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Zeta functions in several variables and monoids

For r e Ny, (s1,...,s) € C",|z|< 1, the following functions are well defined
. Z zm Lis,,...5(2) s Z
Llslvn-ysr(z) = nSl nSr and 1 —z Hslv 75r n Z
n>...>n>0 10 n>0

and, for H, :={(s1,...,5) €C'lVm=1,...,r,R(s1) + ... + R(sm) > m},
the following zeta function is convergent

C(s1y...,5) = Z ny*t...n ¥ with (si,...,s) € H,.
n>...>n.>0
From a theorem by Abel,
zli_r>n1 Lig,...5,(2) = ¢(s1,- .., 5) = n_llToo Hq,,....s,(n).

Z = spang{Li,,. 5,(1)}515,1,.,.5,@;+ = spang{Hy, s’(+oo)}51;1';’15’€>1§+'

Denoting the (ordered) alphabets Y := {yx}x>1 (with y3 = y» = ...) or
X = {x0,x1} (with x; > xg) by X, we use the correspondence among
words of the free monoid (X*, conc, 1 x«):

(s1,-.-,5) ENL <y ... ys € Y"FL Sl_1X1...X§*_ x1 € X*x.

LynX denotes the set of Lyndon words generated by X.

Lis,...s(2) = 0,06 51 . x) with wo(2) = 1 (2) =



lterated integrals over {w;};>1 and along zy ~~ z on Q
The iterated integrals, over {w;}i>1 and along the path zy ~» z on a
simply connected domain Q of C, are defined by o (1x~) = 1q and

z Zk—1
VX, ... x;, € X, ajo(x,-l...x,-k):/ w,-l(zl).../ wi (zk),
Z( Z

with w;(z) = uy(z)dz and u,, € Cy, being a differential s(LJJbring of H(Q).
These integrals satisfy, for any x; € X and w,v € X™*,
D0z (xiw) = uy(2)aZ (w) and® o (w w v) = aZ (w)ag (v).

Example 1 (with wo(z) = z7tdz and wy(z) = (1 — z)71dz)

k-t log"(z
ai(x§) = wo(z1) ... wo(zk—1) = gkl( )
1 1 -
z Zk—1 . logh((1 — 2)~!
af(xf) = /0 wl(Zl)---/o wl(zkfl):Lll,...,l(Z): %
——
k times

R 2 [*ds dt Zds [° B z gkl
o [[[ 5% (%[5 FR
z .
:Zﬁ:le(z).

*For any x,y € X,yi,y; € Y and w,v € X* (resp. Y*),
ww lys =1y« ww=wand xww yv =x(w w yv) + y(xw w v),
wil lys = 1y« w = w and x;w i yjv = yi(w @ yiv) + yi(yviw @ v) + yigi(w s ).




First structures of polylogarithms and harmonic sums

1. {Liy}wex~ is C-linearly independent. Hence, the following
morphism of algebras is injective3
Li' : ((C<X>a Hy a]-X*) — (C{LiW}WEX*7~71)a

s1—1 S — : . :
XXXy X L1X51_1X1...Xgr71X1 (ie. Lis,,..s)
K

xg + log*(z)/k!.
Thus, {Li;}iezynx is C-algebraically independent.

2. The following morphism of algebras is injective
P, : ((C<Y>7 Lﬂvly*) — (C{Pw}weY* 1)

w o Pu(z) = M_ZHW@
n>0
Hence, {P, }wey~ is C-linearly independent. It follows that
{P/}1ecyny is C-algebraically independent, for* @.
3. The following morphism of algebras is injective
H, : ((C<Y>7 ) lY") - ((C{HW}WEY*7 5 1)7
Yo --o¥s = Hy oy (e Hy o).
Hence, {Hy, }wey~ is C-linearly independent. It follows that
{H/}ieyny is C-algebraically independent.

3For (s1,...,5) €N, r>1,k>0.
*For any u,v € Y, P, 0P, =P, ..
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Towards more about structure of polyzetas
1. The following polymorphism of algebras is surjective
(ClLynX — X], w ,1x+)
- z,,1
CCLmy (e dy) T (S
X0 Xl o — C(Sl, BRI 5r)7
for (si,...,s) e N, r > 1.

2. Forany hy and b € LynX—X (hence, myh and myh € LynY —{y1 }),

C(h)C(k) = C(h wh)
= (((myh)w(myh)) =(ryh)((myh).

3. ( can be extended as characters:
Cuu ( < >,uu 1X*) - (Z,'71)7

:( < >7t“ 1Y*) - (Zv"l)v
w (x0) =0 = log(1),
Cuw () =0=1p., ylog(l—2), {(1-2)°log"(1—2)}aezc e,
Cw () =0="fp, Hi(n),  {n"HY(n)}sez _,pen.

Conjecture 1 (Zagier's dimension conjecture)

Vk > 1, Ax == spang {((s1,...,5),51 + ...+ 5 = k}s 1. 1sem,nv,r>0,
and di :=dimgz Ai. Then d, = di_»> + di_3 with dy = 1.di =0,d, = 1.

Do Ak — Z is injective ? Z is graded ? .



