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(1987), 31–52.

P. Cartier.– Fonctions polylogarithmes, nombres polyzetas et groupes pro-unipotents– Séminaire Bourbaki,
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INTRODUCTION
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Zeta functions in several variables and monoids
For r ∈ N+, (s1, . . . , sr ) ∈ Cr , |z |< 1, the following functions are well defined

Lis1,...,sr (z) :=
∑

n1>...>nr>0

zn1

ns11 . . . nsrr
and

Lis1,...,sr (z)

1− z
=

∑

n≥0

Hs1,...,sr (n)z
n

and, for Hr := {(s1, . . . , sr ) ∈ Cr |∀m = 1, . . . , r ,ℜ(s1) + . . .+ ℜ(sm) > m},
the following zeta function is convergent

ζ(s1, . . . , sr ) :=
∑

n1>...>nr>0

n−s1
1 . . . n−sr

r with (s1, . . . , sr ) ∈ Hr .

From a theorem by Abel,
lim
z→1

Lis1,...,sr (z) = ζ(s1, . . . , sr ) = lim
n→+∞

Hs1,...,sr (n).

Z := spanQ{Lis1,...,sr (1)} s1,...,sr∈N+
s1>1,r>0

= spanQ{Hs1,...,sr (+∞)} s1,...,sr∈N+
s1>1,r>0

.

Denoting the (ordered) alphabets Y := {yk}k≥1 (with y1 ≻ y2 ≻ . . .) or
X := {x0, x1} (with x1 ≻ x0) by X , we use the correspondence among
words of the free monoid (X ∗, conc, 1X∗):

(s1, . . . , sr ) ∈ Nr
+ ↔ ys1 . . . ysr ∈ Y ∗

πX

⇋
πY

x s1−1
0 x1 . . . x

sr−1
0 x1 ∈ X ∗x1.

LynX denotes the set of Lyndon words generated by X .

Lis1,...,sr (z) = αz
z0(x

s1−1
0 x1 . . . x

sk−1
0 x1) with ω0(z) =

dz

z
, ω1(z) =

dz

1− z
.
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Iterated integrals over {ωi}i≥1 and along z0  z on Ω
The iterated integrals, over {ωi}i≥1 and along the path z0  z on a
simply connected domain Ω of C, are defined by αz

z0(1X∗) = 1Ω and

∀xi1 . . . xik ∈ X ∗, αz
z0(xi1 . . . xik ) =

∫ z

z0

ωi1(z1) . . .

∫ zk−1

z0

ωik (zk),

with ωi (z) = uxi (z)dz and uxi ∈ C0, being a differential subring of H(Ω).
These integrals satisfy, for any xi ∈ X and w , v ∈ X ∗,

∂αz
z0(xiw) = uxi (z)α

z
z0(w) and2 αz

z0(w ⊔⊔ v) = αz
z0(w)αz

z0(v).

Example 1 (with ω0(z) = z
−1
dz and ω1(z) = (1− z)−1

dz)

αz
1(x

k
0 ) =

∫ z

1

ω0(z1) . . .

∫ zk−1

1

ω0(zk−1) =
logk(z)

k!
.

αz
0(x

k
1 ) =

∫ z

0

ω1(z1) . . .

∫ zk−1

0

ω1(zk−1) = Li1, . . . , 1︸ ︷︷ ︸
k times

(z) =
logk((1− z)−1)

k!
.

αz
0(x0x1) =

∫ z

0

∫ s

0

ds

s

dt

1− t
=

∫ z

0

ds

s

∫ s

0

dt
∑

k≥0

tk =
∑

k≥1

∫ z

0

ds
sk−1

k

=
∑

k≥1

zk

k2
= Li2(z).

2For any x , y ∈ X , yi , yj ∈ Y and w , v ∈ X ∗ (resp. Y ∗),
w ⊔⊔ 1X∗ = 1X∗ ⊔⊔ w = w and xw ⊔⊔ yv = x(w ⊔⊔ yv) + y(xw ⊔⊔ v),
w 1Y∗ = 1Y∗ w = w and xiw yjv = yi (w yjv) + yj(yiw v) + yi+j(w v).7 / 40



First structures of polylogarithms and harmonic sums
1. {Liw}w∈X∗ is C-linearly independent. Hence, the following

morphism of algebras is injective3

Li• : (C〈X 〉, ⊔⊔ , 1X∗) → (C{Liw}w∈X∗ , ., 1) ,

x s1−1
0 x1 . . . x

sr−1
0 x1 7→ Li

x
s1−1
0 x1...x

sr−1
0 x1

(i.e. Lis1,...,sr )

xk0 7→ logk(z)/k!.
Thus, {Lil}l∈LynX is C-algebraically independent.

2. The following morphism of algebras is injective
P• : (C〈Y 〉, , 1Y ∗) → (C{Pw}w∈Y ∗ ,⊙, 1) ,

w 7→ Pw (z) :=
LiπXw (z)

1− z
=

∑

n≥0

Hw (n)z
n.

Hence, {Pw}w∈Y ∗ is C-linearly independent. It follows that
{Pl}l∈LynY is C-algebraically independent, for4 ⊙.

3. The following morphism of algebras is injective
H• : (C〈Y 〉, , 1Y ∗) → (C{Hw}w∈Y ∗ , ., 1) ,

ys1 . . . ysr 7→ Hys1 ...ysr
(i.e. Hs1,...,sr ).

Hence, {Hw}w∈Y ∗ is C-linearly independent. It follows that
{Hl}l∈LynY is C-algebraically independent.

3For (s1, . . . , sr ) ∈ Nr
+, r ≥ 1, k ≥ 0.

4For any u, v ∈ Y ,Pu ⊙ Pv = Pu v . 8 / 40



Towards more about structure of polyzetas
1. The following polymorphism of algebras is surjective

ζ :
(C[LynX − X ], ⊔⊔ , 1X∗)

(C[LynY − {y1}], , 1Y ∗)
։ (Z, ., 1),

x s1−1
0 x1 . . . x

sr−1
0 x1

ys1 . . . ysr
7→ ζ(s1, . . . , sr ),

for (s1, . . . , sr ) ∈ Nr
+, r ≥ 1.

2. For any l1 and l2 ∈ LynX−X (hence, πY l1 and πY l2 ∈ LynY−{y1}),
ζ(l1)ζ(l2) = ζ(l1 ⊔⊔ l2)

= ζ((πY l1) (πY l2)) = ζ(πY l1)ζ(πY l2).

3. ζ can be extended as characters:
ζ ⊔⊔ : (C〈X 〉, ⊔⊔ , 1X∗) → (Z, ., 1),
ζ : (C〈Y 〉, , 1Y ∗) → (Z, ., 1),

ζ ⊔⊔ (x0) = 0 = log(1),

ζ ⊔⊔ (x1) = 0 = f.p.z→1 log(1− z), {(1− z)a logb(1− z)}a∈Z≤−1,b∈N,
ζ (y1) = 0 = f.p.n→+∞H1(n), {naHb

1(n)}a∈Z≤−1,b∈N.

Conjecture 1 (Zagier’s dimension conjecture)
∀k ≥ 1,Ak := spanZ{ζ(s1, . . . , sr ), s1 + . . .+ sr = k}s1+...+sr∈Hr∩Nr ,r≥0,

and dk := dimZ Ak . Then dk = dk−2 + dk−3 with d0 = 1, d1 = 0, d2 = 1.⊕
k≥0 Ak → Z is injective ? Z is graded ?

9 / 40
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conc-shuffle and conc-stuffle bialgebras
Let (A〈X 〉, conc) (resp. (A〈〈X 〉〉, conc)) be the algebra of polynomials
(resp. series) and (LieA〈X 〉, [.]) (resp. LieA〈〈X 〉〉, [.]) be the algebra of
Lie polynomials (resp. series) over X with coefficients in the
commutative ring A ⊃ Q.
The dual law associated to conc is defined by

∀w ∈ X ∗, ∆conc(w) =
∑

u,v∈X∗,uv=w

u ⊗ v .

