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The Elephant Random Walk

It is a non-markovian random
walk (S,)n>0 on Z introduced in
2004 in the paper:
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The Elephant Random Walk

It is a non-markovian random
walk (S,)n>0 on Z introduced in
2004 in the paper:
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always remember: exact long-range memory
effects in a non-markovian random
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The Elephant Random Walk
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The Elephant Random Walk
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(g €]0, 1] is a fixed parameter)
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The Elephant Random Walk

m Let n > 1 be fixed.
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The Elephant Random Walk

m Let n > 1 be fixed.

m At time n+ 1, the elephant chooses uniformly at
random an instant (3, between 1 and n.
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The Elephant Random Walk

R. Aguech

m Let n > 1 be fixed.

m At time n+ 1, the elephant chooses uniformly at
random an instant (3, between 1 and n.

m According to the memory parameter p, the step
at time n+ 1is given by

X — +Xg, with probability — p
™17 —Xg, with probability 1—p
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The Elephant Random Walk

It means that with
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The Elephant Random Walk

It means that with

m 3, ~U({1,..,n})
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The Elephant Random Walk

It means that with
m 3, ~U({1,..,n})

. o — 1 with probability p
"7 1 —1 with probability 1 —p
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The Elephant Random Walk

It means that with
m B, ~U({1,..,n})

. — 1 with probability p
“ = -1 with probability 1 — p

m a,, B,and F, ;= o(Xy, ..., X,) are independent.
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The Elephant Random Walk

So, the position S, of the elephant at time n+ 1 is given by

5n+1 =5, + Xn+1-
T—p 14

Attime n+ 1

ifXBn = +1

u u e
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The Elephant Random Walk

So, the position S, of the elephant at time n+ 1 is given by

Sn+1 = Sp + Xota.

T—p 14
At time n+ 1
ifXBn = +1
| | | | |
[ [ [ [ [
Sn—1 Sn Sn+1
p T—p
If p = 1/2 the ERW reduces to the simple random walk on Z.
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When elephants meet martingales...

One can notice that
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When elephants meet martingales...

One can notice that

B[ 7] = ElanJE[X, 1 7,] = (20— 1) .
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n+2p—1

E[Sn+1|]:n] = ’y,,Sn with Yn = n
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When elephants meet martingales...

One can notice that

B[ 7] = ElanJE[X, 1 7,] = (20— 1) .

Moreover, since S,+1 = S, + X,+1, we obtain

n+2p—1

E[Sn+1|fn] = ’Ynsr, with Yn = n

Question: Can we find (a,)n>1 € RN such that

]E[a,,+15n+1\f"n] == anSn?
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When elephants meet martingales...

One can notice that

Fl=(p-1)>.

]E[Xn+1|]:n] = E[QH]E[X@.

Moreover, since S,+1 = S, + X,+1, we obtain

n+2p—1

IE[Sn+1|-F'n] = 'Ynsn with Yn =
n

Question: Can we find (a,)n>1 € RN such that
]E[an+15n+1\.7:n] == a,,S,,?

If it is true then M := (a,S,)n>1 is a martingale !
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When elephants meet martingales...

So, it sufficies to consider (a,)n>1 satisfying

R. Aguech Gaussian Fluctuations for the ERW April, 2025 16/53



When elephants meet martingales...

So, it sufficies to consider (a,),>1 satisfying

a =1 and a,= a1y, foranyn>= 1.

R. Aguech Gaussian Fluctuations for the ERW April, 2025 16/53



When elephants meet martingales...

So, it sufficies to consider (a,),>1 satisfying
a =1 and a,= a1y, foranyn>= 1.

That is, for any n > 2, we have

R. Aguech Gaussian Fluctuations for the ERW April, 2025 16/53



When elephants meet martingales...

So, it sufficies to consider (a,),>1 satisfying
a =1 and a,= a1y, foranyn>= 1.

That is, for any n > 2, we have

(n)I(2p)

L= I—In—] —1 —
a =17k FMn+2p—1)
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(n)I(2p)

L= I—Inf] -1 _
. k=1Tk FMn+2p—1)

where ['(x) = f:oo e~ tdt.

Consequently, if M,, := a,S, then

E[MH-H |f"] = E[an+15n+1 |Jrn] = an+17n5n = anSn = Mn~
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When elephants meet martingales...