ALGEBRAIC COMBINATORIAL ASPECTS

10/40



conc-shuffle and conc-stuffle bialgebras

Let (A(X), conc) (resp. (A{X)), conc)) be the algebra of polynomials
(resp. series) and (Liea(X),[.]) (resp. Liea{(X)),[.]) be the algebra of
Lie polynomials (resp. series) over X’ with coefficients in the
commutative ring A D Q.
The dual law associated to conc is defined by
Yw € X*,  Aconc(w) = Z uRv.
u,veX* uv=w
On (A{X), conc,1x+,A , ,€) and (A(Y), conc, 1y«, A4, €), one defines
also, as morphisms for conc, on letters by
VxeX Aypx = xQlyr+1ysQ®x,
WiEY Auwy = yi®ly +1ly-@y+ Y y@y,
kt1=i
and extends by linearity and infinite sums, for S € A{Y)) (resp. A{(X))), by
AwS= D (SWhAww €AY ®Y*),

weY*

AconcS = D (SIW)Aconew € A(X* @ X)),
weX*

ALS= Y (SwWALw €A(X*®x*).
weX'*

11/40



Dual laws in conc-shuffle bialgebras
Startting with a k — AAU (k is a ring) A. Dualizing u: A®¢ A — A,
we get the transpose fu: AY — (A ®k A)Y so that we do not get a
co-multiplication in general.

> Remark that when k is a field, the following arrow is into (due to
the fact that AY ®x A is torsionfree)
d:AY @ A — (A ®x A)V.

> One restricts the codomain of *; to AY ®k A" and then the domain
o (fp) 1e(AY @k AY) =: A°.

t

AY K (A A)Y
] . o

A° a AV @y AY
can]\ ]\J@j

.AOO A“ Ao ®k Ao

The descent can stop at first step for a field k and then A4°° = A°.
The coalgebra (A°, A,) is called the Sweedler's dual of (A, p).

12 /40



Dualizable laws in conc-shuffle bialgebras (1/2)
We can exploit the basis of words as follows
1. Any bilinear law (shuffle, stuffle or any) u : A(X) @4 A(X) = A(X)

can be decribed through its structure constants wrt to
the basis of words, i.e. for u,v,w € X*, Ty = <u(u® v)|w) so that

(t® V) Z o
weX*
2. In the case when ']/, is locally finite in w, we say that the given
law is dualizable, the arrow t14 restricts nicely to A(X) < A(X))
and one can define on the polynomials a comultiplication by

W) - Z ru vu® V.
u,veXx*
3. When the law p is dualizable, we have

t

AL - A(X™ @ &%)

Caﬁ T¢|A<X>®AA<X>

= A(X) @4 A(X)

The arrow A, is unique to be able to close the rectangle and
A, (P) is defined as above.

13 /40



Dualizable laws in conc-shuffle bialgebras (2/2)

4. Proof that the arrow A(X) ®4 A(X) — A{(X* ® X*)) is into:
Let T=3"", P;®a Q such that ®(T) = 0. We can rewrite T as
a finitely supported sum T =73" . cu,vu ® v (this is indeed the
iso between A(X) @4 A(X) and A[X™* x X*]), then ®(T) is by
definition of ® the double series (here a polynomial) such that
(S(Mu@v)=cyy. If ®(T) =0, then for all (u,v) € X* x X*,
cy,v = 0 entailing T = 0.

In the sequel,

1. A"t (X)) denotes the algebraic closure by {conc,+,x} of A.X in
A(X)). Let S € A(X)) sit. (S|1x-) =0. Then S* =3~ _;S", so
called Kleene star of S. -
ALY is closed under w . A™Y((Y) is also closed under L.

2. Aexc (X)) denotes the set of (syntactically) exchangeable® series and
A (X)) the set of series admitting a linear representation with

exc

commuting matrices (hence, exchangeable).

®ie. if S € Aexc (X)) then (Vu,v € X*)((Vx € X)(Julx =|v|x)= (Su) =(S|v)):

14 /40



Case of rational series and of Acqne

A(X) A(X* @ X))
can T"’ Lazat (23 @ paxat ()
ATEE (XN~ y ATE(X) @a ATE(X)

The dashed arrow may not exist in general, but for any R € A"t (X))
admitting (X, 1, m) as linear representation of dimension n, we can
however obtain expressions of the type

fconc(R) = <1>(Z G ® D;).
i=1

Indeed, since (R|xy) = Au(xy)n = )\u(;)u(y)n (x,y € X) then, letting
e; is the vector such that te; = (0 ... 01 0 ... 0), one has

(Rlxy) =Y Au(x)eiein(y)n =D _(Gilx)(Dily) = > (G ® Dilx® ).
i=1 i=1 i=1
G; (resp. D;) admits then (A, i, &) (resp. (*e;, i, 1)) as linear representation.
If A=k being a field then, due to the injectivity of ®, all expressions of
the type 27:1 G; ® D;, of course, coincide. Hence, the dashed arrow (a

restriction of Aconc) in the above diagram is well-defined.
15 /40



Extension by continuity (infinite sums)
Now, suppose that the ring A (containing Q) is a field k. Then
AL k() = k(X)) @k(X) and A k(Y) = k(Y)@k(Y)
are graded for the multidegree. Then A ., is graded for the length.
Their extension to the completions (i.e. k{X)) and® k{{X* ® X*))) are

continuous and then, when exist, commute with infinite sums. Hence?,

Veek, A, =) "ML x"=) ¢ Z()xf@x .
n>0 n>0 Jj=0
For ¢ € N>, which is neither a field nor a ring (containing Q), we also get
() =(c—=1)7" Y ()7 w ()" €Nx((),
a,bEN>1,a+b=c
Ay () Ae-1)71 Y (ax) e (k)" € Q) @ QY),
a,bEN>1,a+b=c
because (LHS|x ® 1x+) = ¢, RHS|x ® 1x+) = (c — 1)~ Za ja=c/2
For ¢ € Z (or even Q, R, C), the such decomposition is not finite.

