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[1] Objects of interest in infinite divisibility
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Classes of Function in ID

Completely monotone (CM): f ∈ CM, if for λ > 0,

(−1)k f (k) ≥ 0, ∀k ≥ 0 ⇐⇒ f(λ) =

∫
[0,∞)

e−λxµ(dx).

f ∈ ID i.e., f t ∈ CM, ∀t > 0 ⇐⇒ f = e−ϕ, ϕ′ ∈ CM.

Bernstein functions (BF): φ ∈ BF , if for λ ≥ 0,

φ(λ) = dλ+

∫
(0,∞)

(1− e−λx)µ(dx).

Laplace exponents :

Ψ(λ) = dλ+ σ2λ2 +

∫
(0,∞)

(e−λx − 1 + λh(x))µ(dx), (1)

d, σ, λ ≥ 0,
∫
(0,∞)

(1 ∧ x)h(x)µ(dx) < ∞, e.g. h(x) = x1lx≤1.
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Infinite divisibility

• X ∼ ID, if ∀n ∈ N∗, there exists Xn,1, · · · , Xn,n, i.i.d. s.t.

X
d
= Xn,1 + · · ·+Xn,n.

• X ∼ ID and X ≥ 0, IFF

ϕX(λ) := − logE[e−λX ] ∈ BF .

• X ∼ ID and is of the spectrally negative type (SN), IFF

λ 7→ ΨX(λ) = logE[eλX ] is a Lap. exp.

• The subclass LE of Lap. exp. is formed by

Ψ(λ) = dλ+ σ2λ2 +

∫
(0,∞)

(e−λx − 1 + λx)µ(dx).

has an interest: X ∼ ID ⇐⇒ X
d
= limXn

1 −Xn
2 ,

Xn
1 , X

n
2 independent, and logE[eλX

n
i ] ∈ LE ,
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Examples

Let Sα, α ∈ (0, 1), denote a positive stable r.v., i.e. for λ ≥ 0,

logE[e−λSα ] = λα =
α

Γ(1− α)

∫ ∞

0

(1− e−λx)
dx

xα+1

logE[S−λ
α ] = log

Γ(1 + λ
α )

Γ(1 + λ)

=
(α− 1) γ

α
λ+

∫ ∞

0

(e−λx − 1 + λx)
ρα(x)

x
dx,

where ρα(x) =
e−αx(1−e−(1−α)x)
(1−e−x)(1−e−αx)

. Observe that

λ 7→ logE[e−λSα ] ∈ TBF =⇒ Sα ∼ GGC ⊂ ID.

and
λ 7→ logE[S−λ

α ] ∈ LE =⇒ log Sα ∼ SN ⊂ ID.
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[2] Laplace exponents and their extension
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The class B2 generalizes LE

B2 :=

{
Ψϕ,µ(λ) = ϕ(λ2) +

∫
(0,∞)

e2(λx)µ(dx), λ ≥ 0

}
,

where ϕ ∈ BF , e2(x) = e−x − 1 + x and
∫
(0,∞)

(x ∧ 1)xµ(dx) < ∞.

1) Fourati-Jedidi (2011):

ϕ ∈ BF =⇒
√
λϕ(

√
λ) ∈ CBF .

2) Basalim, Bridaa, Jedidi (2020):

Ψ = Ψϕ,µ ∈ B2, ϕ ∈ TBF =⇒ Ψ(
√
λ) ∈ TBF .
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Internality in Bertoin, Roynette, Yor (2004)

Definition

BRY (2004): φ ∈ BF is said to be internal, if

Ψ ◦ φ ∈ BF , ∀Ψ ∈ B2.

Theorem (Basalim, Bridaa, J, 2020)

For φ ∈ BF , we have the equivalences:

1) φ is internal;

2) φ2 ∈ BF ;

3) ϕ1(φ)ϕ2(φ) ∈ BF , ∀ϕ1, ϕ2 ∈ BF ;

4) ∃Ψ ∈ B2 s.t Ψ(λ)
0+
≈ λ2 and Ψ(tφ) ∈ BF , ∀t > 0.

5) ∃ϕi ∈ BF s.t ϕi(λ)
0+
≈ λ and ϕ1(tφ)ϕ2(tφ) ∈ BF , ∀t > 0.