On (A〈X 〉, conc, 1X∗ , ∆ ⊔⊔ , ε) and (A〈Y 〉, conc, 1Y∗ , ∆ , ε), one defines
also, as morphisms for conc, on letters by

∀x ∈ X ∆ ⊔⊔ x = x ⊗ 1X∗ + 1X∗ ⊗ x ,

∀yi ∈ Y ∆ yi = yi ⊗ 1Y ∗ + 1Y ∗ ⊗ yi +
∑

k+l=i

yk ⊗ yl ,

and extends by linearity and infinite sums, for S ∈ A〈〈Y 〉〉 (resp. A〈〈X 〉〉), by

∆ S =
∑

w∈Y ∗

〈S |w〉∆ w ∈ A〈〈Y ∗ ⊗ Y ∗〉〉,

∆concS =
∑

w∈X∗

〈S |w〉∆concw ∈ A〈〈X ∗ ⊗X ∗〉〉,

∆ ⊔⊔ S =
∑

w∈X∗

〈S |w〉∆ ⊔⊔ w ∈ A〈〈X ∗ ⊗X ∗〉〉.
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Dual laws in conc-shuffle bialgebras
Startting with a k− AAU (k is a ring) A. Dualizing µ : A⊗k A → A,
we get the transpose tµ : A∨ → (A⊗k A)∨ so that we do not get a
co-multiplication in general.

◮ Remark that when k is a field, the following arrow is into (due to
the fact that A∨ ⊗k A

∨ is torsionfree)
Φ : A∨ ⊗k A

∨ → (A⊗k A)∨.

◮ One restricts the codomain of tµ to A∨ ⊗k A
∨ and then the domain

to (tµ)−1Φ(A∨ ⊗k A
∨) =: A◦.

A∨ (A⊗k A)∨

A◦ A∨ ⊗k A
∨

A◦◦ A◦ ⊗k A
◦

tµ

∆µ

can Φ

∆µ

can j⊗j

The descent can stop at first step for a field k and then A◦◦ = A◦.
The coalgebra (A◦,∆µ) is called the Sweedler’s dual of (A, µ).
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Dualizable laws in conc-shuffle bialgebras (1/2)
We can exploit the basis of words as follows

1. Any bilinear law (shuffle, stuffle or any) µ : A〈X 〉 ⊗A A〈X 〉 → A〈X 〉
can be decribed through its structure constants wrt to
the basis of words, i.e. for u, v ,w ∈ X ∗, Γwu,v := 〈µ(u⊗v)|w〉 so that

µ(u ⊗ v) =
∑

w∈X∗

Γwu,vw .

2. In the case when Γwu,v is locally finite in w , we say that the given
law is dualizable, the arrow tµ restricts nicely to A〈X 〉 →֒ A〈〈X 〉〉
and one can define on the polynomials a comultiplication by

∆µ(w) :=
∑

u,v∈X∗

Γwu,vu ⊗ v .

3. When the law µ is dualizable, we have

A〈〈X 〉〉 A〈〈X ∗ ⊗X ∗〉〉

A〈X 〉 A〈X 〉 ⊗A A〈X 〉

tµ

∆µ

can Φ|A〈X〉⊗AA〈X〉

The arrow ∆µ is unique to be able to close the rectangle and
∆µ(P) is defined as above. 13 / 40



Dualizable laws in conc-shuffle bialgebras (2/2)

4. Proof that the arrow A〈X 〉 ⊗A A〈X 〉 −→ A〈〈X ∗ ⊗X ∗〉〉 is into:

Let T =
∑n

i=1 Pi ⊗A Qi such that Φ(T ) = 0. We can rewrite T as
a finitely supported sum T =

∑
u,v∈X∗ cu,vu ⊗ v (this is indeed the

iso between A〈X 〉 ⊗A A〈X 〉 and A[X ∗ ×X ∗]), then Φ(T ) is by
definition of Φ the double series (here a polynomial) such that
〈Φ(T )|u ⊗ v〉 = cu,v . If Φ(T ) = 0, then for all (u, v) ∈ X ∗ ×X ∗,
cu,v = 0 entailing T = 0.

In the sequel,

1. Arat〈〈X 〉〉 denotes the algebraic closure by {conc,+, ∗} of Â.X in
A〈〈X 〉〉. Let S ∈ A〈〈X 〉〉 s.t. 〈S |1X∗〉 = 0. Then S∗ =

∑
n≥0 S

n, so
called Kleene star of S .

Arat〈〈X 〉〉 is closed under ⊔⊔ . Arat〈〈Y 〉〉 is also closed under .

2. Aexc〈〈X 〉〉 denotes the set of (syntactically) exchangeable5 series and
Arat
exc〈〈X 〉〉 the set of series admitting a linear representation with

commuting matrices (hence, exchangeable).

5i.e. if S ∈ Aexc〈〈X 〉〉 then (∀u, v ∈ X ∗)((∀x ∈ X )(|u|x = |v |x) ⇒ 〈S |u〉 = 〈S |v〉).
14 / 40



Case of rational series and of ∆conc

A〈〈X 〉〉 A〈〈X ∗ ⊗X ∗〉〉

Arat〈〈X 〉〉 Arat〈〈X 〉〉 ⊗A Arat〈〈X 〉〉

t
conc

can Φ|Arat〈〈X〉〉⊗AArat〈〈X〉〉

The dashed arrow may not exist in general, but for any R ∈ Arat〈〈X 〉〉
admitting (λ, µ, η) as linear representation of dimension n, we can
however obtain expressions of the type

tconc(R) = Φ(

n∑

i=1

Gi ⊗ Di ).

Indeed, since 〈R |xy〉 = λµ(xy)η = λµ(x)µ(y)η (x , y ∈ X ) then, letting
ei is the vector such that tei =

(
0 . . . 0 1 0 . . . 0

)
, one has

〈R |xy〉 =

n∑

i=1

λµ(x)ei
teiµ(y)η =

n∑

i=1

〈Gi |x〉〈Di |y〉 =

n∑

i=1

〈Gi ⊗ Di |x ⊗ y〉.

Gi (resp. Di ) admits then (λ, µ, ei ) (resp. (
tei , µ, η)) as linear representation.

If A = k being a field then, due to the injectivity of Φ, all expressions of

the type
∑n

i=1 Gi ⊗ Di , of course, coincide. Hence, the dashed arrow (a

restriction of ∆conc) in the above diagram is well-defined.
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Extension by continuity (infinite sums)
Now, suppose that the ring A (containing Q) is a field k. Then

∆ ⊔⊔ : k〈X 〉 → k〈X 〉 ⊗ k〈X 〉 and ∆ : k〈Y 〉 → k〈Y 〉 ⊗ k〈Y 〉
are graded for the multidegree. Then ∆ is graded for the length.
Their extension to the completions (i.e. k〈〈X 〉〉 and6 k〈〈X ∗ ⊗X ∗〉〉) are
continuous and then, when exist, commute with infinite sums. Hence7,

∀c ∈ k, ∆ ⊔⊔ (cx)∗ =
∑

n≥0

cn∆ ⊔⊔ xn =
∑

n≥0

cn
n∑

j=0

(
n

j

)
x j ⊗ xn−j .

For c ∈ N≥2 which is neither a field nor a ring (containing Q), we also get

(cx)∗ = (c − 1)−1
∑

a,b∈N≥1,a+b=c

(ax)∗ ⊔⊔ (bx)∗ ∈ N≥2〈〈X 〉〉,

∆ ⊔⊔ (cx)∗ 6=(c − 1)−1
∑

a,b∈N≥1,a+b=c

(ax)∗ ⊗ (bx)∗ ∈ Q〈〈X 〉〉 ⊗Q〈〈X 〉〉,

because 〈LHS|x ⊗ 1X∗〉 = c , 〈RHS|x ⊗ 1X∗〉 = (c − 1)−1
∑c−1

a=1 a = c/2.
For c ∈ Z (or even Q,R,C), the such decomposition is not finite.