Sk((X) @k k(X)) embeds injectively in k{{X* ® X*) = [k(AXN](XY).
Indeed, k(X)) @« k(X)) contains the elements of the form >_,_, finite Gi ® D,
for (Gj, Di) € k{{X)) x k{({X')). But since elements of M @ N are finite
combination of m; ® nj, m; € M, n; € N then, for any u,v € XZ!, >0 vV
belongs to k{{(X* ® X)) and does not belong to k{({X)) @k k{(X)).

AL X"=(A x)" = (1x~ Ox+x®@1x)" =301, ( )X @ X"

16 /40



Representative series and Sweedler's dual

Theorem 2 (rational series)
Let S € A{(X)). The following assertions are equivalent

1. The series S belongs to A™'((X)).

2. There exists a linear representation (v, u,n) (of rank n) for S with
v € My ,(A),n € M,1(A) and a morphism of monoids
pr X5 = My n(A) sit. S =37 cos(vp(w)n)w.

3. The shifts® {S<aw}yex~ (resp. {w>S}yex~) lie within a finitely
generated shift-invariant A-module.

Moreover, if A is a field k, the previous assertions are equivalent to
4. There exists (Gj, D;)icFiinite S-t. Deonc(S) = D ic Fpmite Gi @ Di.

Hence,

Houu (X) (krat <<X>>7 iy 1?(* ) Aconcu e),
(reSp' AN (Y) = (kmt <<Y>>7 ), L, Aconc, e))

8The left (resp. right) shift of S by P is P> S (resp. S < P) defined by, for
w € X*, (P> S|w) = (S|wP) (resp. (S < Plw) = (S|Pw)).

17 /40



Kleene stars of the plane and conc-characters

Theorem 3 (rational exchangeable series)
One has

1. If the Q-algebra A is a field k then, for any S € k{{(X')),
Deonc(S) =S®@S,(S|ly+) =1 <= S = (D cr &X)* with ¢, € k.

20 AR (X)) C ATE(X) NASEE(XY). If A ls a field then the equality

exc exc

holds and A%t (X)) = A™ {(xg)) w A" ((x;)) and, for the algebra of

series over finite subalphabets AR (Y)) = Urc,,.. v A (F)), we get®
ASAY ) NARIY ) = Um0 A™ (1)) w - ow A (i) © ASELY)-

3. Vx € X, A (x)) = {P(1 — xQ)*}p.qealx- Ifk is an algebraically
closed field then k™*{(x)) = span,{(ax)* w k{x)|a € K}.

4. If A'is a Q-algebra without zero divisors, {x*}.cx (resp. {y*}yev)
are conc-character and are algebraically independent over
(A(X), w ,1x) (resp. (A(Y), w,1y«)) within
(AN, w L) (resp. (A™(Y)), w,1y+)).

The following identity lives in AL Y)) but not in AZE(Y) N ALY,

4. ) =limegoo(i 4 ) = liMps ooy w o Y= s sy i
18/40



Triangular sub bialgebras of (A™'(X)), w , 1x+, Aconc; €)

Let (v, u,n) be a linear representation of R € A™%((X)) and L be the Lie
algebra generated by {/(x)}xex.

Let M(x) := u(x)x, for x € X. Then R = vM(X*)n. If {u(x)}xex are
triangular then let D(X) (resp. N(X)) be the diagonal (resp. nilpotent)
letter matrix s.t. M(X) = D(X) + N(X) then

M(X*) = ((D(X*)T(X))*D(X*)). Moreover, if X = {xp,x1} then
M(X*) = (M)M(x0))* M(x7') = (Mx5)M(>1))" M(x5)-

If Ais an algabraically closed field, the modules generated by the
following families are closed by conc, w and coproducts :

(Fo) Eixi...EjxiEjr1, where Ep € A ((xo)),

(Fl) Eixg... EonEj+1, where Ej € Arat <<X1>>,

(FQ) E1X,'1 . EJX,j Ej+1, where Ej € Agitc«X», X, € X.
It follows then that

1. R is a linear combination of expressions in the form (Fg) (resp.
(F1)) iff M(x{)M(xo) (resp. M(x3)M(x1)) is nilpotent,

2. R is a linear combination of expressions in the form (F,) iff L is
solvable. Thus, if R € AR (X)) w A(X) then L is nilpotent.

exc
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Extended Ree's theorem

Let S € A(Y)) (resp. A{(X))), Ais a commutative ring containing Q.
The series S is said to be

1. a w (resp. conc, w )-character iff, for any w,v € Y* (resp. X*),
(S|w)(S|v) = (S|w s v) (resp. (S|wv), (S|w w v)) and (S|1) = 1.

