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[1] Objects of interest in infinite divisibility
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Classes of Function in ID

m Completely monotone (CM): f € CM, if for X > 0,

(—DF P >0, VE>0« f(\) = /[0 )e‘A"‘p(dm).

felDie, fleCM, Vt >0« f=¢% ¢ €CM.
m Bernstein functions (BF): ¢ € BF, if for A > 0,

p(\) =dr+ /(0 )(1 — e M) pu(dz).

m Laplace exponents :

T(N\) =dX\+ 02X\ + /(0 )(e_’\x — 1+ An(z))u(dz), (1)

d, 0, A0, [ .0)(IAD)R(2)p(dr) < 00, e.8. h(z) = ls<1.
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Infinite divisibility

o X ~ 1D, if Vn € N*, there exists X, 1, -+, Xpp, 0.0.d. s.t.

XL X144 Xnp
e X ~1ID and X >0, IFF
dx(\) = —logEle ] € BF.
e X ~ ID and is of the spectrally negative type (SN ), IFF
A= Ux(A) =logE[e**] is a Lap. exp.

e The subclass LE of Lap. exp. is formed by

T(N\) =dr+ o2\ + / (e — 1+ \z)u(dz).
(0,00)

has an interest: X ~ID <= X < lim X{" — X7,

X7, X» independent, and log E[e™7] € L,
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Examples

Let Su, a € (0,1), denote a positive stable r.v., i.e. for A >0,

—ASa] _ o _ @ OO ey 4
logE[e ] = A —m/; (1—6 ) $a+1
r(1+2)

Y - P
logE[S,"] = log Ta+N

—1 oo
_ la-ly Ta+ / (e —1+ )\m)pa(x)dx,
o 0 T

efaz(l_ef(lfa)a;

m. Observe that

where pq(z) =

A log E[e %] € TBF = S, ~ GGC C ID.

and
A = log E[S,?] € LE = log S, ~ SN C ID.
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[2] Laplace exponents and their extension
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The class By generalizes LE

700)

By = {\Ildw()\) = p(\?) + /(0 eo(Az)u(dz), A > 0} ,

where ¢ € BF, ex(z) =™ =14z and [, . (z A1)z p(dr) < oo.
Fourati-Jedidi (2011):
¢ € BF = VX p(V\) € CBF.
Basalim, Bridaa, Jedidi (2020):

U =0y, €B, ¢ TBF = U(VA) € TRF.
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Internality in Bertoin, Roynette, Yor (2004)

BRY (2004): ¢ € BF is said to be internal, if

VopeBF, YU e Bs.

Theorem (Basalim, Bridaa, J, 2020)

For ¢ € BF, we have the equivalences:
© s internal;
02 € BF;
¢1(p) d2(p) € BF,  Vu, ¢ € BF;
IV e By s.t U(N) W2 and U(typ) € BF, Vvt > 0.

d¢; € BF s.t ¢i(N) WA and o1(te) pa(ty) € BF, Yt > 0.
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Frame Title

Theorem (Basalim, Bridaa, J, 2020)

Let a subordinator (Xt),>q with Bernstein function ¢ = (0,0, ).
The following assertions are equivalent:

¢ 1is internal;

t p(dr) — P(Xy € dx) is positive;

x> th(x) — P(X; > x) is nonnegative and non-increasing;
3 a subordinator (Yt)tzo and ¢ > 0 s.t.

o0 dt
u(dz) = c/ P(Y; € dx) —
0 t2

and (X))o < ((Y o s%)t)
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The class By, preparation to #-internality

For 6 > 0, we consider

(0,00)

By = {\Il()\) = (%) +/ eo(Mz) p(dz), A > o},

¢ € BF, f(o’oo)(:n A1) 2971 p(de) < oo, eg(N) = e, and

/\0 ! —Az -1 — —AByg
eo(A) = 1—‘(9)/0 e (1 —g)f dz—F(9+1)E[e ABo],
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Why B,?

mOdelN ::$'€9( ) ( ) E:k 0 m
m By=CM, By =BF, LECBs.
m For 6 € (n,n+ 1), n >0, we have

L0 +1) > dx
F(9 - n)F(n +1 - 0) /0 6n+1()\l’) 9+1 S Bn+1.

