A survey on Riordan arrays

Donatella Merlini

Dipartimento di Sistemi e Informatica
Universita di Firenze, ltalia

December 13, 2011, Paris

Donatella Merlini A survey on Riordan arrays



Outline

@ Some history
© Main properties of Riordan arrays
9 Riordan arrays and binary words avoiding a pattern

© Riordan arrays, combinatorial sums and recursive matrices

Donatella Merlini A survey on Riordan arrays



Some history

A previous seminar

@ I'm very sorry to have not met P. Flajolet in the recent years.
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Some history

A previous seminar

@ I'm very sorry to have not met P. Flajolet in the recent years.

@ | remember with pleasure my seminar at INRIA on October
10, 1994: Riordan arrays and their applications
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The bibliography on the subject is vast and still growing.
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Main properties of Riordan arrays

Definition in terms of d(t) and h(t)

@ A Riordan array is a pair

D = R(d(t), h(t)) ]

in which d(t) and h(t) are formal power series such that
d(0) # 0 and h(0) = 0; if H'(0) # 0 the Riordan array is called
proper.
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Main properties of Riordan arrays

Definition in terms of d(t) and h(t)

@ A Riordan array is a pair

D = R(d(t), h(t)) ]

in which d(t) and h(t) are formal power series such that
d(0) # 0 and h(0) = 0; if H'(0) # 0 the Riordan array is called
proper.

@ The pair defines an infinite, lower triangular array (dp «)n ken
where:

dne = [£"]d(£)(A(2))* ]
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Main properties of Riordan arrays

An example: the Pascal triangle

n/k|0 1 2 3 45
0 |1

1 (11

2 |1 2 1

3 (13 3 1
4114 6 4 1
5 (15 10 10 5 1
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Main properties of Riordan arrays

An example: the Catalan triangle

C=R

<1—\/1—4t 1—\/1—4t>
2t ’ 2

Ao = [t”]d(t)(h(t))k — [t (ﬂ) k+1 _ k+1 <2n — k>

2 n+1\ n—k

nfk{0 1 2 3 45

0 1

1 1 1

2 2 2 1

3 5 5 3 1

4 |14 14 9 4 1

5 |42 42 28 14 5 1
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Main properties of Riordan arrays

The Group structure

Product: R(d(t), h(t))*R(a(t), b(t)) = R(d(t)a(h(t)), b(h(t)))

Identity: R(1, t)

Inverse: R(d(t), h(t))™ = R( -




Main properties of Riordan arrays

Pascal triangle: product and inverse

1 t 1 t
PxP=R|(|+—), —— — — ] =
i R(lt’1t>*R<1t’ 1t>
1 1-t t 1-—t 1 t
_R<1t12t’ 1t12t>_R<12t’ 12t>‘

1 t
Prl=R(—) ——
<1+t’ 1+t
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Main properties of Riordan arrays

Subgroups

APPELL
R(d(t), t) «R(a(t), t) =R(d(t)a(t), t)
-1 1
R(d(t), t) R< a0’ >
LAGRANGE
R(1, h(t)) * R(1, b(t)) =R(1, h(b(t)))
R(1L, h(t))™" =R(L, h(t))

RENEWAL  d(t) = h(t)/t

th'(t)

h(t)
Donatella Merlini A survey on Riordan arrays
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Main properties of Riordan arrays

Inversion of Riordan arrays

R(d(1), h(t)) ! =R <ﬁ E(t)>

Every Riordan array is the product of an Appell and a
Lagrange Riordan array

R(d(t), h(t)) = R(d(t), t)* R(1, h(t))

From this fact we obtain the formula for the inverse Riordan
array
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Main properties of Riordan arrays

Pascal triangle: construction by columns

d(t)h(t)* is the g.f. of column k

n/k|0 1 2 3 45
0 |1

1|1 1

2 |1 2 1

3 /13 3 1
4014 6 4 1
5 |1 5 10 10 5 1
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Main properties of Riordan arrays

Pascal triangle: construction by rows

N ORO)
n+1 .

k k+1

()= () (0
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Main properties of Riordan arrays

The A and Z sequences

An alternative definition, is in terms of the so-called A-sequence
and Z-sequence, with generating functions A(t) and Z(t)
satisfying the relations:

(t) = tAh(D).  d(t) = — tdo with do = d(0).