2. an infinitesimal w1 (resp. conc, w )-character iff, for any
w,v € Y* (resp. X*), (S|lwwmv) = (S|w){v|ly«) + (w|ly«)(S]|v)
(resp. (Swv) = (S|w){v[Ly+) + (w[lr-)(S|v),
(Slw w v) = (SIw){v[Lx+) + (w[lx-)(S]v))-

3. a group-like element iff (S]1y«) =1and A S =d(S® S) (resp.
Aconcs - (D(S ® S)7Attj S= (D(S & 5))

4. a primitive element iff Ay S =1y~ ® S+ S ® Ly~ (resp.
AeoncS =115+ 51y, A, S=11- @S +S5SR1y-).

Then the following assertions are equivalent

1. Sisa i (resp. conc and w )-character.
log S an infinitesimal s (resp. conc and w )-character.

. S is group-like, for A, (resp. Aconc and A, ).

e

log S is primitive, for A (resp. Agone and A, )

20/40



ABEL LIKE THEOREMS VIA BIALGEBRAS
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Chen series and (NCDE)

On (A(X),conc,1y«,A ,, ,¢&) and (A(Y),conc, 1y-, A, €), we also get

N
=> waw= > S,@P,= [[ e®~,

wex* weX* leLynX
Y
=Y wew= )Y T,ef= ] &
weyY* weY* leLynY

where {P;}iccynx (resp. {T1;}iecyny) is a basis of Lie algebra of
primitive elements and {S;}iccyny (resp. {X;}iecyny) is a transcendence
basis of (A{(X), w ,1y«) (resp. (A(Y), w1, 1yx)).

The Chen series of {w;}i>1 and along z5 ~ z is defined as follows

Copmz = Z az (w)w = (af, ® Id)Dx = H e (SNP1,
weX* leLynX
It belongs to H(Q)((X')) and satisfies the following equation!®
(NCDE) dS = MS, with!t M= Z UxX.

xeX

O Considering A = (H(Q), 9) as the differential ring of holomorphic functions
on , equipped 1lq as the neutral element, the differential ring (#(2) (X)), d)
is defined, for any S € H(Q){(X), by dS =37 o+« (9(S|w))w € H(Q){(X)).

UFor A, , the multiplier M is primitive and the series Csgsz is group-like:
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Noncommutative generating series
= ) Lin(z)w = (Lis ®1d)Dx = e~ 812, (2)e8()0

)

weX*
= Y Hu(nw = (H, ® 1d)Dy = e ("M H, ,(n),
wey*
N Y
where Lypeg i= H e“s P and  H,ep = H etls M,
leLynX\X leLynY\{y1}

We put also!?

\
Z, = Lreg(]-) — H eS(S)P and Zs =H reg +OO H eS(Enn
le LynX le LynY
I#xq %1 I#1

L satisfies'>
(DE) dS = (X‘) + 1X1 >5 and™ L(z) ~o e%'8(2).
z -z
Land Z, (resp. H and Z..) are group-like, for A , (resp. A ).

2The polynomials Sy and P; (resp. X, and IM;) are homogenous in weight
and ¢(S/) (resp. ¢(X;)) is convergent, for | € LynX \ X (resp. LynY \ {y1}).

BFor xo = A/2im and x; = —B/2in, (DE) is nothing else (KZ3) and Z ,,
corresponds to the Drindfel'd associator, .

A Drindfel'd asymptotic condition for (KZs).
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Gradation of L and Z

Let J be the Lie |dea| freely generated by {adX0x1}/>o Let the operation
o be defined by x1x} 0 P = xi(x} w P), for | € N, P € C(X). Then!®

Liz) = > Y  Liu(z)w

k>0 Wexg‘ L xlk

= exlog(?) <1X" + Z Z LiX1x(; ox1x H adixo )

k>1 1y, >0

ti—1
= Z/ w1 tk / wl(tl)/fk(z, ty,- - ,i'k),

k>0
where, for any k > 0, kk(z, t1,- - , tx) is the formal power series given by
ki(z, by, 1) = eolloal@)—log(t)ly, ... @ollog(ti—1)—log(t)]; exolog(tk)
= g% log(z )ead xo log(t1) x. 1 .. eadfxo |°g(fk)X1
Iog ()
= X log(z l Ii
B ’ Z H A adl, X
by >0 i=1

Z, = Z Z Cw (xlx(l)1 oxlx0 I_Iad_x0

k>0 h,--- [k >0
15Since Li, is injective then U(J) (resp. L{(J)V) is freely generated by

h I hye sk >0 Iyl >0
fad?, x a‘d—xoxl}k>0 (resp. {x1xg o+ oxaxy Ly ) and one has

supp(X1x0 cox) = {w € xaX*| |w =k, |wlo=h + - + I}
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More about generating series

Let 7, be the character on (C(Y), w,1y+) defined by 1,. = 1 and®®
VI € ,Can, 7):/ = f'p'n~>+ooHZ/(n) = C(z/)7 {na |0g (n)}ang,l,bel\L

Y
Z, = g VW = H el =Mz,
weY* leLynY

Let us consider

Mono(z) := ZPylnyl" € H(){y1) and Const:= ZHylkylk.
>0 k>0
Then'”

_ k
Mono(z) = (1 — Z)—le—log(l—Z)y1 and'®  Const — exp (_ ZHyk( )l;l) )
k>0

Let us also consider!?