6k〈〈X 〉〉 ⊗k k〈〈X 〉〉 embeds injectively in k〈〈X ∗ ⊗X ∗〉〉 ∼= [k〈〈X 〉〉]〈〈X 〉〉.
Indeed, k〈〈X 〉〉 ⊗k k〈〈X 〉〉 contains the elements of the form

∑

i∈I finite Gi ⊗ Di ,
for (Gi ,Di ) ∈ k〈〈X 〉〉 × k〈〈X 〉〉. But since elements of M ⊗ N are finite
combination of mi ⊗ ni ,mi ∈ M, ni ∈ N then, for any u, v ∈ X≥1,

∑

i≥0 u
i ⊗ v i

belongs to k〈〈X ∗ ⊗X ∗〉〉 and does not belong to k〈〈X 〉〉 ⊗k k〈〈X 〉〉.
7∆ ⊔⊔ xn = (∆ ⊔⊔ x)n = (1X∗ ⊗ x + x ⊗ 1X∗)n =

∑n
j=0

(

n
j

)

x j ⊗ xn−j . 16 / 40



Representative series and Sweedler’s dual

Theorem 2 (rational series)
Let S ∈ A〈〈X 〉〉. The following assertions are equivalent

1. The series S belongs to Arat〈〈X 〉〉.

2. There exists a linear representation (ν, µ, η) (of rank n) for S with
ν ∈ M1,n(A), η ∈ Mn,1(A) and a morphism of monoids
µ : X ∗ → Mn,n(A) s.t. S =

∑
w∈X∗(νµ(w)η)w.

3. The shifts8 {S ⊳ w}w∈X∗ (resp. {w ⊲ S}w∈X∗) lie within a finitely
generated shift-invariant A-module.

Moreover, if A is a field k, the previous assertions are equivalent to

4. There exists (Gi ,Di )i∈Ffinite s.t. ∆conc(S) =
∑

i∈Ffinite Gi ⊗ Di .

Hence,
H◦

⊔⊔
(X ) = (krat〈〈X 〉〉, ⊔⊔ , 1X∗ ,∆conc, e),

(resp. H◦ (Y ) = (krat〈〈Y 〉〉, , 1X∗ ,∆conc, e)).

8The left (resp. right) shift of S by P is P ⊲ S (resp. S ⊳ P) defined by, for
w ∈ X ∗, 〈P ⊲ S |w〉 = 〈S |wP〉 (resp. 〈S ⊳ P|w〉 = 〈S |Pw〉).
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Kleene stars of the plane and conc-characters

Theorem 3 (rational exchangeable series)
One has

1. If the Q-algebra A is a field k then, for any S ∈ k〈〈X 〉〉,
∆conc(S) = S ⊗ S , 〈S |1X∗〉 = 1 ⇐⇒ S = (

∑
x∈X cxx)

∗ with cx ∈ k.

2. Arat
exc〈〈X 〉〉 ⊂ Arat〈〈X 〉〉 ∩ Asynt

exc 〈〈X 〉〉. If A is a field then the equality
holds and Arat

exc〈〈X 〉〉 = Arat〈〈x0〉〉 ⊔⊔ Arat〈〈x1〉〉 and, for the algebra of
series over finite subalphabets Arat

fin 〈〈Y 〉〉 = ∪F⊂finiteYA
rat〈〈F 〉〉, we get9

Arat
exc〈〈Y 〉〉 ∩ Arat

fin 〈〈Y 〉〉 = ∪k≥0A
rat〈〈y1〉〉 ⊔⊔ . . . ⊔⊔ Arat〈〈yk〉〉 ( Arat

exc〈〈Y 〉〉.

3. ∀x ∈ X ,Arat〈〈x〉〉 = {P(1− xQ)−1}P,Q∈A[x]. If k is an algebraically
closed field then krat〈〈x〉〉 = spank{(ax)

∗
⊔⊔ k〈x〉|a ∈ K}.

4. If A is a Q-algebra without zero divisors, {x∗}x∈X (resp. {y∗}y∈Y )
are conc-character and are algebraically independent over
(A〈X 〉, ⊔⊔ , 1X∗) (resp. (A〈Y 〉, , 1Y ∗)) within
(Arat〈〈X 〉〉, ⊔⊔ , 1X∗) (resp. (Arat〈〈Y 〉〉, , 1Y ∗)).

9The following identity lives in Arat

exc〈〈Y 〉〉 but not in Arat

exc〈〈Y 〉〉 ∩ Arat

fin 〈〈Y 〉〉,
(y1 + . . .)∗ = limk→+∞(y1 + . . .+ yk)

∗ = limk→+∞ y∗
1 ⊔⊔ . . . ⊔⊔ y∗

k = ⊔⊔ k≥1yk .
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Triangular sub bialgebras of (Arat〈〈X 〉〉, ⊔⊔ , 1X ∗,∆conc, e)
Let (ν, µ, η) be a linear representation of R ∈ Arat〈〈X 〉〉 and L be the Lie
algebra generated by {µ(x)}x∈X .
Let M(x) := µ(x)x , for x ∈ X . Then R = νM(X ∗)η. If {µ(x)}x∈X are
triangular then let D(X ) (resp. N(X )) be the diagonal (resp. nilpotent)
letter matrix s.t. M(X ) = D(X ) + N(X ) then
M(X ∗) = ((D(X ∗)T (X ))∗D(X ∗)). Moreover, if X = {x0, x1} then
M(X ∗) = (M(x∗1 )M(x0))

∗M(x∗1 ) = (M(x∗0 )M(x1))
∗M(x∗0 ).

If A is an algabraically closed field, the modules generated by the
following families are closed by conc, ⊔⊔ and coproducts :
(F0) E1x1 . . .Ejx1Ej+1, where Ek ∈ Arat〈〈x0〉〉,
(F1) E1x0 . . .Ejx0Ej+1, where Ek ∈ Arat〈〈x1〉〉,
(F2) E1xi1 . . .EjxijEj+1, where Ek ∈ Arat

exc〈〈X 〉〉, xik ∈ X .
It follows then that

1. R is a linear combination of expressions in the form (F0) (resp.
(F1)) iff M(x∗1 )M(x0) (resp. M(x∗0 )M(x1)) is nilpotent,

2. R is a linear combination of expressions in the form (F2) iff L is
solvable. Thus, if R ∈ Arat

exc〈〈X 〉〉 ⊔⊔ A〈X 〉 then L is nilpotent.
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Extended Ree’s theorem
Let S ∈ A〈〈Y 〉〉 (resp. A〈〈X 〉〉), A is a commutative ring containing Q.
The series S is said to be

1. a (resp. conc, ⊔⊔ )-character iff, for any w , v ∈ Y ∗ (resp. X ∗),
〈S |w〉〈S |v〉 = 〈S |w v〉 (resp. 〈S |wv〉, 〈S |w ⊔⊔ v〉) and 〈S |1〉 = 1.

2. an infinitesimal (resp. conc, ⊔⊔ )-character iff, for any
w , v ∈ Y ∗ (resp. X ∗), 〈S |w v〉 = 〈S |w〉〈v |1Y ∗〉+ 〈w |1Y ∗〉〈S |v〉
(resp. 〈S |wv〉 = 〈S |w〉〈v |1X∗〉+ 〈w |1X∗〉〈S |v〉,
〈S |w ⊔⊔ v〉 = 〈S |w〉〈v |1X∗〉+ 〈w |1X∗〉〈S |v〉).

3. a group-like element iff 〈S |1X∗〉 = 1 and ∆ S = Φ(S ⊗ S) (resp.
∆concS = Φ(S ⊗ S),∆ S = Φ(S ⊗ S)).

4. a primitive element iff ∆ S = 1Y ∗ ⊗ S + S ⊗ 1Y ∗ (resp.
∆concS = 1X∗ ⊗ S + S ⊗ 1X∗ ,∆ ⊔⊔ S = 1X∗ ⊗ S + S ⊗ 1X∗).

Then the following assertions are equivalent

1. S is a (resp. conc and ⊔⊔ )-character.

2. log S an infinitesimal (resp. conc and ⊔⊔ )-character.