So, it sufficies to consider (a,),>1 satisfying
a =1 and a,= a1y, foranyn>= 1.

That is, for any n > 2, we have

1 r(n)r(2p)
L= I—In 1 1 _
. k=1Tk FMn+2p—1)

where I'(x) = f:oo e~ tdt.
Consequently, if M,, := a,S, then
IE[A/’n-ﬁ-1 |fn] = IE[an—}—15n-',-1 |fn] = an+‘|’>/n5n = ansn = Mn-

Strategy : Use martingale theory in order to get asymptotic properties for(S,)n>1.

B. Bercu, A martingale approach for the elephant random walk, J. Phys. A: Math. Theor., 51
015201, (2018)

R. Aguech Gaussian Fluctuations for the ERW April, 2025 16/53



Gaussian fluctuations of the ERW

Theorem (Bercu, 2018)
| /f0 < p < 3/4 (diffusive regime) then n~/25, —> N( - 4p)
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Gaussian fluctuations of the ERW

Theorem (Bercu, 2018)
If0 < p < 3/4 (diffusive regime) then n=1/25, —= 4 A/ (0 ! )

— 00 7 3—4p

If p = 3/4 (critical regime) then (nlog n)~'/2S, l_i—w> N(0,71).
n oo
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Gaussian fluctuations of the ERW

Theorem (Bercu, 2018)
. . . —1/2 law 1
If0 < p < 3/4 (diffusive regime) then n=/25, — N (0, 374p).

If p = 3/4 (critical regime) then (nlog n)~'/2S, l_i—w> N(0,1).
n oo

as. and1*

If3/4 < p < 1 (superdiffusive regime) then n=*"*1S, “=——= L where L is a non

n—oo
gaussian random variable.
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Gaussian fluctuations of the ERW

Theorem (Bercu, 2018)
. . . —1/2 law 1
If0 < p < 3/4 (diffusive regime) then n=/25, — N (0, 374p).

If p = 3/4 (critical regime) then (nlog n)~'/2S, l_i—w> N(0,1).

B /f3/4 < p < 1 (superdiffusive regime) then n=2PT'S, % L where L is a non

n—oo
gaussian random variable.

Theorem (Kubota and Takei, 2019)
m If3/4 < p<1thenn?~3(n~t'S, —I) —>N( i 3)
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Gaussian fluctuations of the ERW

CLT for reversed martingales (Heyde, 1977)

Let (Mp)n>0 be a square-integrable martingale with My = 0. Denote Xy :== My — My_1,

k> 1ands?:= 320 E[X?]. Assume that ;" E[X?] < +oc. Then,
as and I
M, —— PR ZX/( < 00.

Moreover, if
sy X2 % 1.and
s;2S O BIX2 T x| >es0}] = 0 for any e > 0.
Then oo
Mo =My _ et _taw (g gy

Sn+1 Sn+1 n—r+oo
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The Elephant Random Walk with Gradually
Increasing Memory
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ERW with gradually increasing memory

Gut and Stadtmiller (2022) introduced a variation of the ERW.
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Gut and Stadtmiller (2022) introduced a variation of the ERW.

A. Gut and U. Stadtmiiller, The elephant random walk with gradually increasing
memory, Statist. Proab. Lett., 189:Paper No 109598, 10 (2022)
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ERW with gradually increasing memory

Gut and Stadtmiller (2022) introduced a variation of the ERW.
A. Gut and U. Stadtmiiller, The elephant random walk with gradually increasing
memory, Statist. Proab. Lett., 189:Paper No 109598, 10 (2022)

Let (m,)n>1 be positive integers such that for any k, ¢ and n,
= m, <n,

mk</l=m<m.
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ERW with gradually increasing memory

Gut and Stadtmiller (2022) introduced a variation of the ERW.

A. Gut and U. Stadtmiiller, The elephant random walk with gradually increasing
memory, Statist. Proab. Lett., 189:Paper No 109598, 10 (2022)

Let (m,)n>1 be positive integers such that for any k, ¢ and n,
= m, <n,

mk<l=m< my.

At time n+ 1, the elephant remembers the steps {1, 2, ..., m,} instead of {1, 2, ..., n}.
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ERW with gradually increasing memory

Gut and Stadtmiller (2022) introduced a variation of the ERW.