_ k . P
B'(n) = exP(Z C(k)(f)> and B(y;) = eXp<w1 - Zé(k)(}:))

k>2 k>2

®1n particular, Ve, =V =7

"Because P(z)=(1- z)7! Liy(2) with Li g (2) = (— log(1 — 2)*/kl k> 1.

8By Newton-Girard identity, or by (ty.)" = exp s, (— >, ~o Vak(—1t)"/n), k > 1.
Note also that Const ™' =3 o Hyn(—y1)" = exp(3_450 Hy:(—yl)k/k).

YB’(y1) corresponds to the Ecalle’s mould Mono. C{y1)) 3 B(yr) = F (14 yr):
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Chen series of wy and wy along a path zy ~~ z
w =z 1ldz,
Coei= Y aZ(w)w with { o(2) = 2dz,

S wi(z) =(1—2z)"1dz.

Here, C,,... is also solution®® of (DE).

Let g be the transformation z + 1 — z. Then g*wy = —w; and
g w1 = —wp. Hence,
) ez) = O S (ww = > aZ (w)a(w) = 7(Cgmz),
weX* weX*
where ¢ is the morphism defined by o(xp) = —x1 and o(x1) = —xo.

On the other hand, one has
L(z) = CyzL(20) and L(g(2)) = Cg(z)g(z)L(g(20))-
Since L(z) ~o €©'°8(2) then
Cg(ZO)Wg(Z) = U(L(Z)L_l(ZO)) ~2—0 U(L(Z))ex1 log(z0)
Proposition 1
Let o be the letter morphism s.t. o(xg) = —x1 and o(x1) = —xo. Then

L(1 - z) = o(L(2))Z

2|t can be obtained by a convergent Picard iteration, for a discrete topology,
initialized at <Czowz|1/\{*> = 1qly=.
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Abel like results and bridge equations
Since?® L(z) = o(L(1 — 2))Z,, = e°'8@)g(L,eq(1 — 2))e 110812 7 |
then?? L(z) ~; e '8(1=2)7 = and then H(n) ~ o Const(n)wyZ

Theorem 4 (first Abel like theorem)
lim e~ [(z) = 7y Z,, = lim Const(n) "H(n).

z—1 n— o0

Corollary 5 (bridge equations)
Z,=Bn)ryZ, <= Zw =Bn)rvZ.

Remark 1

On the one hand, by identification coefficients, for w € X*xq,
. b
Cw (W) = <Zuu |W> =1fp,. LIW(Z)v {(1 - Z)a log (1 - Z)}aezg—thN-
On the other hand, by an i -modified Radford theorem, for w € Y™,
Can (W) = (Zw|w) = £.p. o Hu(n), {n"Hi(n)}aezo , ben.
In particular’®, ¢ ,, (x1) = Cus (y1) = 0.
2By Hoffman’s duality, i.e. ((p(W)) = ¢(w) (where p is the morphism
defined by p(x0) = x1, p(x1) = Xo and W is mirror of w), we get o(Z,} ) =Z,, .
2 An another Drindfel'd asymptotic condition for (KZ3).
BThese coefficients of singular and asymptotic expansions can be changed if
we use other comparison scales.
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Cloned Abel like results and cloned bridge equations

Let ¢ € Galc(DE) = {eC}CEueC«X» andL:=Le¢,Z , =27, e
Hence, L(z) ~; e 2'8(1=2)Z = and then H(n) ~ o Const(n)myZ

Theorem 6 (cloned first Abel like theorem)

imenloe(l=2) . T(\= =7 — | —13F
Z|[1>11e myL(z) =7y Z nl;rr;@Const(n) H(n).

124 Z ,, € dm(A) :={Z,, e | C € Liea((X)), (e€|x0) = (eC|x1) = 0}
then?® Z, = e Z 4, and it follows that

Corollary 7 (cloned bridge equations)

IfZ , €dm(A) then (Z, =B(n)ryZ \, <= Zw =B'(y)1yZ . ).

Remark 2

The local coordinates of Z ., and Z ,,, are homogenous polynomial on
convergent polyzetas, with coefficients in A. Hence, if v ¢ A then ~ is
transcendent over the A-algebra generated by convergent polyzetas.

2dm(A) contains DM(A) introduced by P. Cartier and G. Racinet and it is a
strict normal subgroup of Gala(DE) (recall that Q C A C C).
»For w € Y*, one has (Z i |w) = f.p., . Hu(n), {naHl(n)}an< 1,beN

and <Z [w) —f'p'nﬁwrocH (n), {n® |0g (n )}aezgflviN
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COMPUTATIONAL EXAMPLES?

BExamples, in the sequel, use maple packages developed in the PhD theses
of C. Bui (2016), C. Costermans (2008) and H. Ngé (2016):
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Generalized Euler's gamma constant

Identifying the coefficients of y{fw,w € X*, k € Nin Z, = B(y1)nyZ ,,

one has

(1) of S22\ k) )™
L= 2 rsaC) (‘2) "'<_k) -
Example 8

n1= 507 C@), = 0 - %@+ A ().