3. S is group-like, for ∆ (resp. ∆conc and ∆ ⊔⊔ ).

4. log S is primitive, for ∆ (resp. ∆conc and ∆ ⊔⊔ ).
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ABEL LIKE THEOREMS VIA BIALGEBRAS
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Chen series and (NCDE )
On (A〈X 〉, conc, 1X∗ , ∆ ⊔⊔ , ε) and (A〈Y 〉, conc, 1Y∗ , ∆ , ε), we also get

DX :=
∑

w∈X∗

w ⊗ w =
∑

w∈X∗

Sw ⊗ Pw =

ց∏

l∈LynX

eSl⊗Pl ,

DY :=
∑

w∈Y ∗

w ⊗ w =
∑

w∈Y ∗

Σw ⊗ Πw =

ց∏

l∈LynY

eΣl⊗Πl ,

where {Pl}l∈LynX (resp. {Πl}l∈LynY ) is a basis of Lie algebra of
primitive elements and {Sl}l∈LynX (resp. {Σl}l∈LynY ) is a transcendence
basis of (A〈X 〉, ⊔⊔ , 1X∗) (resp. (A〈Y 〉, , 1Y ∗)).

The Chen series of {ωi}i≥1 and along z0  z is defined as follows

Cz0 z :=
∑

w∈X∗

αz
z0(w)w = (αz

z0 ⊗ Id)DX =

ց∏

l∈LynX

eα
z
z0
(Sl )Pl .

It belongs to H(Ω)〈〈X 〉〉 and satisfies the following equation10

(NCDE ) dS = MS , with11 M =
∑

x∈X

uxx .

10Considering A = (H(Ω), ∂) as the differential ring of holomorphic functions
on Ω, equipped 1Ω as the neutral element, the differential ring (H(Ω)〈〈X 〉〉, d)
is defined, for any S ∈ H(Ω)〈〈X 〉〉, by dS =

∑

w∈X∗(∂〈S |w〉)w ∈ H(Ω)〈〈X 〉〉.
11For ∆ ⊔⊔ , the multiplier M is primitive and the series Cz0 z is group-like.
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Noncommutative generating series
L(z) :=

∑

w∈X∗

Liw (z)w = (Li• ⊗Id)DX = e− log(1−z)x1Lreg(z)e
log(z)x0 ,

H(n) :=
∑

w∈Y ∗

Hw (n)w = (H• ⊗ Id)DY = eHy1
(n)y1Hreg(n),

where Lreg :=

ց∏

l∈LynX\X

eLiSl Pl and Hreg :=

ց∏

l∈LynY\{y1}

eHΣl
Πl .

We put also12

Z ⊔⊔ := Lreg(1) =

ց∏

l∈LynX
l 6=x0,x1

eζ(Sl )Pl and Z := Hreg(+∞) =

ց∏

l∈LynY
l 6=y1

eζ(Σl )Πl .

L satisfies13

(DE ) dS =

(
x0
z

+
x1

1− z

)
S and14 L(z) ∼0 e

x0 log(z).

L and Z ⊔⊔ (resp. H and Z ) are group-like, for ∆ ⊔⊔ (resp. ∆ ).
12The polynomials Sl and Pl (resp. Σl and Πl) are homogenous in weight

and ζ(Sl) (resp. ζ(Σl)) is convergent, for l ∈ LynX \ X (resp. LynY \ {y1}).
13For x0 = A/2iπ and x1 = −B/2iπ, (DE ) is nothing else (KZ3) and Z ⊔⊔

corresponds to the Drindfel’d associator, ΦKZ .
14A Drindfel’d asymptotic condition for (KZ3).
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Gradation of L and Z ⊔⊔
Let J be the Lie ideal freely generated by {adlx0x1}l≥0. Let the operation
◦ be defined by x1x

l
0 ◦ P = x1(x

l
0 ⊔⊔ P), for l ∈ N,P ∈ C〈X 〉. Then15

L(z) =
∑

k≥0

∑

w∈x∗
0 ⊔⊔ xk

1

Liw (z)w

= ex0 log(z)
(
1X∗ +

∑

k≥1

∑

l1,··· ,lk≥0

Li
x1x

l1
0 ◦···◦x1x

lk
0

(z)

k∏

i=1

adli−x0x1

)

=
∑

k≥0

∫ z

0

ω1(tk) · · ·

∫ tk−1

0

ω1(t1)κk(z , t1, · · · , tk),

where, for any k ≥ 0, κk(z , t1, · · · , tk) is the formal power series given by
κk(z , t1, · · · , tk) = ex0[log(z)−log(t1)]x1 · · · e

x0[log(tk−1)−log(tk )]x1e
x0 log(tk )

= ex0 log(z)ead−x0 log(t1)x1 · · · e
ad−x0 log(tk )x1

= ex0 log(z)
∑

l1,··· ,lk≥0

k∏

i=1

logli (ti )

li !
adli−x0x1.

Z ⊔⊔ =
∑

k≥0

∑

l1,··· ,lk≥0

ζ ⊔⊔ (x1x
l1
0 ◦ · · · ◦ x1x

lk
0 )

k∏

i=0

adli−x0 x1.

15Since Li• is injective then U(J ) (resp. U(J )∨) is freely generated by
{adl1

−x0
x1 · · · ad

lk
−x0

x1}
l1,··· ,lk≥0
k≥0 (resp. {x1x

l1
0 ◦ · · · ◦ x1x

lk
0 }

l1,··· ,lk≥0
k≥0 ) and one has

supp(x1x
l1
0 ◦ · · · ◦ x1x

lk
0 ) = {w ∈ x1X

∗| |w |x1= k, |w |x0= l1 + · · ·+ lk}. 24 / 40



More about generating series
Let γ• be the character on (C〈Y 〉, , 1Y ∗) defined by γ1Y∗ = 1 and16

∀l ∈ LynY , γΣl
:= f.p.n→+∞HΣl

(n) = ζ(Σl ), {na logb(n)}a∈Z≤−1,b∈N.

Zγ :=
∑

w∈Y ∗

γww =

ց∏

l∈LynY

eγΣl
Πl = eγy1Z .

Let us consider
Mono(z) :=

∑

n≥0

Pyn
1
yn
1 ∈ H(Ω)〈〈y1〉〉 and Const :=

∑

k≥0

Hyk
1
yk
1 .

Then17

Mono(z) = (1− z)−1e− log(1−z)y1 and18 Const = exp

(
−
∑

k≥0

Hyk

(−y1)
k

k

)
.

Let us also consider19

B ′(y1) := exp

(∑

k≥2

ζ(k)
(−y1)

k

k

)
and B(y1) := exp

(
γy1 −

∑

k≥2

ζ(k)
(−y1)

k

k

)
.

16In particular, γΣy1
= γy1 = γ.

17Because Pyk1
(z) = (1− z)−1 Lixk1

(z) with Lixk1
(z) = (− log(1− z))k/k!, k ≥ 1.

18By Newton-Girard identity, or by (tyk)
∗ = exp (−

∑

n≥0 ynk(−t)n/n), k ≥ 1.

Note also that Const−1 =
∑

n≥0 Hyn1
(−y1)

n = exp(
∑

k≥0 Hyk (−y1)
k/k).

19B ′(y1) corresponds to the Ecalle’s mould Mono. C〈〈y1〉〉 ∋ B(y1) = Γ−1(1 + y1).
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Chen series of ω0 and ω1 along a path z0  z

Cz0 z :=
∑

w∈X∗

αz
z0(w)w with

{
ω0(z) = z−1dz ,

ω1(z) = (1− z)−1dz .

Here, Cz0 z is also solution20 of (DE ).

Let g be the transformation z 7→ 1− z . Then g∗ω0 = −ω1 and
g∗ω1 = −ω0. Hence,

Cg(z0) g(z) =
∑

w∈X∗

α
g(z)
g(z0)

(w)w =
∑

w∈X∗

αz
z0(w)σ(w) = σ(Cz0 z),

where σ is the morphism defined by σ(x0) = −x1 and σ(x1) = −x0.