A. Gut and U. Stadtmiiller, The elephant random walk with gradually increasing
memory, Statist. Proab. Lett., 189:Paper No 109598, 10 (2022)

Let (m,)n>1 be positive integers such that for any k, ¢ and n,

= m, < n,

mk<l=m< my.

At time n+ 1, the elephant remembers the steps {1, 2, ..., m,} instead of {1, 2, ..., n}.

It means that with

Pla,=1)=P(a,=—-1)=1/2 and B, —>U({1,2,....,m,}).
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ERW with gradually increasing memory

‘n:6andm,,:[n/2]:3‘

Vk € {2,3} Xe = ap—1Xg,_, with [ — Ll({1, k= 1})

Vk € {4,5, 6} Xk = Oék_1X5k7] with ,Bk_1 — U({1, 2, 3})
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ERW with gradually increasing memory

‘n:7andm,,:[n/2]:3‘

Vk € {2,3} Xe = ap—1Xg,_, with [ — Ll({1, k= 1})

Vk € {4,5, 6, 7} Xk = ak—1X5k,] with 5/(_1 — U({1, 2, 3})
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ERW with gradually increasing memory

‘n:8andm,,:[n/2]:4‘

Vk € {2,3,4} X = ag—1Xg,_, with  [_1 — U({T, ok — 1})

Vk € {5,6, 7, 8} Xk = Oék_1X5k7] with Bk—1 — U({1, 2, 3,4})
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ERW with gradually increasing memory

For any integer 1< ¢ < n,

L
Se=> X and Fr=o0(X; 1< k<)
k=1
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ERW with gradually increasing memory

For any integer 1< ¢ < n,

L
Se=> X and Fr=o0(X; 1< k<)
k=1

It is important to note that the elephant can not choose among its steps

m,+1,m,+2,..., ktodetermine its (k + 1)th step for any m, < k < n.
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ERW with gradually increasing memory

For any integer 1< ¢ < n,

L
Se=> X and Fr=o0(X; 1< k<)
k=1

It is important to note that the elephant can not choose among its steps
m,+1,m,+2,..., ktodetermine its (k + 1)th step for any m, < k < n.
So, we have

[ @p—1)m;'S,, if m,<k<n,
E[Xi1|Fie] = { (2p— Dk7'S, if 1< k< m,
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ERW with gradually increasing memory

Consequently, for 1 < k < m,,

2p—1

E[Sk1|Fk] = Sk + E[Xiq1|Fi] = %Sk with v =1+ 3
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ERW with gradually increasing memory

Consequently, for 1 < k < mp,

2p—1

E[Sk1|Fk] = Sk + E[Xiq1|Fi] = %Sk with v =1+ .

If we denote a; = Hllf;: 7[1 and My := a; Sy then (My)1<k<m, is a martingale with
respect to the filtration (Fy)i<k<m, which can be written

k

My = Z aggy With €p = Sp — v, 15¢—
=

satisfying E[e¢|Fy—1] = 0 forany 1 < £ < m,,.
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ERW with gradually increasing memory

Consider also the martingale (M )<< defined by

k

My = Z ae (Se — E[Se|Fe-1])
=1

_ 212:1 agey if k< m,
S aee + Sy oy ar (Xe — E[Xe| Fo—i]) i k> m,
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Gaussian fluctuations (previous result)

Theorem (Gut and Stadtmuller, 2022)

Let (m,)n>1 be a nondecreasing sequence of positive integers satisfying m, < n and

lim, s 40on” 'm,=0.

_ Law (2p—1)?
1) If 0< p < 3/4thenn='\/m,S, m]\/(o, 3‘0_7@) )

2) If p=3/4thenn~'S,\/m,/logm, L:) N(0,1).
n——+o00
3) If 3/4 < p < 1then N A (2p— 1)L
n—r+00
where L is a non-gaussian random variable.

A. Gut and U. Stadtmiiller, The elephant random walk with gradually increasing
memory, Statist. Proab. Lett., 189:Paper No 109598, 10 (2022)
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Gaussian fluctuations (previous result)

Theorem (Gut and Stadtmuller, 2022)

Let (m,)n>1 be a nondecreasing sequence of positive integers satisfying m, < n and
lim, s 40on” 'm,=0.

_ Law (2p—1)?
1) If 0< p < 3/4thenn='\/m,S, m]\/(o, 3‘0_7@) )

2) If p=3/4thenn~'S,\/m,/logm, L:) N(0,1).
n——+o00
3) If 3/4 < p < 1then n1S,mi P a—jr> (2p— 1)L
n——+o0
where L is a non-gaussian random variable.