2
k . i
Clxo(—x1) " w mxw])
2 Ypw =2 i > b1, —¢(2).23).. ) )
i=0 ’ j=1
where k € Ny, w € YT and b, k(t1,. .., tx) are Bell polynomials.
Example 9

Y7 = Ci )y +C(3)C( ) — 175 (22)4a
Mis = (2 CCICRE )2 — 4T
(6,2) + 520(2)* + 20203 ~ 43)C(6).
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Rewriting rules and irreducible local coordinates
Z(Y) :={} and Z32(X) := {};
L3(Y) :={} and LZ(X) == {};
Rirn(Y) := {} and R;rr(X) := {};

for p range in 2,...,00 do
for | range in the totally ordered®” LynP(X) do
identify the coefficients of I, in Z, = B(y1)nyZ ,, ;
identify the coefficients of P; in 7xZ, = B(x1)Z ,,
end_for;
for | range in the totally ordered LynP(X) do
express the local coordinate ((X) as rewriting rule;
it C(Z)) — ¢(X))
then Z52(Y) = Z32(Y) U{C(E1)} and £35(Y) i= £35(Y) U{E}
else Ry (Y) =Rin(YI)U{X, — T/}
express the local coordinate ((S)) as rewriting rule;
it ¢(S51) = ¢(S1)
then Zﬁf(X) Zﬁf( ) U {C(SI)} and Llrr(X) - [’lrr( ) U {5/}
else Ri(X) := R (X)U{S — U}
end_for
end_for

Z LynP(X) denotes the set of Lyndon words over X of weight p-
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Homogenous polynomials relations?®®

on local coordinates

Identifying the local coordinates in Z, = B(y1)ryZ,,, , one has

l

[ Polynomial relations on

{SCD ecyny -1y

“ Polynomial relations on

{¢(SN} e cynx—x

3 (Typy) = 3¢(Ty) <Sp2) = Ggay)

4 C(Ty) = 2¢(E,) (S3,) 5<<sxm>2
() = H545) (S22 5 ¢(Sxpn )
¢(F,,2) = 5¢E,) C(S,3) = §6(Sgn)’

5 C(Zyzy,) = 3C(2y3)¢(%y,) — 5C(2ys) C(ngx%) —C(5X2X1)5(5x0x1)+2<( S'Xl)
C(Eyn) = —C(Ey)e(Ey,) + 3¢(Sy) Sgaspn) = ~ <(sg )+ €(S,2, )(Sxpx)
(Fz,) = 3(T43)¢(Ey,) — Bl(Ey) C(ngxg) —(5,2,)<(Sx0x) +2¢(S,8,)
C(zmyf) ) C(Sxoxlxoxl) 34 Xoxl)
6,3 = 36(ER)K(Ey) + §6(Ey) CSp8) = (Sa,)

6 C(Tys) = £<(5,)° 5e,) B (S )
C(Tyayy) = C(Ty)? = (T, C(ngxlz) £ ¢(Sxn)® — %C(ngxlf
C(Zygy) = 2¢(Ey,)° — 3C(Ey,)? ¢(S,3150) 12 (S )
() = ~ER) + §6(my)? Sg.3) = BelSon)’ — (g,
C(Tyamn) = 3¢(Ty)° — $5¢(5)° ¢(S,21002) 25 (S )’
$Ey2) = 04():y2)3 1C(Ey)° S,2,2,0,) _%<(5X0X1)3+%C(5x§x1)2
(Fz2) = HCER) — (5 C52.8) = 5¢(Son)’ = 3¢S,
zy,3) = 21<(zy2)3 S gngd) = 36(500)° = <(S,2,.)°
C(zyzyf) = 0T + (=) C(SXOX?) L ¢(Sn)?

BThese polynomials relations are independent from ~ and

case where the ring of their coefficients is the ring A.

similarly for the
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Homogenous polynomials generating inside ker

{Q}iecyny— {n} ”

{QI}IEL‘,ynX x|

C(Zygyl - ’):y3) =0 C(5X0X12 - ) =0
2 e
¢z, — 2 y2 =0 C(stx1 - xoxl )— 0
3y _ 1 _
C(Zy3 — 1o yz f=0 C(ngxlz - Esxon ) 0
(=, 2 — ir y2 ?)=o0 C(S.3 — x0x1 )— 0
C(Eyy, — 35, HY,, —55,,)=0 C(ngxf ~S2, w Sxoxl + 254,)=0
5 _ —
Cypyy — By Ip) 4 355) =0 || (52,0~ 254, + 52, W Sox) =0
C(zyzzyl -3, iy, - B5,)=0 C(ngxf - Sx02x1 W Sxoxg T 25)( )=0
55 3y
C=y2 — iz Tys) =0 G stgxl) 0
%, 5~ §%y tu):yz)+ ):yE)_o (S 8 —54,)=0
8 o W3y
C(zyé 35 y2 ) =0 C(ngxl ﬁsxgxl ) =0
tuz 3y _ 6 c U3 o2y
C(Zyayy — % - 7)Zy2 )=0 C(ngx% ~ 350x 25 §X1 )=0
ttlf; [ES N 4 g
C(Zyy — 7):y2 3%, D=0 S 3,n0x — 105 X0X1 =0
=3 o5 2y 23 c W _
C(Zyzyryn — 30 zyz Tty )=0 C(sx3x3 — 050 X X1 ) 0
ETEN 2 3
C(Eyzy00 — 3): - )=0 ¢(s, Bxixox _ 105 X0X1 )=0
tilz ESE N T +3 _
C(Zy4y - 10):y2 ZY3 )=0 (s xGxdxox 315 S50 SX0X1 )_ 0
ESP ttlz _ 6 c w3
<(zy§y12 - 63):y2 i, ) =0 C(ngxil — %ESeaq 2 0X1 )— 0
g c w3
C(>:y3y - 21 ) =0 g(sxoxlxoxf ~ 21501 ) =0
175 L3 Lilz _
s — 505y, ~+ %, ) =0 505 35 Siont )_ 0
Ry = (span e s lys
One has Ry C ker , where { RY — \Spallg Qi breLyny\{n}> 1> Y+ )s
X = (Spanp Ql leLvnX\ X, W X*)'
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Noetherian rewriting system & irreducible coordinates?