On the other hand, one has
L(z) = Cz0 zL(z0) and L(g(z)) = Cg(z0) g(z)L(g(z0)).

Since L(z) ∼0 e
x0 log(z) then

Cg(z0) g(z) = σ(L(z)L−1(z0)) ∼z0→0 σ(L(z))e
x1 log(z0).

Proposition 1
Let σ be the letter morphism s.t. σ(x0) = −x1 and σ(x1) = −x0. Then

L(1− z) = σ(L(z))Z ⊔⊔ .

20It can be obtained by a convergent Picard iteration, for a discrete topology,
initialized at 〈Cz0 z |1X∗〉 = 1Ω1X∗ .
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Abel like results and bridge equations
Since21 L(z) = σ(L(1− z))Z ⊔⊔ = ex0 log(z)σ(Lreg(1− z))e−x1 log(1−z)Z ⊔⊔

then22 L(z) ∼1 e
−x1 log(1−z)Z ⊔⊔ and then H(n) ∼+∞ Const(n)πYZ ⊔⊔ .

Theorem 4 (first Abel like theorem)
lim
z→1

ey1 log(1−z)πYL(z) = πYZ ⊔⊔ = lim
n→∞

Const(n)
−1

H(n).

Corollary 5 (bridge equations)
Zγ = B(y1)πYZ ⊔⊔ ⇐⇒ Z = B ′(y1)πYZ ⊔⊔ .

Remark 1
On the one hand, by identification coefficients, for w ∈ X ∗x1,
ζ ⊔⊔ (w) = 〈Z ⊔⊔ |w〉 = f.p.z→1 Liw (z), {(1− z)a logb(1− z)}a∈Z≤−1,b∈N.
On the other hand, by an -modified Radford theorem, for w ∈ Y ∗,
ζ (w) = 〈Z |w〉 = f.p.n→+∞Hw (n), {naHb

1(n)}a∈Z≤−1,b∈N.
In particular23, ζ ⊔⊔ (x1) = ζ (y1) = 0.

21By Hoffman’s duality, i.e. ζ(ρ(w̃)) = ζ(w) (where ρ is the morphism
defined by ρ(x0) = x1, ρ(x1) = x0 and w̃ is mirror of w), we get σ(Z−1

⊔⊔ ) = Z ⊔⊔ .
22An another Drindfel’d asymptotic condition for (KZ3).
23These coefficients of singular and asymptotic expansions can be changed if

we use other comparison scales.
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Cloned Abel like results and cloned bridge equations
Let eC ∈ GalC(DE ) = {eC}C∈LieC〈〈X〉〉 and L := LeC ,Z ⊔⊔ := Z ⊔⊔ eC .

Hence, L(z) ∼1 e
−x1 log(1−z)Z ⊔⊔ and then H(n) ∼+∞ Const(n)πYZ ⊔⊔ .

Theorem 6 (cloned first Abel like theorem)
lim
z→1

ey1 log(1−z)πYL(z) = πYZ ⊔⊔ = lim
n→∞

Const(n)
−1

H(n).

If24 Z ⊔⊔ ∈ dm(A) := {Z ⊔⊔ eC | C ∈ LieA〈〈X 〉〉, 〈eC |x0〉 = 〈eC |x1〉 = 0}

then25 Zγ = eγy1Z and it follows that

Corollary 7 (cloned bridge equations)
If Z ⊔⊔ ∈ dm(A) then (Zγ = B(y1)πYZ ⊔⊔ ⇐⇒ Z = B ′(y1)πYZ ⊔⊔ ).

Remark 2
The local coordinates of Z and Z ⊔⊔ are homogenous polynomial on
convergent polyzetas, with coefficients in A. Hence, if γ /∈ A then γ is
transcendent over the A-algebra generated by convergent polyzetas.

24dm(A) contains DM(A) introduced by P. Cartier and G. Racinet and it is a
strict normal subgroup of GalA(DE ) (recall that Q ⊂ A ⊂ C).

25For w ∈ Y ∗, one has 〈Z |w〉 = f.p.n→+∞Hw (n), {naHb
1(n)}a∈Z≤−1,b∈N

and 〈Zγ |w〉 = f.p.n→+∞Hw (n), {na logb(n)}a∈Z≤−1,b∈N.
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COMPUTATIONAL EXAMPLES26

26Examples, in the sequel, use maple packages developed in the PhD theses
of C. Bùi (2016), C. Costermans (2008) and H. Ngô (2016).
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Generalized Euler’s gamma constant
Identifying the coefficients of yk

1 w ,w ∈ X ∗, k ∈ N in Zγ = B(y1)πYZ ⊔⊔ ,
one has

1. γyk
1
=

∑

s1,...,sk>0
s1+...+ksk=k

(−1)k

s1! . . . sk !
(−γ)s1

(
−
ζ(2)

2

)s2

. . .

(
−
ζ(k)

k

)sk

.

Example 8

γ1,1 =
1

2
(γ2 − ζ(2)), γ1,1,1 =

1

6
(γ3 − 3ζ(2)γ + 2ζ(3)).

2. γyk
1 w

=

k∑

i=0

ζ(x0(−x1)
k−i

⊔⊔ πXw ])

i !

( i∑

j=1

bi,j(γ,−ζ(2), 2ζ(3), . . .)

)
,

where k ∈ N+,w ∈ Y+ and bn,k(t1, . . . , tk) are Bell polynomials.

Example 9
γ1,7 = ζ(7)γ + ζ(3)ζ(5)− 54

175ζ(2)
4,

γ1,1,6 =
4

35
ζ(2)3γ2 + (ζ(2)ζ(5) +

2

5
ζ(3)ζ(2)2 − 4ζ(7))γ

+ζ(6, 2) +
19

35
ζ(2)4 +

1

2
ζ(2)ζ(3)2 − 4ζ(3)ζ(5).
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Rewriting rules and irreducible local coordinates
Z∞

irr (Y ) := {} and Z∞
irr (X ) := {};

L∞
irr (Y ) := {} and L∞

irr (X ) := {};
Rirr (Y ) := {} and Rirr (X ) := {};
for p range in 2, . . . ,∞ do
for l range in the totally ordered27 Lynp(X ) do
identify the coefficients of Πl in Zγ = B(y1)πYZ ⊔⊔ ;
identify the coefficients of Pl in πXZγ = B(x1)Z ⊔⊔

end for;
for l range in the totally ordered Lynp(X ) do
express the local coordinate ζ(Σl ) as rewriting rule;
if ζ(Σl ) → ζ(Σl )
then Z∞

irr (Y ) := Z∞
irr (Y ) ∪ {ζ(Σl )} and L∞

irr (Y ) := L∞
irr (Y ) ∪ {Σl}

else Rirr (Y ) := Rirr (Y ) ∪ {Σl → Υl};
express the local coordinate ζ(Sl) as rewriting rule;
if ζ(Sl ) → ζ(Sl )
then Z∞

irr (X ) := Z∞
irr (X ) ∪ {ζ(Sl )} and L∞

irr (X ) := L∞
irr (X ) ∪ {Sl}

else Rirr (X ) := Rirr (X ) ∪ {Sl → Ul}
end for

end for
27Lynp(X ) denotes the set of Lyndon words over X of weight p.
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Homogenous polynomials relations28 on local coordinates
Identifying the local coordinates in Zγ = B(y1)πYZ ⊔⊔ , one has

Polynomial relations on {ζ(Σl )}l∈LynY−{y1}
Polynomial relations on {ζ(Sl )}l∈LynX−X

3 ζ(Σy2y1
) = 3

2
ζ(Σy3

) ζ(S
x0x

2
1
) = ζ(S

x2
0
x1

)

4 ζ(Σy4
) = 2

5
ζ(Σy2

)2 ζ(S
x3
0
x1

) = 2
5
ζ(Sx0x1 )

2

ζ(Σy3y1
) = 3

10
ζ(Σy2

)2 ζ(S
x2
0
x2
1
) = 1

10
ζ(Sx0x1 )