9 / 30



Frame Title

Theorem (Basalim, Bridaa, J, 2020)

Let a subordinator (Xt)t≥0 with Bernstein function ϕ ≡ (0, 0, µ).
The following assertions are equivalent:

(1) ϕ is internal;

(2) t µ(dx)− P(Xt ∈ dx) is positive;

(3) x 7→ t µ(x)− P(Xt > x) is nonnegative and non-increasing;

(4) ∃ a subordinator (Yt)t≥0 and c ≥ 0 s.t.

µ(dx) = c

∫ ∞

0
P(Yt ∈ dx)

dt

t
3
2

and (Xt)t≥0
d
=

(
(Y ◦ S

1
2 )t

)
t≥0

.
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The class Bθ, preparation to θ-internality

For θ ≥ 0, we consider

Bθ :=

{
Ψ(λ) = ϕ(λθ) +

∫
(0,∞)

eθ(λx)µ(dx), λ ≥ 0

}
,

ϕ ∈ BF ,
∫
(0,∞)(x ∧ 1)xθ−1 µ(dx) < ∞, e0(λ) = e−λ, and

eθ(λ) =
λθ

Γ(θ)

∫ 1

0

e−λx (1− x)θ−1 dx =
λθ

Γ(θ + 1)
E[e−λBθ ].
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Why Bθ?

θ ∈ N =⇒ eθ(λ) = (−1)θ
∑∞

k=θ
(−λ)k

k! .

B0 = CM, B1 = BF , LE ⊂ B2.

For θ ∈ (n, n+ 1), n ≥ 0, we have

λθ =
Γ(θ + 1)

Γ(θ − n)Γ(n+ 1− θ)

∫ ∞

0
en+1(λx)

dx

xθ+1
∈ Bn+1.

If θ ∈ (1, 3], then

eλ
θ
=

∫
R

e−λx Tθ(x) dx,

where Tθ is the trans-stable function, which is NOT
infinitely divisible!!! (cf. book of Zolotarev).

If θ > 2: No direct infinite divisible properties for Bθ !!!
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[3] Motivation for Bθ, Barnes type functions

The G-Barnes function is the solution to

G(z + 1) = Γ(z)G(z), G(1) = 1
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Barnes in Nikeghbali, Yor (2009)

Let G1,G2, . . . ,Gn be independent gamma random variables
with respective parameters n ≥ 1, then,

lim
N→∞

1

N
λ2

2

E[e−λ(
∑N

n=1
Gn
n

−N)] =
(2πe )

λ
2 e−

λ2

2

G(1 + λ)
, Re(λ) > −1,

where the G-Barnes function has the representation

logG(1 + λ) =
log(2π)− 1

2
λ− 1 + γ

2
λ2 +

∫ ∞

0
e3(λx)

σ(x)

x
dx,

with γ = Euler constant, and

e3(x) = e−x − 1 + x− x2

2
, σ(x) :=

1

4 sinh2(x/2)
,
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Barnes in Keating-Snaith conjecture (philosophy)

The moments of the Riemann zeta function ζ should satisfy

lim
T→∞

1

T (log T )λ2

∫ T

0

∣∣∣∣ζ (1

2
+ iu

)∣∣∣∣2λ du = M(λ) A(λ), Re(λ) > −1.

M = random factor, A = arithmetic factor,

M(λ) :=

(
G(1 + λ)

)2
G(1 + 2λ)

,

A(λ) :=
∏

pprime

{(
1− 1

p

)λ2 ∞∑
m=0

1

pm

(
Γ(λ+m)

m! Γ(λ)

)2
}
,

For a > 1, we have

Ψa,M (λ) := a log
(
G(1 + λ)

)
− log

(
G(1 + aλ)

)
∈ B2,

Ψa,A(λ) := log
(
A(λ+ a)

)
− log

(
A(a)

)
∈ B2.
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Barnes in J, Simon, Wang (2018)

Example

For α > 0, a = m− α, the integro-differential equation

xmf(x) =
1

Γ(α)

∫ x

0
(x− v)α−1 f(v) dv

has a density solution ⇐⇒ m > α. The associated R.V. X is s.t.

E[Xλ] =
G(ma + λ, 1a)G(1, 1a)

G(1 + λ, 1a)G(ma , 1)
, λ > −1. (2)

G(z + 1; τ) = Γ(zτ−1)G(z; τ), G(z + τ ; τ) = (2π)
τ−1
2 τ

1
2
−zΓ(z)G(z; τ).