[ ] Rewriting among {CEDN ey — {1} [[ Rewriting among {<(5N e cynx—x |

3 (Typy) — 3¢(Ty) CSp2) — Bay)

4 ((Ty,) = 2¢(T,) (Say) — 54(5X0X1)2
Tyay) = 5C(Ty)? «52.2) L¢(Supm )
¢F,2) — §(E,) (S,3) = §<(Sipn)?

5 (Eyayy) = 3C(53)C(5y,) — 5C(Ty5) Cge) — C(SXgXJ o) T 200 )
C(Eyn) = —C(Ey)¢(Ey) + 3¢(Ty) S 2ag) 7 T3608) + (52, )(5x0x)
€)= 3(ER)(E,) — B(E) (Spq) — C(SS J6(Sigx) +20(5,8,)
C():y3y12) = 56(Es) C(Sxoxlxgx%) — 3 xoxl)

CE,,8) — 36(ER)(E,) + §¢(Ty) CSgt) — C(Sa,)

6 (Tyg) > 2Ty (Sg) — 3;Egg(sxc,xlf
C(Tyayn) = CTy)? — 216(5y,)° Sge) — £ ¢(Sxn)® — %c(sxgxlf
C(Tysyy) — 2¢(Ty,)° — 3¢5y, ) 7 185 C(Sxpn )’

C(zy3y1y2) - *%Q():yg)s iC( y3)2 C(SXSXIS) - 38((5x0x1) *C( 1)2
(Eyam) = 36(Ey) — FC(E,)? (S zqu2) = 2 ¢(Sgn )’

¢E,,2) — $5C(Ey,)? — 3¢(5y,)? CS2a2x) — 35S0’ + 3¢Sz, )
«(Fz,2) — Be(my,)® - 2m),)? (Sz.8) — #¢(S0a)’ = 3652, )
C(E,,8) — 21<(zy2)3 ) = 316(S0n)’ = HCF Dk
C(Zyzy{‘) - C(zm) %C(Tys)? C(5X0X15) = £ (Sn)?

Z2(X) C - ZRP(X) - € Z3(X) = Upna Z0().

2 The set of irreducible local coordinates forms algebraic generator system=for 2.
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Noetherian rewriting system & totally ordered L°(X)
|

l [ Rewriting among {Zihiccyny— {4} “ Rewriting among {S1} £ynx—x
3 Ty % Zys sxo x2 - xZx1
4 I, — 3%, S3q 2 Sin
XYS n % 232 ngxlz - % 530 X1
I iz, Sgd 257
5 Tyayy — 3Ty Ty, — 5% SXSXIQ — —SX§X1 Sxoxq T 25X3X1
Tun 7 ~TyTn 5T S@anq —354, + 525 201
T2y 7 3T - B 523 7 To2q %o T254,
Zy3y12 - %zy5 ngxlxoxlz - % xgxl
y2y13 - %z}@ EYZ + %ZYS Sxoxf - xgxl
6 T — %z% ngxl — 385530x1
):«VAYZ - 2}2/3 - %232 sxgxlz - 3%530)@ - %ngxl
Zy5y1 - %23/2 - % 53 ngxlxoxl - ﬁssoxl
Ty, 7%2% + %253 ngx% - %530)(1 - ngxl
ZY3YQY1 - 32,%/3 - %232 ngxlxoxlz - 1(2]75530X1
T2~ B, ~ 3%, Saxtsq 7 ~H0S0n t 355,
T2 — BI, i, Sgd ~ BSgq ~ 152,
):yayf - 711):32 5x0x1x0x13 - %530x1 - ng X
Y 05, T 55, S5 S
<2 < y <
Lo (X) C e LP(X) C e C LX) = Upza L5.7(X).
< LynX\ X |’ 51 € Lig(X) { 513 }@ U aw



STRUCTURE OF POLYZETAS
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{C(S/)}/EﬁynX\X

{C(Z/)}leﬁan\{yl}
The identification of local coordinates in Z, = B(y1)myZ,,, , leads to

Identification of local coordinates

1. A family of algebraic generators Zﬁo( ) of Z constructed as follows

<2 < o (
Zi?r (X) c-C errp(X) c--C err U err
p>2
and their inverse image by a section of C
p>2

such that the following restriction is bijective

¢ QILE(X)] = 2 = QEZ3(X)] = QUC(P) pe gz ()]

irr

2. A ideal Ry generated by the polynomials {Q’},;’fyfigfl homogenous
in weight (= (/)) such that the following assertions are equivalent
i. =0,
ii. Z/ — Z/ (resp. 5/ — 5/)
i, X, € ﬁlo:;( ) (resp S € [:;)r(;( ))
0# Q is led by X, (resp. S/), being transcendent over Q[L9(X)],
and ¥; =T (resp. S —>U/) being homogenous of weight p = (/)
and belonging to Q[L£:P(X)]. In other terms, ¥, = Q + T (resp.