A. Gut and U. Stadtmiiller, The elephant random walk with gradually increasing
memory, Statist. Proab. Lett., 189:Paper No 109598, 10 (2022)

Question: what happen if lim,_, oo n~'m, = 6 for some 6 €]0, 1] ?
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Gaussian fluctuations (previous result)

Theorem (Gut and Stadtmuller, 2022)

Let (m,)n>1 be a nondecreasing sequence of positive integers satisfying m, < n and
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_ Law (2p—1)?
1) If 0< p < 3/4thenn='\/m,S, m]\/(o, 3‘0_7@) )

2) If p=3/4thenn~'S,\/m,/logm, L:) N(0,1).
n——+o00
3) If 3/4 < p < 1then N A (2p— 1)L
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Gaussian fluctuations (new result)

Theorem (Aguech, E.M., 2023)

Let (m,)n>1 be a non-decreasing sequence of positive integers such that
lim,— 100 1~ 'm, = 0 for some 6 € [0, 1] and denote 7 := 0 + (1 — 6)(2p — 1).

. 1 Law _
1) if0 < p<3/4thenn ,/mnsnm.f\/( o —|—9(1 9))

2) ifp=3/4 thenn~"\/m,/log m, S, i‘i:’oo N (0, (1+0)? )

4

)S as. and L} L.
n—-+oo

3) if3/4 < p<1then n m

In addition, if lim,_ 1o m? |n_1mn — 6| = 0 then
mpr 3 (n—1snmﬁ(1—p) _ TL) Law N (07

n——+00

2

o(1-9)).

4p — 3
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Gaussian fluctuations (new result)

Theorem (Aguech, E.M., 2023)
Let (m,)n>1 be a non-decreasing sequence of positive integers such that
lim,— 100 1 'm, = 0 for some 6 € [0,1] and denote T := 0 + (1 — 6)(2p — 1).

1) ifO<p<3/4thenn71,/mnSni%>N( +9(1—9))

) 3—4p 4p

2) ifp=3/4 thenn~"\/m,/log m, S, i‘i"oo N (0, (1+9)2)’

4

)S as. and L} L.
n—-+oo

3) if3/4 < p<1then n m
In addition, if lim,_ . m? |n_1mn — 0| = 0 then

2
mpr 3 (n—]snmfl(l_”) — TL) Law N (07 4PT_ 3 +0(1 - 9)> :

n——+00
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Idea of proof

Let 6 € [0, 1] such that n='m, — @ and 7 := 6 + (1 —60)(2p — 1).
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Idea of proof

Let 6 € [0, 1] such that n='m, — @ and 7 := 6 + (1 —60)(2p — 1).

First, we write

S/ _ Zx+‘/_ 3 X

k=m,+1
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Idea of proof

Let 6 € [0, 1] such that n='m, — @ and 7 := 6 + (1 —60)(2p — 1).

First, we write

SW fzﬂfzxk

k=m,+1
Since E[Xk|Fk—1] = (2p — 1)m}; 'S, for k > m,, we get
Sov/Mn — TaSm, | \/n
= Tnom, X — E[Xe| Fi
p N + Z (Xk — E[X| Fr—1])

k=m,+1
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Idea of proof

Let 6 € [0, 1] such that n='m, — @ and 7 := 6 + (1 —60)(2p — 1).

First, we write

Sn
VS e Y n
k=m,+1
Since E[Xk|Fk—1] = (2p — 1)m}; 'S, for k > m,, we get

Sn\/ m, TnSm, T V My
n

[T _ o S (X~ EXIF])

k=m,+1

where 7, := 2 4 (1 — 22) (2p — 1) T =0+ (1-6)(2p—1).
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Idea of proof

Since am,Sm, = Yy, avee With €4 = Sy — v4_1S,_1, we obtain

S/ my, T,,ZZ 1az£z /m
X — E[X,
- o /e E k [(X| Fi—1]) =
k=m,+1

where

Ay = { Th (ﬁamn)_1 aiEx if k<m

n'/m, (Xe — E[Xe|Fren]) if k> m,.
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Idea of proof

Let ¢ : R — R be a function with compact support and two bounded and
continuous derivatives.
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Idea of proof

Let ¢ : R — R be a function with compact support and two bounded and
continuous derivatives.