2

ζ(Σ
y2y

2
1
) = 2

3
ζ(Σy2

)2 ζ(S
x0x

3
1
) = 2

5
ζ(Sx0x1 )

2

5 ζ(Σy3y2
) = 3ζ(Σy3

)ζ(Σy2
) − 5ζ(Σy5

) ζ(S
x3
0
x2
1
) = −ζ(S

x2
0
x1

)ζ(Sx0x1 ) + 2ζ(S
x4
0
x1

)

ζ(Σy4y1
) = −ζ(Σy3

)ζ(Σy2
) + 5

2
ζ(Σy5

) ζ(S
x2
0
x1x0x1

) = − 3
2
ζ(S

x4
0
x1

) + ζ(S
x2
0
x1

)ζ(Sx0x1 )

ζ(Σ
y2
2
y1

) = 3
2
ζ(Σy3

)ζ(Σy2
) − 25

12
ζ(Σy5

) ζ(S
x2
0
x3
1
) = −ζ(S

x2
0
x1

)ζ(Sx0x1 ) + 2ζ(S
x4
0
x1

)

ζ(Σ
y3y

2
1
) = 5

12
ζ(Σy5

) ζ(S
x0x1x0x

2
1
) = 1

2
ζ(S

x4
0
x1

)

ζ(Σ
y2y

3
1
) = 1

4
ζ(Σy3

)ζ(Σy2
) + 5

4
ζ(Σy5

) ζ(S
x0x

4
1
) = ζ(S

x4
0
x1

)

6 ζ(Σy6
) = 8

35
ζ(Σy2

)3 ζ(S
x5
0
x1

) = 8
35

ζ(Sx0x1 )
3

ζ(Σy4y2
) = ζ(Σy3

)2 − 4
21

ζ(Σy2
)3 ζ(S

x4
0
x2
1
) = 6

35
ζ(Sx0x1 )

3 − 1
2
ζ(S

x2
0
x1

)2

ζ(Σy5y1
) = 2

7
ζ(Σy2

)3 − 1
2
ζ(Σy3

)2 ζ(S
x3
0
x1x0x1

) = 4
105

ζ(Sx0x1 )
3

ζ(Σy3y1y2
) = − 17

30
ζ(Σy2

)3 + 9
4
ζ(Σy3

)2 ζ(S
x3
0
x3
1
) = 23

70
ζ(Sx0x1 )

3 − ζ(S
x2
0
x1

)2

ζ(Σy3y2y1
) = 3ζ(Σy3

)2 − 9
10

ζ(Σy2
)3 ζ(S

x2
0
x1x0x

2
1
) = 2

105
ζ(Sx0x1 )

3

ζ(Σ
y4y

2
1
) = 3

10
ζ(Σy2

)3 − 3
4
ζ(Σy3

)2 ζ(S
x2
0
x2
1
x0x1

) = − 89
210

ζ(Sx0x1 )
3 + 3

2
ζ(S

x2
0
x1

)2

ζ(Σ
y2
2
y2
1
) = 11

63
ζ(Σy2

)3 − 1
4
ζ(Σy3

)2 ζ(S
x2
0
x4
1
) = 6

35
ζ(Sx0x1 )

3 − 1
2
ζ(S

x2
0
x1

)2

ζ(Σ
y3y

3
1
) = 1

21
ζ(Σy2

)3 ζ(S
x0x1x0x

3
1
) = 8

21
ζ(Sx0x1 )

3 − ζ(S
x2
0
x1

)2

ζ(Σ
y2y

4
1
) = 17

50
ζ(Σy2

)3 + 3
16

ζ(Σy3
)2 ζ(S

x0x
5
1
) = 8

35
ζ(Sx0x1 )

3

28These polynomials relations are independent from γ and similarly for the
case where the ring of their coefficients is the ring A.
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Homogenous polynomials generating inside ker ζ
{Ql}l∈LynY−{y1}

{Ql}l∈LynX−X

3 ζ(Σy2y1
− 3

2
Σy3

) = 0 ζ(S
x0x

2
1
− S

x2
0
x1

) = 0

4 ζ(Σy4
− 2

5
Σ 2
y2

) = 0 ζ(S
x3
0
x1

− 2
5
S

⊔⊔ 2
x0x1

) = 0

ζ(Σy3y1
− 3

10
Σ 2
y2

) = 0 ζ(S
x2
0
x2
1
− 1

10
S

⊔⊔ 2
x0x1

) = 0

ζ(Σ
y2y

2
1
− 2

3
Σ 2
y2

) = 0 ζ(S
x0x

3
1
− 2

5
S

⊔⊔ 2
x0x1

) = 0

5 ζ(Σy3y2
− 3Σy3

Σy2
− 5Σy5

) = 0 ζ(S
x3
0
x2
1
− S

x2
0
x1

⊔⊔ Sx0x1 + 2S
x4
0
x1

) = 0

ζ(Σy4y1
− Σy3

Σy2
) + 5

2
Σy5

) = 0 ζ(S
x2
0
x1x0x1

− 3
2
S
x4
0
x1

+ S
x2
0
x1

⊔⊔ Sx0x1 ) = 0

ζ(Σ
y2
2
y1

− 3
2
Σy3

Σy2
− 25

12
Σy5

) = 0 ζ(S
x2
0
x3
1
− S

x2
0
x1

⊔⊔ Sx0x1 + 2S
x4
0
x1

) = 0

ζ(Σ
y3y

2
1
− 5

12
Σy5

) = 0 ζ(S
x0x1x0x

2
1
− 1

2
S
x4
0
x1

) = 0

ζ(Σ
y2y

3
1
− 1

4
Σy3

Σy2
) + 5

4
Σy5

) = 0 ζ(S
x0x

4
1
− S

x4
0
x1

) = 0

6 ζ(Σy6
− 8

35
Σ 3
y2

) = 0 ζ(S
x5
0
x1

− 8
35

S
⊔⊔ 3

x0x1
) = 0

ζ(Σy4y2
− Σ 2

y3
− 4

21
Σ 3
y2

) = 0 ζ(S
x4
0
x2
1
− 6

35
S

⊔⊔ 3
x0x1

− 1
2
S

⊔⊔ 2

x2
0
x1

) = 0

ζ(Σy5y1
− 2

7
Σ 3
y2

− 1
2
Σ 2
y3

) = 0 ζ(S
x3
0
x1x0x1

− 4
105

S
⊔⊔ 3

x0x1
) = 0

ζ(Σy3y1y2
− 17

30
Σ 3
y2

+ 9
4
Σ 2
y3

) = 0 ζ(S
x3
0
x3
1
− 23

70
S

⊔⊔ 3
x0x1

− S
⊔⊔ 2

x2
0
x1

) = 0

ζ(Σy3y2y1
− 3Σ 2

y3
− 9

10
Σ 3
y2

) = 0 ζ(S
x2
0
x1x0x

2
1
− 2

105
S

⊔⊔ 3
x0x1

) = 0

ζ(Σ
y4y

2
1
− 3

10
Σ 2
y2

− 3
4
Σ 2
y3

) = 0 ζ(S
x2
0
x2
1
x0x1

− 89
210

S
⊔⊔ 3

x0x1
+ 3

2
S

⊔⊔ 2

x2
0
x1

) = 0

ζ(Σ
y2
2
y2
1
− 11

63
Σ 2
y2

− 1
4
Σ 2
y3

) = 0 ζ(S
x2
0
x4
1
− 6

35
S

⊔⊔ 3
x0x1

− 1
2
S

⊔⊔ 2

x2
0
x1

) = 0

ζ(Σ
y3y

3
1
− 1

21
Σ 3
y2

) = 0 ζ(S
x0x1x0x

3
1
− 8

21
S

⊔⊔ 3
x0x1

− S
⊔⊔ 2

x2
0
x1

) = 0

ζ(Σ
y2y

4
1
− 17

50
Σ 3
y2

+ 3
16

Σ 2
y3

) = 0 ζ(S
x0x

5
1
− 8

35
S

⊔⊔ 3
x0x1

) = 0

One has RX ⊆ ker ζ, where

{
RY := (spanQ{Ql}l∈LynY\{y1}, , 1Y ∗),
RX := (spanQ{Ql}l∈LynX\X , ⊔⊔ , 1X∗). 33 / 40