{Si}tiecyn
Si=Q 4 U)), i.e. spang {ZI}’IE’EL;VXXI} = Ra® spang L (X).

37/40



Q[{S} €Lyn ] L *1 )
Im and ker of ( : Q[{Zé/;gﬁyny)i\{;}] N )fy*) —(2,.1)

For w € (%} 1%y, by the Radford's theorem, ((w) € Q[Zj7(X)]. Thus,

Ql{Si}iecynx\x] ’
for P € o[z, }I:Lynyy\{m ,P ¢ ker( O Ry, by linearity, ((P) € Q[Z:2(X)].

Let Q € Ry NQ[L(X)]. Since Rx C ker ¢ then ¢(Q) = 0. Restricted on
QL2(X)], the polymorphism ( is bijective and then @ = 0. It follows that

rr

Proposition 2
@[{S/}IeﬁynX\X] = RX D Q[ﬁlrr( )]
Q[{Zl}leﬁan\{yl}] = RY ® Q[ﬂlrr( )]
(as v.s. associated to w or w -subalgebras). By duality & CQMM,
U(Lieg(X)\ X) = Tx DU(Lieg({P1}iccynx:siec52(x)));

irr

U(Lieg(Y)\{n}) = Jv ®U(£'GQ<{nl}leLynx ):,eLf;f(Y)>)

where Jx (resp. Jy) is a Lie ideal generated by {Pi}iccynx:s,¢.c2(x)
(resp. {Mi}iecyny:s,gces(v))-

Now, let Q € ker ¢, <Q|1;(*> =0. Then Q@ = Q1 + @ with Q; € Rx
and @ € Q[[’/rr( )] Thus, Q =Ry Q1 € Ry.

Corollary 10
Q{¢(P)}pecs=(x)) = Z =Im( and Ry = ker .

irr
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Structure of polyzetas

z Qly~ & (Y — {»n}Q(Y)/ker ¢
QLx» ® xQ(X)x1/ker .
Vk >0, Zp = spang{{(w),|w|= k}wexx x
= SpanQ{C(W)7 (w) = k}WG(Y*{n})Y*’
where, for any w = x5, ... x5, € X*,|w|=r. If ¥ = X then (w) =|w|
and if X = Y then (w) =|mxw|=s + ...+ s, being weight of
(Sry---,5r). Hence,

~
~

Corollary 11

As an ideal generated by homogenous polynomials, ker ( is graded and
then Z is also graded:

z=Qro 2.

k>2

Now, let & := ((P), where Q(X) > P ¢ ker , homogenous in weight.
Each monomial £",n > 1, is of different weight (because Z,Z, C Z,1,).
Thus ¢ could not satisfy €" 4+ a,_1£" 1+ ... =0, with a,_1,... € Q.

Any s € L52(X) is homogenous in weight then ((s) is transcendent over Q.

Irr
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Concluding remarks

For any I € LynX, | # y1, %0, x1, one has | = y, (resp. | = xé’_lxl). In
particular, X, =y, € LynY and ngflxl = xé’_lxl € LynX. Next,

1. ¢(2) = ¢(X,,) = ¢(Sxx) is then irreducible and, by the Euler's
identity about the ratio ((2k)/n2k, one deduces then, for k > 1,
Yy = Yok ¢ ‘C/or?(y) and SXZk_lxl - ng 1X1 ¢ Errr( ),

2. zy2n+1 = Yont1 € ‘Cﬁ( ) and sz"xl = XO x| € E,r,( )

Up to weight 12, the Zagier's dimension conjecture holds meaning that
Z-SD(X) is algebraically independent over Q:

rr

Zlf_rlz( )_ {C( X0X1) (Sxoxl) C(Sxoxl) C(ngxl) C(Sxoxzxox“) C(ngxl)a

<(5x0x1x0x1) (Sx(}oxl) C( xoxlxoxl) C( xoxlxoxl) C(Sxoxfxoxlﬁ)}'

<12
(X) = {Sxom: S+ St Ssgoas S S

lrr XgX17 Oxgx1? xox1 ><0x1 Xo X1 Sxox1 xoxﬁa Sx10x17

X0X; xo><177 xox1 Xo><1 ) Sxoxl ><0><16 }

Z’%H(y) - {C(Z}Q)v C(Z}G)’ C(Z}/5)7 C(zﬁ)v C(zy3y15)7 C(Z}’g)v C(zygyl )

C(zyu) C(zyzyl) C(zyayl) C(zyzzys)}'

£'§12(Y) = {Zyza Zysa ZYS7Z)’77Z Ty,2

irr

Ty, T
THANK YOU FOR YOUR ATTENTION

}’3)/1 Yoo Tyzyp ) TV )/2}’1 }’3)’1 }’2}’ }
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