Consider

Ψm,a(λ) := logE[Xλ] ∈ LE =⇒ logX ∼ ID∩SN and X ∼ GGC.
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Barnes-type in Jacod, Kowalski, Nikeghbali (2011)

Definition

A sequence (ZN ) converges in the mod-Gaussian (CMG), if

exp(λβN − λ2

2
γN )E[e−λZN ] −→ Φ(λ), λ ∈ iR.

Theorem (JKN (2011))

1) If (Xn
i )1≤i≤n is a triangular array, then

ZN =
1

N

N∑
n=1

1

n
(Xn

1 + · · ·+Xn
n ) CMG with βN = 0, γN = logN .

2) If furthermore Xn
i ∼ ID + integrability on the Lévy measures, then

Ψ(λ) := log Φ(λ) =

∫
R

e3(λx)µ(dx), λ ∈ iR

where µ(A) =
∑

n≥1 nµn(nA).
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[4] Analytic properties of the class Bθ

Bθ :=

{
Ψ(λ) = ϕ(λθ) +

∫
(0,∞)

eθ(λx)µ(dx), λ ≥ 0

}
,
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Properties of eθ

1) Stirling-like formula: eθ(θλ) ∼ λθ

1+λ
eθ√
2πθ

, as θ → ∞.

2) Differentiation: For θ ≥ 1,

e′θ(λ) = eθ−1(λ).

3) Recursive equation: For θ > 0, λ ≥ 0,

λθ

Γ(θ + 1)
= eθ+1(λ) + eθ(λ)

eθ(λ) =

[θ]∑
1

(−1)n−1 λθ−n

Γ(θ + 2− n)
+ (−1)[θ] e{θ}(λ).

4) Difference: For θ = 2, 3 . . . , a ≥ 0,

eθ(λ+ a)− eθ(λ)− eθ(a) = (1− e−a) eθ−1(λ) +
θ−2∑
j=1

eθ−j(a)
λj

j!
.

19 / 30



Linking Bθ with θ-monotone functions, θ > 0

let µθ the θ-monotone function

µθ(x) =
1

Γ(θ)

∫ ∞

x
(t− x)θ−1µ(dt), x > 0.

If
∫
(0,∞) x

θ µ(dx) < ∞, then

x 7→
∫ ∞

x

µθ(y) dy =

∫ ∞

x

(t− x)θ

θ
µ(dt) is (θ + 1)-monotone.

Proposition

The classes Bθ are convex cones, closed by pointwise limits, and

Ψ ∈ Bθ ⇐⇒ Ψ(λ) = ϕ(λθ) + λθ

∫ ∞

0
e−λx µθ(x) dx.
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Corollary (Ψ = Ψ0,µ, θ ≥ 1)

Ψ ∈ Bθ =⇒ λ 7→ Ψ(λ1/θ) ∈ BF (resp. TBF if θ ≥ 2).

Corollary (Ψ = Ψ0,µ, θ ≥ 1)

We have the equivalence:

1) Ψ ∈ Bθ;

2) (i) The left R-L fractional derivative of order θ

Dθ(Ψ)(λ) =
1

Γ(n− θ)

dn

dλn

∫ λ

0

(λ− u)n−θ−1 Ψ(u) du

is completely monotone and integrable at 0;
(ii) limλ→∞ Ψ(λ)/λθ = 0;
(iii)limλ→0+ λ1−θΨ(λ) exists.

Corollary (θ ∈ N)

Ψ ∈ Bθ ⇐⇒ Ψ(k) ≥ 0, ∀k = 0, 1, . . . θ and Ψ(θ) ∈ CM.
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Bθ “mimicks” BF and LE

Proposition (Ψ = Ψϕ,µ)

1) Differentiation

θ > 1 and λ ϕ′(λθ/(θ−1)) ∈ BF =⇒ Ψ′ ∈ Bθ−1.

2) Composition by power functions:

0 < α < 1 =⇒ Ψ(λα) ∈ Bαθ.

3) Lowering the exponent: Let κ ∈ (0, θ).

ϕ(λ) = λ1−κ
θ φ(λ

κ
θ ), φ ∈ BF =⇒ λ 7→ λκ−θ Ψ(λ) ∈ Bκ.

4) Infinite divisibility: θ ≤ 1 =⇒ 1/Ψ ∈ ID.
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Injecting Bθ into BF

Proposition

1) Let θ ≥ 1, 0 ≤ α ≤ 1, and ϕ = 0 in case αθ > 1. Then

Ψ ∈ Bθ =⇒ λ1−αθ Ψ(λα) ∈ BF .