Noetherian rewriting system & irreducible coordinates29
Rewriting among {ζ(Σl )}l∈LynY−{y1}

Rewriting among {ζ(Sl )}l∈LynX−X

3 ζ(Σy2y1
) → 3

2
ζ(Σy3

) ζ(S
x0x

2
1
) → ζ(S

x2
0
x1

)

4 ζ(Σy4
) → 2

5
ζ(Σy2

)2 ζ(S
x3
0
x1

) → 2
5
ζ(Sx0x1 )

2

ζ(Σy3y1
) → 3

10
ζ(Σy2

)2 ζ(S
x2
0
x2
1
) → 1

10
ζ(Sx0x1 )

2

ζ(Σ
y2y

2
1
) → 2

3
ζ(Σy2

)2 ζ(S
x0x

3
1
) → 2

5
ζ(Sx0x1 )

2

5 ζ(Σy3y2
) → 3ζ(Σy3

)ζ(Σy2
) − 5ζ(Σy5

) ζ(S
x3
0
x2
1
) → −ζ(S

x2
0
x1

)ζ(Sx0x1 ) + 2ζ(S
x4
0
x1

)

ζ(Σy4y1
) → −ζ(Σy3

)ζ(Σy2
) + 5

2
ζ(Σy5

) ζ(S
x2
0
x1x0x1

) → − 3
2
ζ(S

x4
0
x1

) + ζ(S
x2
0
x1

)ζ(Sx0x1 )

ζ(Σ
y2
2
y1

) → 3
2
ζ(Σy3

)ζ(Σy2
) − 25

12
ζ(Σy5

) ζ(S
x2
0
x3
1
) → −ζ(S

x2
0
x1

)ζ(Sx0x1 ) + 2ζ(S
x4
0
x1

)

ζ(Σ
y3y

2
1
) → 5

12
ζ(Σy5

) ζ(S
x0x1x0x

2
1
) → 1

2
ζ(S

x4
0
x1

)

ζ(Σ
y2y

3
1
) → 1

4
ζ(Σy3

)ζ(Σy2
) + 5

4
ζ(Σy5

) ζ(S
x0x

4
1
) → ζ(S

x4
0
x1

)

6 ζ(Σy6
) → 8

35
ζ(Σy2

)3 ζ(S
x5
0
x1

) → 8
35

ζ(Sx0x1 )
3

ζ(Σy4y2
) → ζ(Σy3

)2 − 4
21

ζ(Σy2
)3 ζ(S

x4
0
x2
1
) → 6

35
ζ(Sx0x1 )

3 − 1
2
ζ(S

x2
0
x1

)2

ζ(Σy5y1
) → 2

7
ζ(Σy2

)3 − 1
2
ζ(Σy3

)2 ζ(S
x3
0
x1x0x1

) → 4
105

ζ(Sx0x1 )
3

ζ(Σy3y1y2
) → − 17

30
ζ(Σy2

)3 + 9
4
ζ(Σy3

)2 ζ(S
x3
0
x3
1
) → 23

70
ζ(Sx0x1 )

3 − ζ(S
x2
0
x1

)2

ζ(Σy3y2y1
) → 3ζ(Σy3

)2 − 9
10

ζ(Σy2
)3 ζ(S

x2
0
x1x0x

2
1
) → 2

105
ζ(Sx0x1 )

3

ζ(Σ
y4y

2
1
) → 3

10
ζ(Σy2

)3 − 3
4
ζ(Σy3

)2 ζ(S
x2
0
x2
1
x0x1

) → − 89
210

ζ(Sx0x1 )
3 + 3

2
ζ(S

x2
0
x1

)2

ζ(Σ
y2
2
y2
1
) → 11

63
ζ(Σy2

)3 − 1
4
ζ(Σy3

)2 ζ(S
x2
0
x4
1
) → 6

35
ζ(Sx0x1 )

3 − 1
2
ζ(S

x2
0
x1

)2

ζ(Σ
y3y

3
1
) → 1

21
ζ(Σy2

)3 ζ(S
x0x1x0x

3
1
) → 8

21
ζ(Sx0x1 )

3 − ζ(S
x2
0
x1

)2

ζ(Σ
y2y

4
1
) → 17

50
ζ(Σy2

)3 + 3
16

ζ(Σy3
)2 ζ(S

x0x
5
1
) → 8

35
ζ(Sx0x1 )

3

Z≤2
irr (X ) ⊂ · · · Z≤p

irr (X ) ⊂ · · · ⊂ Z∞
irr (X ) = ∪p≥2Z

≤p
irr (X ).

29 The set of irreducible local coordinates forms algebraic generator system for Z.
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Noetherian rewriting system & totally ordered L∞
irr(X )

Rewriting among {Σl}l∈LynY−{y1}
Rewriting among {Sl}LynX−X

3 Σy2y1
→ 3

2
Σy3

S
x0x

2
1

→ S
x2
0
x1

4 Σy4
→ 2

5
Σ2
y2

S
x3
0
x1

→ 2
5
S2
x0x1

Σy3y1
→ 3

10
Σ2
y2

S
x2
0
x2
1

→ 1
10

S2
x0x1

Σ
y2y

2
1

→ 2
3
Σ2
y2

S
x0x

3
1

→ 2
5
S2
x0x1

5 Σy3y2
→ 3Σy3

Σy2
− 5Σy5

S
x3
0
x2
1

→ −S
x2
0
x1

Sx0x1 + 2S
x4
0
x1

Σy4y1
→ −Σy3

Σy2
+ 5

2
Σy5

S
x2
0
x1x0x1

→ − 3
2
S
x4
0
x1

+ S
x2
0
x1

Sx0x1

Σ
y2
2
y1

→ 3
2
Σy3

Σy2
− 25

12
Σy5

S
x2
0
x3
1

→ −S
x2
0
x1

Sx0x1 + 2S
x4
0
x1

Σ
y3y

2
1

→ 5
12

Σy5
S
x0x1x0x

2
1

→ 1
2
S
x4
0
x1

Σ
y2y

3
1

→ 1
4
Σy3

Σy2
+ 5

4
Σy5

S
x0x

4
1

→ S
x4
0
x1

6 Σy6
→ 8

35
Σ3
y2

S
x5
0
x1

→ 8
35

S3
x0x1

Σy4y2
→ Σ2

y3
− 4

21
Σ3
y2

S
x4
0
x2
1

→ 6
35

S3
x0x1

− 1
2
S2
x2
0
x1

Σy5y1
→ 2

7
Σ3
y2

− 1
2
Σ2
y3

S
x3
0
x1x0x1

→ 4
105

S3
x0x1

Σy3y1y2
→ − 17

30
Σ3
y2

+ 9
4
Σ2
y3

S
x3
0
x3
1

→ 23
70

S3
x0x1

− S2
x2
0
x1

Σy3y2y1
→ 3Σ2

y3
− 9

10
Σ3
y2

S
x2
0
x1x0x

2
1

→ 2
105

S3
x0x1

Σ
y4y

2
1

→ 3
10

Σ3
y2

− 3
4
Σ2
y3

S
x2
0
x2
1
x0x1

→ − 89
210

S3
x0x1

+ 3
2
S2
x2
0
x1

Σ
y2
2
y2
1

→ 11
63

Σ3
y2

− 1
4
Σ2
y3

S
x2
0
x4
1

→ 6
35

S3
x0x1

− 1
2
S2
x2
0
x1

Σ
y3y

3
1

→ 1
21

Σ3
y2

S
x0x1x0x

3
1

→ 8
21

S3
x0x1

− S2
x2
0
x1

Σ
y2y

4
1

→ 17
50

Σ3
y2

+ 3
16

Σ2
y3

S
x0x

5
1

→ 8
35

S3
x0x1

L≤2
irr (X ) ⊂ · · · L≤p

irr (X ) ⊂ · · · ⊂ L∞
irr (X ) = ∪p≥2L

≤p
irr (X ).

