ 1
1

n!
∼ en

nn
√

2πn
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ik,P(ν) = − 1

2πi

∫ c+i∞

c−i∞

(1+s)Γ(s)
(

p−s + q−s
)k
ν−sds =

1

2iπ

∫ c+i∞

c−i∞

F (s)ds

p = 0.7 k = α× log ν = 1.8 × log ν σ = −1.4

O �

1

2πi

∫ −1.4+i∞

−1.4−i∞

ef(s)ds



� � �� � �� � � � � � �

ik,P(ν) = − 1

2πi

∫ c+i∞

c−i∞

(1+s)Γ(s)
(

p−s + q−s
)k
ν−sds =

1

2iπ

∫ c+i∞

c−i∞

F (s)ds
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ik,P(ν) = − 1

2iπ

∫ c+∞

c−i∞

(1+s)Γ(s)
(

p−s + q−s
)k
ν−sds =

1

2iπ

∫ c+∞

c−i∞

ef(s)ds

� �� � � � � � 	 / � σ� ��  ! � � f ′(σ) = 0

f ′(s) =
1

1 + s
+ ψ(s) − k

p−s log p+ q−s log q

p−s + q−s
− log ν

k �/ � ν� �/ � � 	 / !/  � �

k × p−s log 1/p+ q−s log 1/q

p−s + q−s
= log ν

α =
k

log ν
=⇒ σ = σ(α) =

log

(

1 − α log 1/p

α log 1/q − 1

)

log(p/q)
+ o(1)
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β 1

log(1/p)

1

log(1/q)
σ

α =
k

log(ν)
=

β

log(1/q)
+

1 − β

log(1/p)
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O−2

ik,P (ν)

−ik,P (ν) F (s) = −(1 + s)Γ(s) (p−s + q−s)
k
ν−s

Res(F, s = 0) =
−2k

s

� � � / � �� � �� �� � / / � � �� �� �  � � � ik,P(ν) � �/ σ ∈] − 2, 0[ �/ �. � �� 	 


�� � � �/ � / 	� � � � � � � � � � k 
 � �/ � −ik,P(ν) = −2k + ik,P(ν) � �/
σ ∈]0,+∞] �/ �. � �� 	
 .  � � / �/ 	� � � � � � � � � � k 
�



� � � �� � � � � � � � � � � � � �� � �� �

O−2

ik,P (ν)

−ik,P (ν) F (s) = −(1 + s)Γ(s) (p−s + q−s)
k
ν−s

Res(F, s = 0) =
−2k
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�� � � �/ � / 	� � � � � � � � � � k 
 � �/ � −ik,P(ν) = −2k + ik,P(ν) � �/
σ ∈]0,+∞] �/ �. � �� 	
 .  � � / �/ 	� � � � � � � � � � k 
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� � � �� � � � � � � � � � � � � � � � � � � � � � � � α = k/ log ν
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k = α × log ν

� � � � � �	 	 � � 	 �	 � �� 	 � � � " � # �� �� �

��� � α+∞(p, q) =
1

log 1/q

� � � α0(p, q) =
2

log 1/p + log 1/q

��� � α−2(p, q) =
p2 + q2

p2 log 1/p + q2 log 1/q

��	 � α−∞(p, q) =
1

log 1/p
��
 � E(H) =

2

log(1/(p2 + q2))

(

p

q

)σ

=
log(1/p)

log(1/q)
×

1

log(1/p)
− α

α− 1

log(1/q)



� �� � � � �� � �� �

I(ν) =
1

2iπ

∫ σ+i∞

σ−i∞

−(1+s)Γ(s)
(

p−s + q−s
)k
ν−sds =

1

2iπ

∫ σ+i∞

σ−i∞

ef(s)ds

s = σ + ir |Γ(σ + ir)| = O(e−|r|) � � |r| → ∞
|p−σ−ir + q−σ−ir| � ��  	� � �. � . �.  � �/ p−σ−ir