Let (Zk)1<k<n be independent A7 (0, E[AZ])-random variables which are assumed
to be independent of the sequence (Xi)1<k<n-
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Idea of proof

Let ¢ : R — R be a function with compact support and two bounded and
continuous derivatives.

Let (Zk)1<k<n be independent N (0, E[A2])-random variables which are assumed
to be independent of the sequence (Xi)1<k<n-

Applying Lindeberg’s method, it suffices to show that the term

-t )] 5

goes to zero as n goes to infinity.
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Idea of proof

For any 1 < k < n, we consider the notation
U=D+ + DA+ 241+ + Z,.

Then, using the Lindeberg’s trick, we have

() =Y Ele (Ud) = o (Ue)] = Y bile)
k=1

where

bi(p) = E (¢ (Wi + Ak) =0 (W) — (0 (Wi + Zi) —p(Wi))]

and
Wk:A1+"'+Ak71+Zk+1+"'+Zn~
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Idea of proof

Using Taylor’s formula, we have
/ 1
bily) = E | Aeg' (Wi)] + E [0 (W) AF] +E[Rd]
/ 1
- (& [z o) + 35 [0 )] + 1)

with |Rk| < |Ak|3 and |rk| < |Zk|3.
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Idea of proof

Using Taylor’s formula, we have
() = B [Awe (W) + 38 [ (W3] + IR
- (B [z W] + JE [ w020 + L)
with [Re| < [Af* and |r] < |Z[.

Since E[A¢|Fi_1] = 0, we have E[Arp (W,)] = 0.
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Idea of proof

Using Taylor’s formula, we have

b)) = E [ e (Wi)] + 5 [ (W] + B[R]
_ (]E [Zkgal(Wk)} + %E [(p”(Wk)Z,E] + E[rk]>
with |Rk| < |Ak‘3 and |I'k| < |Zk|3.

Since E[A¢|Fi_1] = 0, we have E[Arp (Wi)] = 0.

Moreover, E[Z o (Wi)] = E[Z]E[¢ (Wi)] = 0. Consequently,

R. Aguech Gaussian Fluctuations for the ERW April, 2025

35/53



Idea of proof

Using Taylor’s formula, we have

() = B [Awe (W) + 38 [ (W3] + IR
- (JE |2 (Wi)] + %E [P (W) Ze] + E[m])
with |R| < |A]® and || < |ZkJ?.
Since E[Ay|Fi_1] = 0, we have E[A o (W,)] =

Moreover, E[Z o (Wi)] = E[Z]E[¢ (Wi)] = 0. Consequently,

() = be() ZE[W ) (A% = Z7)] + ZE[Rk] - ZE[rk]
k=1
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Idea of proof

Using Taylor’s formula, we have

() = E [Ake (W] + 2 [ (W] + EIR
- (JE |2 (Wi)] + %E [P (W) Ze] + E[m])
with |R| < |A]® and || < |ZkJ?.
Since E[Ay|Fi_1] = 0, we have E[A o (W,)] =

Moreover, E[Z o (Wi)] = E[Z]E[¢ (Wi)] = 0. Consequently,

In(¢) = Z bi(¢) ZE[<P” ) (A% = Z7)] + Z E[R] — ZE[fk]~
k=1

So, it suffices to control the partial sums of each term above...
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How to estimate the memory parameter p ?
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How to estimate the memory p ?

We follow the approach by Bercu and Laulin (2022).
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How to estimate the memory p ?

We follow the approach by Bercu and Laulin (2022).

If m, < k < nthen 8¢ — U ({1,2,...,m,}) and

P (Xir1 = 1|Fk) = P (X1 = 1| Fm,)

:P(Xk+1 = 1,0[[( = 1|]:mn) +P(Xk+1 = —17041( = —1|]:mn)

= PP (Xp, = 1|Fm,) + (1 = p)P (X, = —1[Fm,)

p my 1- p my,
o D T + P D M=
" k=1 " k=

_ p(my + Sm,) + (1—p) (m, — Sn,)
2m, 2m,

1 Sm
— (1 2p—1)— | .
2(+(p )mn)

B. Bercu and L. Laulin, How to estimate the memory of the elephant random walk,
Communications in Statistics - Theory and Methods (2022).
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How to estimate the memory p ?