2) Let θi ≥ 1, αi ∈ (0, 1), s.t.
∑n

i=1 αiθi ≤ 1. Then

Ψi ∈ Bθi =⇒ λ 7→
n∏

i=1

Ψi(λ
αi) ∈ BF .

3) θ ≥ 2 and 0 ≤ αθ ≤ 2 =⇒ Ψ(
√
λ)α ∈ CBF ;

4) θ ≥ 2, 0 ≤ α ≤ 1/2 and ϕ... =⇒ λ1−αθ Ψ(λα) ∈ TBF .

5) Let θi ≥ 1 (θi ≥ 2), αi ∈ (0, 1/2], s.t.
∑n

i=1 αiθi ≤ 1 , and
Ψi = Ψϕi,µi

∈ Bθi. Then

ϕi ∈ CBF (TBF) =⇒
n∏

i=1

Ψi(λ
αi) ∈ CBF (TBF).
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Inverses of functions in Bθ

Proposition (Ψ = Ψϕ,µ ∈ Bθ, θ ≥ 2)

If λ ϕ′(λθ/(θ−1)) ∈ BF , then the inverse function φ of Ψ (in the
sense of the composition) is s.t. φθ−1 ∈ SBF , i.e.

φθ−1 ∈ BF and λ 7→ λ

φθ−1(λ)
∈ BF .
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Internality within the class Bθ

Proposition

Let θ ≥ 1 and φ : [0,∞) → [0,∞). We have the equivalences:

1) φθ ∈ BF ;

2) φ is θ-internal, i.e.

Ψ ◦ φ ∈ BF , for every Ψ ∈ Bθ.

Conjecture (True if θ = 2)

Let (Xt)t≥0 be a subordinator associated to a Bernstein function
φ and Lévy measure Π and θ ≥ 2. Then, the following are
equivalent:

(i) φ is θ-internal;

(ii) tΠ(dx)− (θ − 1)P(Xt ∈ dx) is a positive measure.
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Differences in the class Bθ

It is straightforward that

ϕ ∈ BF =⇒ −∆c(ϕ)(λ) := ϕ(λ) + ϕ(c)− ϕ(λ+ c) ∈ BF .

Lemma

For θ > 1 and ϕ ∈ BF , we have the equivalences:

(i) λ 7→ λ1− 1
θ ϕ′(λ) ∈ BF ;

(ii) ∀c > 0, ∃φc,θ ∈ BF s.t.

∆c

(
λ 7→ ϕ(λθ)

)
= ϕ

(
(λ+ c)θ

)
−ϕ

(
λθ

)
−ϕ

(
cθ
)
= φc,θ(λ

θ).
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Differences in the class Bθ

∆aΨ(λ) = Ψ(λ+ a)−Ψ(λ)−Ψ(a)

ΩaΨ(λ) = Ψ(λ)−Ψ(aλ)

χaΨ(λ) = Ψ(aλ)− aΨ(λ).

Proposition (Ψ = Ψϕ,µ ∈ Bθ, θ ≥ 1)

1) ∆aΨ ∈ Bθ−1, ∀ a > 0.

2) ΩbΨ ∈ Bθ, for some b > 0 =⇒ Ψ ∈ Bθ.

3) If θ ≥ 2, then

ΩbΨ ∈ Bθ, ∀ 0 < b < 1 ⇐⇒ λΨ′(λ) ∈ Bθ ⇐⇒ x
µ(dx)

dx
↘,

and

χaΨ(λ) ⇐⇒ x2
µ(dx)

dx
↗ .
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Prospects on Bθ

• The operator

ΞaΨ(λ) = Ψ(aλ)− aθΨ(λ)

is of interest: for all a > 0, the Barnes function satifies

e−baλ aλ
2

(
G(1 + λ)

)a2
G(1 + aλ)

= eΨa(λ) = E[Xλ
a ],

where ba is explicit, Ψa ∈ LE ⊂ B2, Xa ∼ EGGC ∩ SN.

• We have seen that the Barnes-type function intervene in
Mod-Gaussian convergence. Is a “generalized mod-Gaussian”
convergence feasible ?, i.e

eΨN E[e−λZN ] −→ Φ(λ), ΨN ∈ Bθ?
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Thank you for your attention !

Sergei N. Bernstein, 1880–1968 Mark Yor, 1949–2014
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