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Milnor's Problem
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Order of an element
x € G has finite order if dn > 1,x" = e

» Z/nZ : every element has finite order
» 7 : 0 is the only element of finite order
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About the Grigorchuk automaton

Actions of the states on the letters:

Reversibility: pPa:0—1—0
Each input letter permutes the Dby Py Pds Pe i 00 0; 131
stateset.
—permutations
—invertible
Action of a letter on the states:
6o:a,d,e—e bc—a
X F#y

—not a permutation
—non-reversible
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Observation

Every known automaton generating an infinite Burnside group happens to
be non-reversible.

11

1j0 0/0
11

Question
Can a reversible automaton generate an infinite Burnside group?
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Theorem(s)

An invertible and reversible automata which is:

cannot generate an infinite Burnside group.
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Theorem(s)

An invertible and reversible automata which is:

-State
[Klimann]

STACS'13
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Theorem(s)

An invertible and reversible automata which is:

-state 3-state with prime size

cannot generate an infinite Burnside group.

‘5

: }4 2
fof AN R/F%M\ /F\/%MN
fri e fe b e e e e 2 e R e 0 R e
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Schreier tree

0[1,1/0
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Schreier tree

A° The connected component of .A? containing ab

size ratio

A2

aba abb
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Boundedness

3
Proposition a
(A) is finite iff the labels of the cc ’
of (A"), are ultimately 1. “3
A FN

23322 aaaab 233aC  aaaba aaabb aaabc a3aca aaach aaacc
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Boundedness

Proposition a
(A) is finite iff the labels of the cc
of (A"), are ultimately 1.

Proposition /1 1 111 1 \\

pq has finite order iff the labels of = 2 b asc azaba assbb sasbe asaca aaach asace
the cc containing q" are
ultimately 1.
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Liftable

Proposition

e liftable to f = label(e) < label(f).

27/35

liftable !

1
/
/
/
7
D -
e



Liftable

Proposition
e liftable to f = label(e) < label(f).
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Liftable

Proposition

e liftable to f = label(e) < label(f).
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Liftable paths

aa

2 4
aaa aab
2 4 4 2
aaaa aaab aaba aabc

28/35

a
4
ba
2
aba abc
1 /2 1 \2 4

abaa baba abad abae abca

abcb



Liftable paths

aa

2 4
aaa aab
2 4 4 2
aaaa aaab aaba aabc

28/35

a
4
ba
2
aba abc
1 /2 1 \2 4

abaa baba abad abae abca

abcb



Liftable paths

aa

2 4
aaa aab
2 4 4 2
aaaa aaab aaba aabc

28/35

a
4
ba
2
aba abc
1 /2 1 \2 4

abaa baba abad abae abca

abcb



Liftable paths

aa

2 4
aaa aab
2 4 4 2
aaaa aaab aaba aabc

28/35

a
4
ba
2
aba abc
1 /2 1 \2 4

abaa baba abad abae abca

abcb



Jungle tree

active = labels not ending with 1¢.

If active liftable path v': not Burnside.
Otherwise :
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If active liftable path v': not Burnside.
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Jungle tree

active = labels not ending with 1%.
If active liftable path v': not Burnside.
Otherwise :

words in the jungle tree have bounded order.

aaab aabc
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3-state case
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3-state case

Every word in the tree v
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Looking for (equivalent) words
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Looking for (equivalent) words
oomg/or(qubn)wr

—/ —/

uxp uy

Idea: Vxpxix2--- find a word with same action in the jungle tree
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Looking for (equivalent) words
oom&/or(qubn)wr

u
uxp uy
uxps uxpt
uxow W~ e
UXoWX7 uxpws

~ UXpX1

N

Idea: Vxpxix2--- find a word with same action in the jungle tree
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Looking for (equivalent) words
oom&/or(qubn)wr

2 u %
lJXb.b : uy
uxosb‘ vuxot
if size prime
uxoW W~ e
ljxovvgq IjXOVVS

~ UXpX1

N

Idea: Vxpxix2--- find a word with same action in the jungle tree
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Invertible reversible non-coreversible
automata generate infinite non Burn-
side groups

[LATA'15 w. Klimann and Picantin]

Bireversible automata of
prime size cannot generate

automaton
infinite patterns
Burnside and group

properties

infinite Burnside groups
[MFCS'16 w. Klimann]

The set c
of a conti
is describe
automaton
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Structure properties

Invertibility:
Each state permutes the alphabet

Reversibility:
Each input letter permutes the stateset

Coreversibility:
Each output letter permutes the stateset
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Structure properties

Invertibility:
Each state permutes the alphabet

Reversibility:
Each input letter permutes the stateset

Coreversibility: x |k
Each output letter permutes the stateset y |
Question

How to enumerate or/and (randomly) generate bireversible Mealy automata?
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Invertible reversible non-coreversible
automata generate infinite non Burn-
side groups

[LATA'15 w. Klimann and Picantin]

Bireversible automata of
prime size cannot generate

automaton
infinite patterns
Burnside and group

properties

infinite Burnside groups
[MFCS'16 w. Klimann]

The set c
of a conti
is describe
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Bireversible automata with an element
of infinite order have exponential growth
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Mealy automata

dynamics
of
the action

The set of singular points

of a contracting automaton Sll’lgular

is described by a Biichi .
automaton [DGKPR'16] p0|nt5

Schreier
graphs

&[] & & gle+]
& singular q«j—»oi—.o Q_‘Kl_.O_J'_O ......... Wang
A €[] & £l gle+] tillings
N
01 0
e woin Q@—
olo .

vy
@ Q
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Cnalogue to Dixon theorem > finite
[ANALCO'16] S

6k X Gk . . .
(o o) = < (A x Ag) x ((m, 7)) infinite
T groups
Q[k X Q[k

random
generation
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Thanks!



	Motivations: Group Theory
	Milnor Problem
	The Burnside Problem
	Random
	Stabilisers and Singular Points
	Theorems
	Schreier tree