�/ � q−σ−ir / � � � � �
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� � � � � � � � � � � � � � � � � � � � �� � � � �� � �� � � � �

|p−σ−ir + q−σ−ir| � ��  	� � �. � . �.  � �/ p−σ−ir

�/ � q−σ−ir / � � � � �

=⇒







∃θ, 0 < θ < 2π, jp, jq ∈ N, jp < jq

|r| log 1/p = θ + 2jpπ �/ � |r| log 1/q = θ + 2jqπ

=⇒ |r| = jρ = j × 2π × 1

log(p/q)

|Γ(σ + iρ)| ∼ |Γ(σ)|e−|ρ|
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σ

V0

V1 ρ

V−1

V−2 −2ρ

O

Bj =
1

2iπ

∫ jρ+δ

r=jρ−δ

ef(σ+ir)dr |Bj | = B0×cj(ν)e−|j|ρ

B0 ∼ ef(σ)

√

2πf ′′(σ)

� � �� � � � � � 	 / � �� �� � � �  	/ 


ik,P(ν) =
−(1 + σ)Γ(σ)να log(p−σ + q−σ) − σ

√

2πα log(ν) × U(σ, p, q)

×
(

1 + c(ν)e−ρ
)

×
(

1 +O

(

1
√

log(ν)

))

|cj(ν)| = O(1) |c(ν)| = O(1)



� � � �� � � � � � � ζ � � ik,P(ν)

η

–6

–5

–4

–3

–2

–1

0

1

0.2 0.4 0.6 0.8
beta ζ

σ

p = 0.9

α =
k

log(ν)
=

β

log(1/q)
+

1 − β

log(1/p)

ik,P(ν) ∼ νζ

√

2π log(ν)U(σ)

ζ = α log(p−σ + q−σ) − σ

ι =
ik,P(ν)

2k
≈ νη

min(ι, 1 − ι) =
n 1−ι� � σ > 0

ι� � σ < 0
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h(x) 	 
 � � � 	 �� � 	 � � � 	 �  � � �� 	  � � ,
∣

∣

∣

∣

h(m)(x)

m!

∣

∣

∣

∣

≤
(

1

x

)m

(x� �� � � )

h∞(x) = e−x
∞
∑

k=2

xkh(k)

k!

=⇒ h∞(x) = h(x) + xh′′(x) +O
(

x−2
)

(x→ ∞)

� � � � 	 � �  � � � � � 	 � � � �� � �  	 �  � � �  � �

ik(n) = ik,P(n)
(

1 +O
(

n−(1−ε)
))
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� � � � � � � � ��� �� � � � � � � � � � � �� � � �� � � �

� �  � Pn� � � � �	� 	  � � 	 � � 	� �� 


� �  � n� � � �



� � � � � � � � ��� �� � � � � � � � � � � �� � � �� � � �

� �  � Pn� � � � �	� 	  � � 	 � � 	� �� 


� �  � n� � � � � � � � � � � � n� � � �



� � � � � � � � ��� �� � � � � � � � � � � �� � � �� � � �

� �  � Pn� � � � �	� 	  � � 	 � � 	� �� 


∑

|ω|=k

� � � � � � � � n� � � �

∑

|ω|=k



� � � �� � � � � � � � � � � �� � � �� �� � � �

Wn� �� � 	 � �� �  � � 	
 � � � n Pr(1) = p = 1 − q = 1 − Pr(0)

o
(n)
ω � � � � �� 	
 	� � �� � �� � � � 	
  	� � ω  � Wn

Pr(o(n)
ω = 0) + Pr(o(n)

ω = 1) + Pr(o(n)
ω ≥ 2) = 1

Y
(n)
ω = 1

{o
(n)
ω ≥2}

 � � � � � 	� � � � � �  	� � ω  � � � � � � � �� Wn

E(Y (n)
ω ) = 1 − Pr(o(n)

ω = 0) − Pr(o(n)
ω = 1)

Y (n)� 	 � � � � � � � � � � � �� 	
 � � � � � � ��  	� � �  � Wn

E(p
(S)
k (n)) = E(Y (n)) = 2k −

∑

|ω|=k

Pr(o(n)
ω = 0) −

∑

|ω|=k

Pr(o(n)
ω = 1)

Y (z) =
∑

n≥0

Y (n)zn =
2k

1 − z
−
∑

|ω|=k

O(0)
ω (z) −

∑

|ω|=k

O(1)
ω (z)



