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Analytic combinatorics on Pdélya urns
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Balanced Pélya urns

(a ﬂ) a,0 €Z, pB,vyeN

v 4
Balanced urn : |a+ 8 =+ + d | (deterministic total number of balls)
A given initial configuration (ag, bg) : ag balls e (counted by x)

bo balls o (counted by y)

Definition

History of length n : a sequence of n evolutions (n rules, n drawings)

X.yv ZHnabX.y

n,a,b

Hp.a.p : number of histories of length n, beginning in the configuration
(a0, bo), and ending in (a, b).
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Analytic properties

EDP [FIGaPe05]

9,H = xT1yb 5 H + xCyd+1 IyH.

Isomorphism theorem [FIDuPu06]

H = X ybo
Urn (a ?) and { (ao,_bo) 5 T with X = Xotlys
07 a+fB=v+ wit v o X7yt

First integral for balanced urns [FIDuPu06]
Let p:=7y—a=03-4,

XP—YP=xP_yP
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Algebraicity Problem



Algebraicity Problem



Automatic search and proof
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Automatic guess-and-prove

1. Power series expansion (150 terms)

2. Guess an algebraic equation

3. Rigorous computer-aided proof
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MAPLE Code

. INITIALIZATION %%%
"//Users/basilemorcrette/", libname: with(gfun): gfun:-version();

restart; libname :
pas := 150;

balancemax
CondInit

103

%% CONSTRUCTION DE LA SERIE TRONQUEE %%%
Dop := proc(f,a,b,c,d)
expand( x~(1+a) * y~(b) * diff(f,x) + x~(c) * y~(1+d) * diff(f,y) ); end:

SerieCons := proc(n,init,a,b,c,d) local res, iter, i; option remember;
res := init; iter := init;
for i from 1 to n do
iter := 1/i * Dop(iter,a,b,c,d);
res := rest+itersz"ij;
end: end proc:

%%4% AUTOMATIC GUESS-AND-PROVE
for s from 1 to balancemax do
for a from 0 to s-1 do
for d from 1 to s-1 do
bi=s-a;ci=s-d;
if ged(ged(ged(a,b),c),d)=1 then

%%4% POWER SERIE EXPANSION %7%%
maserieenz := series(subs(y=1, SerieCons(pas, CondInit, a, b, ¢, d)), z, pas):

GUESSING %%%
tt := seriestoalgeq(maserieenz, h(z), [ogfl):

if tt = ’FAIL’ then
print (Matrix([[a,b], [c,d]1]), tt);

else

%A% FORMAL PROOF %%%

P := subs(h(2)=T, tt[1]):
psi := RootOf(P,T):
preuve := simplify(normal( (1-(a+b)*z*x~c) * diff(psi,z) + (x~(c+1) - x~(a+1)) * diff(psi,x) - x"c*psi));
print (Matrix([[a,b], [c,d]]), P, preuve);

end if:

end if:

end: end: end; 6/12



Results
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3. |Classification|
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Our classification theorem [M. et al. 2012]

b), with a, b,c,d > 0, and p := c—a = b—d,

Theorem: For an urn (a
c d

if

(i) p=0

(i) p<0and a=0 [p]

(i) p>2,a=1[p]and b= -1 [p]

then H(x, y, z) is algebraic.

Recall: H = X% Ybo and XP —YP =xP—yP

Degree of minimal polynomial for Y
(i) o=a+b

(i) c=a+b

(iii) p(o —p)
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Preliminary cases [FIDuPu06]

a b d c .
> (c d) = (b a) (Black < White)

0 0 0 o : .
> (O O) and (c d)’ with o, c > 0 are not algebraic

. a —a . .
» Any triangular urn (0 UJ ),W|thaza>00ra>a20|s

algebraic.
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Case (i): p=0
(z Z),Witha,b>0.

H(x,y,z) = X(x,y,z)% Y(x,y,z)b

ao bo
((1 - axaybz)l/g> ((1 - oxaybz)l/g>

Y cancels the polynomial (1 — ox?ybz) Y7 —y°
y y

degree = o
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Case (i) : p<0and a=0 [p]

((k Zrl)r b—ti,— r>’ with r, k,b >0 .

k .
k (X—r_y—r)/ i
_ r(k+1)+b }: ir _
g (Xy]Y +,—0<) k—|—1—l)+by 0

degree = o

Remark. For k =1, r = a we retrieve [M. 2012, LATIN|

2a b
a a+b
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Case (i) : p>2,a=1[p] and b= —1 [p]

kr+1—r ri—1+r .
< K+ 1 1 >,W|thk,€>Oandr>1.
P(Y")

(Y + C)k+1/r=1yri—1 Cltk =z - K(x,y)

where P is a polynomial of degree k + ¢ — 1.
and C =x"—y".

Let Q(Y) := P(Y"). Then,
YIY +O)Q(Y)+[(r—1—kr)Y + (1 —r)(Y + CO)]Q(Y) = CK**

degree = r(rk +1 —r)+r(rl —1)=r?(k+£—1)
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Conclusion

» Conjecture: There is no other algebraic urn.

» Asymptotic properties
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Bon ALEA a tous |
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