If 1< k < m,then By = U ({1,2,....k}) and

]P(Xk+] = 1|]:k) = P(Xk+1 = 17O[k = 1|]:k) +P(Xk+1 = —1,Ckk = —1|]:k)
= PP (Xg, = 1|Fk) + (1 = p)P (X5, = —1|F%)

k k
p T-p
% > Mg+ K > Mix-—1)
j=1 j=1

_plk+S) |, (1=p) (k=5
2k 2k

=;<]—|—(2p—1)51;k>.
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How to estimate the memory p ?

It means that P (X1 = 1|Fk) = px where

B 101+ a%) if ¢<m,
pe= %(1+a5;"’:1) if ¢>m,
and a = 2p — 1. Therefore, for any x4 € {—1,1},

%41 T—Xgq

P (Xt = x| Fe) =p, = (1 —pu) ™2
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How to estimate the memory p ?

It means that P (X1 = 1|F%) = px where
B %(1+a%) if ¢<m,
pe= %(1—1—(1%) if ¢>m,
and a = 2p — 1. Therefore, for any x4 € {—1,1},

%41 T—Xgq

P (Xes1 = x| Fu) = p * (1= pi) 2

So, for any n > 1and any x = (xi, ..., x,) € {—1, 1}", we have

]P)(X1 = X1,X2 = X2, ...,Xn = Xn)
n

= | | P (Xit1 = Xieta | X = X1, 00, X = x) P (X1 = xv)

|
-

> =
[N

p21+x1<+1)/2(1 . pk)(1—xk+1)/2q(1+x1)/2(.l _ q)(1—x1)/2

=~
[
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How to estimate the memory p ?

Consequently, the log-likelihood function associated with (X, ..., X;) is given by

lo(a) —cq,X1)+Z( h k“) ogpﬁ(]_zxk“) log(1 — px)

with ¢(g, X;) := (5%) log g+ (5*) log(1 — ¢) and

%(1—|—a54) if ¢<m,
PR (1 ad) it exm
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How to estimate the memory p ?
i X») is given by

Consequently, the log-likelihood function associated with (X,

lo(a) —cq,X1)+Z< ha k“) 0 pk+(1_2xk“>log(1—m)

with ¢(g, X;) := (5%) log g+ (5*) log(1 — ¢) and
if £<m,

B 1(1+a%)
pe %(1—1—015'”") if {>m
The second order Taylor approximation of £,(a) is given by
n—1 2 n—1
An(a) = —(n—1)log 2+ c(q, X1) + aZXkJH T — Z T;
k=1
where
T, — k“Sk if k< m,
k= m; 'Sy, if k> m,
April, 2025
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How to estimate the memory p ?

Since
n—1 n—1
An(a) = Zxk+1Tk az Ti,
k=1 k=1
we get
/ ~ Ez:: Xk+1 7—k
Ma) =0 a==5——"-.
T2
k=1 "k
Since a = 2p — 1, we obtain
n—1
N 1 Tk (Xig1 + T, k'S if k<m
n = 2= T (’17/(]+1 ) where T, = e "
23T m; 'Sy, if k>m,
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Consistency of p,

Consequently, we get

by—p = Smt Tk (X — (2p = D)T)
2L T

Since (2p — 1) Ty = E[Xk11|Fi] for any 1 < k < n, we derive

where M, := ZZ;‘ T (Xe1 — E[Xeq|Fi]) and V, = ZZZ;; TZ.
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Consistency of p,

Consequently, we get

By— p = Smt Tk (X — (2p = D)T)
2T

Since (2p — 1) Ty = E[Xk11|Fi] for any 1 < k < n, we derive

where M, := ZZ;‘ T (X1 — E[Xiaa| Fi]) and V, = ZZZ;; TZ.

Remark: (M,),>o is a martingale !
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Consistency of p,

Moreover, its quadratic variation is given by

n—1
M), =S E [(Mk — Miy)? |J-'k} Z T2(1— &T2).
k=1
So,
M),  SiZ TE(1—@T2)  as 1
v, 250 T2 n—too 2

From Bercu (2018), we know that

1 il 5/( 2 as. 1
S (%) 22ty
log n = k n—+oco 3 —4p

So, we get
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Consistency of p,

LLN for martingales (Neveu, 1968)
Let (My)n>0 be a square-integrable martingale. If lim,_, oo (M), = +00 a.s. then, for

any vy > 0,
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Consistency of p,