∀l ∈

{
LynY \ {y1}
LynX \ X

}
,

{
Σl ∈ L∞

irr (Y )
Sl ∈ L∞

irr (X )

}
⇔

{
Σl→Σl
Sl→Sl

}
⇔ Ql = 0.
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STRUCTURE OF POLYZETAS
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Identification of local coordinates {ζ(Sl )}l∈LynX\X

{ζ(Σl )}l∈LynY\{y1}

The identification of local coordinates in Zγ = B(y1)πYZ ⊔⊔ , leads to

1. A family of algebraic generators Z∞
irr (X ) of Z constructed as follows

Z≤2
irr (X ) ⊂ · · · ⊂ Z≤p

irr (X ) ⊂ · · · ⊂ Z∞
irr (X ) =

⋃

p≥2

Z≤p
irr (X )

and their inverse image, by a section of ζ,

L≤2
irr (X ) ⊂ · · · ⊂ L≤p

irr (X ) ⊂ · · · ⊂ L∞
irr (X ) =

⋃

p≥2

L≤p
irr (X )

such that the following restriction is bijective
ζ : Q[L∞

irr (X )] → Z = Q[Z∞
irr (X )] = Q[{ζ(p)}p∈L∞

irr (X )].

2. A ideal RX generated by the polynomials {Ql} l∈LynX
l 6=y1,x0,x1

homogenous

in weight (= (l)) such that the following assertions are equivalent

i. Ql = 0,
ii. Σl → Σl (resp. Sl → Sl ),
iii. Σl ∈ L∞

irr (Y ) (resp. Sl ∈ L∞
irr (X )).

0 6= Ql is led by Σl (resp. Sl), being transcendent over Q[L∞
irr (X )],

and Σl →Υl (resp. Sl →Ul) being homogenous of weight p = (l)

and belonging to Q[L≤p
irr (X )]. In other terms, Σl = Ql +Υl (resp.

Sl = Ql + Ul ), i.e. spanQ
{Sl}l∈LynX\X

{Σl}l∈LynY\{y1}
= RX ⊕ spanQL

∞
irr (X ).
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Im and ker of ζ : (Q[{Sl}l∈LynX\X ], ⊔⊔ ,1X∗)

(Q[{Σl}l∈LynY\{y1}
], ,1Y∗)

։(Z,.,1)

For w ∈ x0X
∗x1

(Y\{y1})Y ∗ , by the Radford’s theorem, ζ(w) ∈ Q[Z∞
irr (X )]. Thus,

for P ∈
Q[{Sl}l∈LynX\X ]

Q[{Σl}l∈LynY\{y1}
]
,P /∈ ker ζ ⊇ RX , by linearity, ζ(P) ∈ Q[Z∞

irr (X )].

Let Q ∈ RX ∩Q[L∞
irr (X )]. Since RX ⊆ ker ζ then ζ(Q) = 0. Restricted on

QL∞
irr (X )], the polymorphism ζ is bijective and then Q = 0. It follows that

Proposition 2
Q[{Sl}l∈LynX\X ] = RX ⊕Q[L∞

irr (X )],
Q[{Σl}l∈LynY\{y1}] = RY ⊕Q[L∞

irr (Y )],
(as v.s. associated to ⊔⊔ or -subalgebras). By duality & CQMM,

U(LieQ〈X 〉 \ X ) = JX ⊕ U(LieQ〈{Pl}l∈LynX :Sl∈L∞
irr (X )〉),

U(LieQ〈Y 〉 \ {y1}) = JY ⊕ U(LieQ〈{Πl}l∈LynX :Σl∈L∞
irr (Y )〉),

where JX (resp. JY ) is a Lie ideal generated by {Pl}l∈LynX :Sl /∈L∞
irr (X )

(resp. {Πl}l∈LynY :Σl /∈L∞
irr (Y )).

Now, let Q ∈ ker ζ, 〈Q|1X∗〉 = 0. Then Q = Q1 + Q2 with Q1 ∈ RX

and Q2 ∈ Q[L∞
irr (X )]. Thus, Q ≡RX

Q1 ∈ RX .

Corollary 10
Q[{ζ(p)}p∈L∞

irr (X )] = Z = Im ζ and RX = ker ζ.
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Structure of polyzetas

Z ∼= Q1Y ∗ ⊕ (Y − {y1})Q〈Y 〉/ker ζ
∼= Q1X∗ ⊕ x0Q〈X 〉x1/ker ζ.

∀k ≥ 0, Zk := spanQ{ζ(w), |w |= k}w∈x0X∗x1

= spanQ{ζ(w), (w) = k}w∈(Y−{y1})Y ∗ ,
where, for any w = xs1 . . . xsr ∈ X ∗, |w |= r . If X = X then (w) =|w |
and if X = Y then (w) =|πXw |= s1 + . . .+ sr being weight of
(sr , . . . , sr ). Hence,

Corollary 11
As an ideal generated by homogenous polynomials, ker ζ is graded and
then Z is also graded:

Z = Q1⊕
⊕

k≥2

Zk .

Now, let ξ := ζ(P), where Q〈X 〉 ∋ P /∈ ker ζ, homogenous in weight.
Each monomial ξn, n ≥ 1, is of different weight (because ZpZn ⊂ Zp+n).
Thus ξ could not satisfy ξn + an−1ξ

n−1 + . . . = 0, with an−1, . . . ∈ Q.

Any s ∈ L∞
irr (X ) is homogenous in weight then ζ(s) is transcendent over Q.
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Concluding remarks
For any l ∈ LynX , l 6= y1, x0, x1, one has l � yn (resp. l � xn−1

0 x1). In
particular, Σyn = yn ∈ LynY and Sxn−1

0 x1
= xn−1

0 x1 ∈ LynX . Next,

1. ζ(2) = ζ(Σy2) = ζ(Sx0x1) is then irreducible and, by the Euler’s
identity about the ratio ζ(2k)/π2k , one deduces then, for k > 1,
Σy2k = y2k /∈ L∞

irr (Y ) and Sx2k−1
0 x1

= x2k−1
0 x1 /∈ L∞

irr (X ),

2. Σy2n+1
= y2n+1 ∈ L∞

irr (Y ) and Sx2n
0 x1 = x2n0 x1 ∈ L∞

irr (X ).

Up to weight 12, the Zagier’s dimension conjecture holds meaning that
Z≤12

irr (X ) is algebraically independent over Q:

Z≤12
irr (X ) = {ζ(Sx0x1), ζ(Sx2

0 x1
), ζ(Sx4

0 x1
), ζ(Sx6

0 x1
), ζ(Sx0x2

1 x0x
4
1
), ζ(Sx8

0 x1
),

ζ(Sx0x2
1 x0x

6
1
), ζ(Sx10

0 x1), ζ(Sx0x3
1 x0x

7
1
), ζ(Sx0x2

1 x0x
8
1
), ζ(Sx0x4

1 x0x
6
1
)}.

L≤12
irr (X ) = {Sx0x1 , Sx2

0 x1
, Sx4

0 x1
, Sx6

0 x1
, Sx0x2

1 x0x
4
1
, Sx8

0 x1
, Sx0x2

1 x0x
6
1
, Sx10

0 x1 ,

Sx0x3
1 x0x

7
1
, Sx0x2

1 x0x
8
1
, Sx0x4

1 x0x
6
1
}.

Z≤12
irr (Y ) = {ζ(Σy2), ζ(Σy3), ζ(Σy5), ζ(Σy7), ζ(Σy3y5

1
), ζ(Σy9), ζ(Σy3y7

1
),

ζ(Σy11), ζ(Σy2y9
1
), ζ(Σy3y9

1
), ζ(Σy2

2 y
8
1
)}.

L≤12
irr (Y ) = {Σy2 ,Σy3 ,Σy5 ,Σy7 ,Σy3y5

1
,Σy9 ,Σy3y7

1
,Σy11 ,Σy2y9

1
,Σy3y9

1
,Σy2

2 y
8
1
}.
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