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A node v of a rooted tree/forest is a record if its label

is the largest along the unique path from v to a root.

Records of trees and forests



A node v of a rooted tree/forest is a record if its label

is the largest along the unique path from v to a root.

Records of trees and forests



The forest record numbers

R(n,n) = # increasing trees
R(n,1) # unrooted trees



The tree record numbers



Generating functions:



Generating functions:



exponential formula



  
we find expressions for the 


Record generating functions 

 

in terms of the

 

Cayley tree function.



Germain Kreweras



I  
Records of trees


and  
connected endofunctions



Girth of connected endofunctions

Cycles of trees

Girth 4



Bijection 1

Rooted trees of 
order n 

with a distinguished 
record at height k-1

Connected 
endofunction 

on [n] of girth k

André Joyal

Inspired on



The height of a record



Rooted trees of order n 
with a distinguished record at height k-1

Connected endofunction on [n] of girth k

1-1



the total number of records in all rooted trees with 𝑛 nodes  
is equal to the


number of connected endofunctions on [𝑛]

 https://oeis.org/A001865 

The number of rooted trees of order 𝑛 with a distinguished record 
 at height 𝑘 − 1 coincides with


 the number of connected endofunctions on [𝑛] of girth 𝑘.

https://oeis.org/A001865 



II

Girths and records 
of endofunctions



Record of a connected endofunction



connected 
endofunctions 


on [𝑛] of 

girth 𝑚 and


 at least 𝑘 + 1

records

connected 
endofunctions 

on [𝑛] of 

girth 𝑚 + 1 


and at

least 𝑘 records.

Bijection 2

Select any

record other


that the smallest one



An endofunction with at least 3+1 records



Let 𝑣 be the 𝑘th (3rd) greatest record The smallest  
record belongs 

to the cycle 
thus       is 
outside

v

An endofunction with at least 3+1 records

Select a node  
other than  

the root

k=3



w

Let 𝑤 be the first element in the orbit of 𝑣 before reaching the cycle 𝜎

An endofunction with at least 3+1 records



w

x

Let The preimage of x inside of the cycle

An endofunction with at least 3+1 records



At least 3+1 records 

girth 1

w

At least 3 records, 

and girth 1+1

x

Define 𝑔 :

𝑔(𝑧) = 𝑓 (𝑧) if 𝑧 ≠ 𝑥, 𝑔(𝑥) = 𝑤.



At least 2+1 records, 

and girth 2



At least 2+1 records, 

and girth 2



At least 2+1 records, 

and girth 2



At least 2+1 records, 

and girth 2

At least 2 records, 

and girth 2+1

Define 𝑔 :

𝑔(𝑧) = 𝑓 (𝑧) if 𝑧 ≠ 𝑥, 𝑔(𝑥) = 𝑤.



At least 1+1 records, 

and girth 3 Define 𝑔 :


𝑔(𝑧) = 𝑓 (𝑧) if 𝑧 ≠ 𝑥, 𝑔(𝑥) = 𝑤.



connected endofunctions on [𝑛] of 

girth 𝑚 and at least 𝑘 + 1 records


are in bijection with

 

connected endofunctions on [𝑛] of 

girth 𝑚 + 1 and at least 𝑘 records.



The number of connected endofunctions on [n] 
of girth 𝑚 and at least 𝑘 records 


only depends on 𝑚 + 𝑘

connected endofunctions on [𝑛] of 

girth 𝑚 and at least 𝑘 + 1


are in bijection with

 

connected endofunctions on [𝑛] of 

girth 𝑚 + 1 and at least 𝑘 records.



The number of rooted trees with 𝑛 nodes and

at least 𝑘 records coincides with 


the number of connected endofunctions on [𝑛] of girth 𝑘

endofunctions of girth 1 are rooted trees



The number of rooted trees with 𝑛 nodes and

at least 𝑘 records coincides with 


the number of connected endofunctions on [𝑛] of girth 𝑘

cycles of 𝑘 rooted trees of order 𝑛.

GF for rooted trees with at least k forests



GF for rooted trees with k forests

GF for rooted trees with at least k forests

cycles of trees of order 𝑛 of 𝑘 rooted trees.



The number of rooted trees with 𝑛 nodes and

at least 𝑘 records coincides with 


the number of connected endofunctions on [𝑛] of girth 𝑘

cycles of trees of order 𝑛 of 𝑘 rooted trees.

labeled rooted forests with a fixed 𝑘-set of roots

Order the roots cyclically

Plus some minor simplification (subtract the count for k+1 from the count for k).

At least k records Choose the set of roots





III

The first entry of the OEIS



The genesis sequence 

of the OEIS



The sum of the heights of

all nodes of all trees


of order 𝑘, divided by 𝑘. 
Height 1

Height 4



A catalyst for 𝑇  is a pair (𝑢, 𝑣) of distinct 
vertices of 𝑇 such that 𝑣 is an ancestor of 𝑢

Let 𝐶 (𝑇) the set of catalysts for 𝑇



Bijection 3
R(n) = set of pairs (𝑇, 𝑟): 

 𝑇 is a rooted tree labeled with [𝑛] and

𝑟 is a non-root record of 𝑇



Bijection 3

R(n) = set of pairs (𝑇, 𝑟): 
 𝑇 is a rooted tree labeled with [𝑛] and


𝑟 is a non-root record of 𝑇
The result is a Catalyst

The number of catalysts for 𝑇 

is equal to the sum of the heights of all 

vertices in 𝑇

Cut before x



The first sequence and the record numbers 

The number of catalysts for 𝑇 

is equal to the sum of the heights of all 

vertices in 𝑇

Sloan + Riordan



There exists a bijection between


the set of rooted trees with a catalyst on each, 


and 


the set of pairs of  rooted tree 

with a selected node on each.

Becomes the root



Becomes the root

catalyst
pairs of  rooted tree 


with a selected node on each.

The number of catalysts for 𝑇 

is equal to the sum of the heights of all vertices in 𝑇

Generating function  
for the genesis sequence



The number of catalysts for 𝑇 

is equal to the sum of the heights of all vertices in 𝑇

Generating function  
for the genesis sequence





IV



Foata’s fundamental transformation.

Dominique Foata

As they drive, clusters appear 

Overtaking is not allowed !



Consider the possibility of junctions

with time clusters will form.

Labels indicate each car’s speed rank.

Cayley tree 

rooted


labelled 
tree



Overtaking is not allowed !

+ Iterate  this process

Black = record nodes



Weary parking Priority search

Cars arrive and try to park on a long street.

Weary permutation



Since overtaking is impossible, the best drivers can hope 
for is to  park immediately after the car in right in front.

Where        is the parent function of the tree.

By construction, all car park!

Inverse 
Bird’s eye permutation

Tree records become permutation records



An equidistribution result:





Merci beaucoup

Muchas gracias