LLN for martingales (Neveu, 1968)
Let (Mp)n>0 be a square-integrable martingale. If lim,_, 4 oo (M), = +00 a.s. then, for

any vy > 0,

Consequently, we obtain
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Consistency of p,

LLN for martingales (Neveu, 1968)

Let (Mp)n>0 be a square-integrable martingale. If lim,_, 4 oo (M), = +00 a.s. then, for

any vy > 0,

Consequently, we obtain

Mn <M> n Mn as. 1

hn—p=-— = X - x0=0.
P p Vi, V, (M), n—+oo 2

It means that the consistency of p, holds forany 0 < p < 1.
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Gaussian fluctuations of p,

One can notice that

1 <« 1 - /S 2 n—m, [ Sn 2
T? = = =)
Iognz k Iognz<k> + logn \ m,

k=1 k=1

From Bercu (2018), we know that

1 3/ e 1
S (%) 2
log n — k n—+oo 3 —4p
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Gaussian fluctuations of p,

Moreover, for any A > 0,

P( N~ Mn <5m>2
logn \ m,

) P ( log n>
Vn—m,
( /\m,,amn\/log n)
P ( |am,Sm,|
B /\mnamn\/log n
N vn—m,

< oxp (—)\zafnnmn log n)
~X

(n— my)vm,

akek >

where v, = ZZ; a and e = Sg — Yk—1Sk—1
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Gaussian fluctuations of p,

Since 0 < p < 3/4, we have

lim n*P 'a,=T(2 and lim n* 3y, = .
n—+o00 " ( p) n—+o00 n 3—4p

So, we get

2
n—m, (5,17) - )\2> < oxp (_)\2(3 —4p)m, log n)
log n m, n—m
—\2(3—4p)0

<noE .

n—r+00

That is,
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Gaussian fluctuations of p,

So, we get the following QWLLN:

1 - 1 S n—m S 2 P 1
T2 k + n My
Iognz k= Iognz<k) log n m, n—+oco 3 —4p
k=1 =1

and (log n)~'V, %—% 2/(3 — 4p). Moreover, for any € > 0,
n——+00

n—1

1
Iogn Z]E[(Mk+1 - Mk)2 ﬂ{‘Mk+1—Mk‘>E\/@}|fk] <
k=1

2V,
e?(log n)?

La(e) ==

So, we get L,(¢) —F .o Moreover, from the QWLLN, we have

n—-4oo
n—1 2
Z Myqq — P 1
Iog n n—+oo 3 —4p

=1
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Gaussian fluctuations of p,

Theorem (McLeish, 1974)

Let (My.n, Fk.n)1<k<n be a zero-mean, square-integrable martingale array with
differences (Xi.n)1<k<n and let n? be an a.s. finite random variable. Assume that

n 2 P 2
u Ek:] Xk,n n—s+00 n

m Foranye >0, E[X [Fi 1] %) 0

m Fin C Fipr1forany 1< k< n
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Gaussian fluctuations of p,

Theorem (McLeish, 1974)

Let (My.n, Fk.n)1<k<n be a zero-mean, square-integrable martingale array with
differences (Xi.n)1<k<n and let n? be an a.s. finite random variable. Assume that

n 2 P 2
u Ek:] Xk,n n—s+00 n

P
F 0,50 E[X? |Fr 1] ——0
= Foranye >0, DG | Fior] —
m Fin C Fipr1forany 1< k< n
Then,
n
Zka Law 7
et n——+o0o

where Z has characteristic function E[exp(—n*t*/2)].
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Gaussian fluctuations of p,

Applying McLeish’s CLT, we obtain

Mn Law N 0 1
Vlogn n—+oo "3—4p)’
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Gaussian fluctuations of p,

Applying McLeish’s CLT, we obtain

Mn Law N 0 1
Vlogn n—+oo "3—4p)’

Finally, by Slutsky’s lemma, we get

Vn - Mn Law 3 - 4P
VI pn—p) = 0, .
ogn(Pn = p) (Iogn) Vl0ogn n—+oo N( 4
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Conclusion
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Open questions

m How to obtain the rate of convergence in the CLT for the ERW with gradually
increasing memory ?

m How to obtain the rate of convergence for the estimator of p ?

m How to extend the results for an ERW with memory {n — my, ..., n} intead of
{1,...,m,} with lim,, . on"'m, =07
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