If 0 € (1, 3], then

p—

N :/ e Ty(x) dz,
R

where Ty is the trans-stable function, which is NOT
infinitely divisible!!! (cf. book of Zolotarev).

m If 0 > 2: No direct infinite divisible properties for By !!!
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[3] Motivation for By, Barnes type functions

The G-Barnes function is the solution to

Glz+1)=T(2)G(z), G(1)=1
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Barnes in Nikeghbali, Yor (2009)

Let Gy, Go,...,G, be independent gamma random variables
with respective parameters n > 1, then,

2
i BN, Gaony _ (E)2em®
Novoo N 22 l I=Ga

where the G-Barnes function has the representation

log(2m) — 1 1 o0
log G(1+A) = 8 ;T) A— —12—7/\24-/0 e3(Az) UE:) dx,

with v = Euler constant, and

x? 1
s(x)=e " —1+a——, )= —
es(z) =e 7 o@ =7 sinh?(z,2)
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Barnes in Keating-Snaith conjecture (philosophy)

The moments of the Riemann zeta function ¢ should satisfy

o
C<2+Zu>

M = random factor, A = arithmetic factor,

2\
du=M(\) A(N), Re(\) > —1.

T
lim ———
Toeo T (log T)*? /0

(GA+x)°
M) CEN
_ SIS L (TOEm)y?
v o= TL(-5) S (i) |
For a > 1, we have
Uom(A) = alog (G(1+ X)) —log (G(1+al)) € B,

Vo a(A) = log (A(A+a)) —log (A(a)) € Bs.
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Barnes in J, Simon, Wang (2018)

For o > 0, a = m — «, the integro-differential equation

() = F(la) /0 “(@— v f() dv

has a density solution <= m > «. The associated R.V. X is s.t.

E[X* =

G2+ ) 1HGa,:
(a+ 7a) (7[{) )\>_1 (2)

G+ )G, 1)

G(z+1;7) =T(2r H)G(z;7), Gz +1;7) = (QW)TTAT%*zF(z)G(z; T).
Consider

Uy a(N) i=log E[X*] € LE = log X ~ IDNSN and X ~ GGC.
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Barnes-type in Jacod, Kowalski, Nikeghbali (2011)
A sequence (Zy) converges in the mod-Gaussian (CMG), if

)\2
exp(\Bn — ?W)E[ e N — ®()\), A€iR.

Theorem (JKN (2011))

1) If (X')1<i<n 8 a triangular array, then

1 1 n .
Nz::ﬁ <4+ X)) CMG with By =0, yn =log N.

2) If furthermore X' ~ ID + integrability on the Lévy measures, then
U(A) :=log®(N) = / es(Az) p(dx), A e€iR
R

where p(A) =3, 51 npn(n A).
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[4] Analytic properties of the class By

By = {\II()\) = p(\0) + /(0 eo(Ax) p(dx), A > 0} ,

,00)
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Properties of ey

9 e@
1+A 2mh’

i Stirling-like formula: eg(6\) ~ as 6 — oo.

Differentiation: For 6 > 1,
ep(N) = eg_1(N).
Recursive equation: For 6 > 0, A >0,

AG

fzgj;ij eo11(A) +eq(N)

(] AG—n
eg(A) = Z(—l)n_l T0+2—n) + (-1 €y (A)-

1

Difference: For 0 =2,3...,a >0,
eg(A+a) —eg(N) —eg(a) = (1 —e %) eg_1( Zeg —j
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Linking By with #-monotone functions, 6 > 0

let 71y the f-monotone function

o) =g | =0l >0

If f(o 00) 2% i(dx) < oo, then

0

Proposition

The classes By are convex cones, closed by pointwise limits, and

o7} B ] (t _ x)9 )
x Iy (y) dy = wu(dt) is (0 + 1)-monotone.