� �� � � � � � � �� � � � � � � � � � �� �� � ��

L ⊆ {0, 1}? L(z) =
∑

ω∈L

πωz
|ω| =

∑

n≥0

lnz
n

πω = Pr(ω) ln = Pr (ω ∈ L)  
 |ω| = n

� � � 	� 	� � �� � �  	 � � �� 	
  	� � ω

Aω =
{

h; ω.h = u.ω �� � |h| < |ω|
}

Aababa = {ε, ba, baba}
ababa ε

ababa ba

ababa baba



� �� � � � � � � � � � � � � �� � � ��

�  � �� F = { w = u.ω �� 6 ∃r, s, w = r.ω.s }
aaaaaababa ⊂ F , bbbbbabababa 6⊂ F

� � �  � � � � U = {w, 6 ∃r, s, ω.w = r.ω.s} O(1) = F U

ababa ababa

aabbbabbbbbbb ⊂ U babbbbbbbbbb 6⊂ U

� 	 	� � �� � �� � � � O(0) = Σ? − Σ?.ω.Σ? = {w, 6 ∃r, s, w = r.ω.s}

8

<

:

O(0) x = O(0) + F − ε

O(0) ω = FAω

=⇒

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

F (z) =
πωz|ω|

Kω(z)

U(z) =
1

Kω(z)

O(0)(z) =
Aω(z)

Kω(z)

1

Kω(z)
=

1

πωz|ω| + (1 − z)Aω(z)
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O
(1)
ω = FωUω =⇒ O

(1)
ω (z) = F (z)U(z)

� �� �� � �  � � 
 � � � �  	 � 
 	� � � � � � � � � � ��  	� � �
P

(S)
k (z) =

∑

n≥0

p
(S)
k (n)zn =

2k

1 − z
−
∑

|ω|=k

(Aω(z)

Kω(z)
+

πωz
|ω|

Kω(z)2

)

1

Kω(z)
=

1

πωz|ω| + (1 − z)Aω(z)



� � � �� � � � � � � ��� �� � � � � � �� �� �� � � � i
(S)
k (n)

i
(S)
k (n) = [zn]P

(S)
k (z) ≈ 2k − [zn]

πωz
|ω|

(

πωz|ω| + (1 − z)Aω(z)
)2

* �  �� �� � 	 �� �� � �� � � � ρω = 1 + o(1) ⇒
 � � � 	 �� � � � �� � ��� �� ) � � �� � � ��� � � � ��

i
(S)
k (n) =

∑

|ω|=k

1 −
(

1 +
nπω

Aω(1)

)

e
−
nπω

Aω(1)

+ i
(T )
k,P(n)

(

O(n−υ) +O
(

n−α log(1/p)
))

α > α(S)
σ = (1 + σ)/ log

(

p−σ + q−σ

p2 + q2

)

=⇒ υ > 0



� �� � � � � �� � � � � �� � � � � � � � � �

� ��  	� �

� � ��  	� �
d(ω) ≤ |ω|/2

d(ω) > |ω|/2

� � � � � ��  	� d = d(ω)

d=3
z}|{

aabaabaa
| {z }

|ω|=8

d=8
z }| {

aaaaaaaba
| {z }

ω=9

1 ≤ Aω(1) ≤ 1

1 − p
1 ≤ Aω(1) ≤ 1 +

pk/2

1 − p
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� � � �� � � � i
(S)
k (n) ≈ a

(S)
k (n) =

∑

|ω|=k

1 −
(

1 +
nπω

Aω(1)

)

e
−
nπω

Aω(1)

� �  � i
(T )
k,P(n) =

∑

|ω|=k

1 − (1 + nπω)e−nπω

� � �� �� �  � � � �� �
 	� � 	
 g(χx)  � � g(x) = 1 − (1 + x)e−x

�� � � 	 � � � � 
 	� χ 	
 1

Aω(1)

	 � � ��  	� � �� � � � ��  	� �  	� � �

∣

∣

∣
i
(S)
k (n) − i

(T )
k (n)

∣

∣

∣
= i

(T )
k (n) ×O(n−λ) λ > 0
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��� � α+∞(p, q) =
1

log 1/q

� � � α(S)# ��  � ��

α − (1 + σ(α))/ log

 

p−σ(α) + q−σ(α)

p2 + q2

!

> 0

��� � α−2(p, q) =
p2 + q2

p2 log 1/p + q2 log 1/q
��	 � α−∞(p, q) =

1

log 1/p

��
 � E(H) =
2

log(1/(p2 + q2)
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