U e By« U(\) = d(\9) + )\ /oo e~ Tiy(z) da.
0
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Corollary (¥ = W ,, 6 > 1)

U e Byg= A= U\ € BF (resp. TBF if 6 > 2).

Corollary (¥ = ¥ ,, 6 > 1)

We have the equivalence:

v S BQ;
The left R-L fractional derivative of order 6

DO(W)() = Wj;l /0 (A — w1 () du

is completely monotone and integrable at 0;
limy 00 U(N)/A? = 0;
limy 01 AL70W(N) exists.
Corollary (0 € IN)
Ve By Uk >0, Vk=0,1,...0 and V¥ € CM.
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By “mimicks” BF and LE

Proposition (¥ = ¥y ,)

Differentiation
0>1and ¢\ e BF — ¥ € By_;.
Composition by power functions:
0<a<l = U\ € Bu.
Lowering the exponent: Let k € (0,6).
o) = X176 (M), o€ BF = A= X" 0()) € B,.

Infinite divisibility: 6 <1 = 1/V¥ € ID.
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Injecting By into BF

Proposition

Let 0> 1,0<a<1, and ¢ =0 in case af > 1. Then
U e By = A7 ¥(\?) € BF.

Let 0; > 1, o € (0,1), s.t. >0 | by < 1. Then

v, € Bgi == \ = H\I/i(Aai) € BF.

i=1
922and0§a9§2:>\11(ﬁ)a6687:;

0>2, 0<a<1/2and¢... = N7 ¥(\*) € TRF.

Let9; > 1 (0; >2), a; € (0,1/2], s.t. D7 60, <1, and
U, = \deh',#i € B@i. Then

¢; € CBF (TBF) = [ ¥:(A*) € CBF (TBF).

=1

23 /30



Inverses of functions in By

Proposition (¥ = W, , € By, 0 > 2)

If X ¢'(A9/0=1)) € BF, then the inverse function ¢ of U (in the
sense of the composition) is s.t. '~ € SBF, i.e.

A
0—1
2 € BF and )\'—)809_—1()\)637
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Internality within the class By

Let 0 > 1 and ¢ : [0,00) — [0,00). We have the equivalences:
¢’ € BF;

© is O-internal, i.e.

VopeBF, foreveryW¥ € By.

Conjecture (True if 0 = 2)

Let (X¢)i>0 be a subordinator associated to a Bernstein function
@ and Lévy measure I1 and 0 > 2. Then, the following are
equivalent:

@ is O-internal;
tIl(dz) — (0 — 1)P(X; € dx) is a positive measure.
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Differences in the class By

It is straightforward that

¢ € BF = —Ac(¢)(A) := ¢(A) + ¢(c) — ¢(A +¢) € BF.

Lemma

For 60 > 1 and ¢ € BF, we have the equivalences:
A AT ¢'(N) € BF;
Ve >0, Jecp € BF s.t.

Ac(r e 6() =6 (A + %) = (X) =6 () = peo V).
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Differences in the class By

AY(N) = ¥(A+a)— ¥\ —¥(a)
QTN = W) — U(a))
XaU(A) = T(aX) —aPl(N).

Proposition (¥ =V, , € By, 0 > 1)

AV e By_q, Va > 0.
WU € By, for someb > 0= V¥ € By.
If 0 > 2, then

p(dz)
dx

WU €By, VO<b< 1= ANV (\) €EBy == N

and
o p(dx)

dx

Xa\II(/\) T .
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Prospects on By

e The operator
Z,0(\) = U(a)) — a® ()
is of interest: for all @ > 0, the Barnes function satifies

a2
—baX A2 (G(l + )‘)) Tq(N) A
o =e W =E[X
Y Taatany € [Xal,
where b, is explicit, ¥, € LE C By, X, ~ EGGC N SN.

e We have seen that the Barnes-type function intervene in
Mod-Gaussian convergence. Is a “generalized mod-Gaussian”
convergence feasible 7, i.e

eUNE[e N] — D()), Uy € By?
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Thank you for your attention !

Sergei N. Bernstein, 1880-1968 Mark Yor, 1949-2014
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