Z(h(t))

dny1,k+1 = 30dnk + a1dn k41 + a2dp k2 + - -

dnt1,0 = Zodno + 21dpn1 + z2dp o + - - -

Pascal triangle: A-sequence 1,1,0,0,--- = A(t)=1+1¢
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Main properties of Riordan arrays

The A-sequence for the Catalan triangle

nk|] o 1 2 3 4 5 67
0 | 1

1] 1 1

2 12 2 1

315 5 3 1

4 |14 14 9 4 1

5 |42 42 28 14 5 1

6 |132 132 90 48 20 6 1
7 1429 429 297 165 75 27 7 1

A-sequence 1,1,1,1,--- = A(t) = %_t
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Main properties of Riordan arrays

Rogers’ Theorem - 1978

The A-sequence is unique and only depends on h(t)

Pascal  h(t) = t(1+ h(t))

t
he(t) = 17—
Catal h(t)=1t !
atalan = ]_—h(t)

114t

he(t) = >
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Main properties of Riordan arrays

The B-sequence: B(t) = A(t)™}

dp k linearly depends on the elements of row n+1

n/k|0 1 2 3 45
0 |1

1|11

2 |12 1
3113 3 1
4014 6 4 1
5 (15 10 10 5 1

jio(_ly <k TJFJIF 1> - (:)
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Main properties of Riordan arrays

A-approach to R.a.’s

Inverse map{—%Wyszﬂ

A0)
Aewn(t) = (14 0) |12 |y = T =+ 02

Apdﬂ:[T%;‘y:dl+ﬂ}:1t
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Main properties of Riordan arrays

Pascal triangle: the A-matrix (not unique)

n/k{0 1 2 3 45
0 1 P[O](t)zl P[ll(t):l—i—t
1 |11 .
PO (£)++/PII(£)2+4tPl (¢)

2711 2 1 Alt) = (t) 2() (1)
3113 3 1
4 |1 4 6 4 1 A(t):Hivlg‘wF“z:lth
5 (1 5 10 10 5 1

n—-1 O @

n @
n+1 o
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Main properties of Riordan arrays

The A-matrix in general

i>0,>0 j>0

n+1 k+1 = E 5 al,_j n— Ik+_]+§ pj n+1,k+j+2- J

Matrix ()i jen is called the A-matrix of the Riordan array. If, for
i>0:
PUl(t) = ajo + it + aipt? + ajat® + ...

and Q(t) is the generating function for the sequence (p;j);en, then

we have:
) _ > ¢ PU(A(t)) + Lif)2@(h(t))-
i>0
=Y tA(t) T PU(t) + tA(t)Q(t).
i>0
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Main properties of Riordan arrays

A graphical representation of the A-matrix

o1o[01 -
00,0{ 00,1 0,2 - - -
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Riordan arrays and binary words avoiding a pattern

Binary words avoiding a pattern

@ We consider the language of binary words with no occurrence
of a pattern p = pg- - pp_1.
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Riordan arrays and binary words avoiding a pattern

Binary words avoiding a pattern

@ We consider the language of binary words with no occurrence
of a pattern p = pg- - pp_1.

@ The problem of determining the generating function counting
the number of words with respect to their length has been
studied by several authors.
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Riordan arrays and binary words avoiding a pattern

Binary words avoiding a pattern

@ We consider the language of binary words with no occurrence
of a pattern p = pg- - pp_1.

@ The problem of determining the generating function counting
the number of words with respect to their length has been
studied by several authors.

© L. J. Guibas and M. Odlyzko. Long repetitive patterns in

random sequences. Zeitschrift fiir Wahrscheinlichkeitstheorie,
53:241-262, 1980.
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Riordan arrays and binary words avoiding a pattern

Binary words avoiding a pattern

@ We consider the language of binary words with no occurrence
of a pattern p = pg- - pp_1.

@ The problem of determining the generating function counting
the number of words with respect to their length has been
studied by several authors.

© L. J. Guibas and M. Odlyzko. Long repetitive patterns in
random sequences. Zeitschrift fiir Wahrscheinlichkeitstheorie,
53:241-262, 1980.

@ R. Sedgewick and P. Flajolet. An Introduction to the Analysis
of Algorithms. Addison-Wesley, Reading, MA, 1996.
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Riordan arrays and binary words avoiding a pattern

Binary words avoiding a pattern

@ We consider the language of binary words with no occurrence
of a pattern p = pg- - pp_1.

@ The problem of determining the generating function counting
the number of words with respect to their length has been
studied by several authors.

© L. J. Guibas and M. Odlyzko. Long repetitive patterns in
random sequences. Zeitschrift fiir Wahrscheinlichkeitstheorie,
53:241-262, 1980.

@ R. Sedgewick and P. Flajolet. An Introduction to the Analysis
of Algorithms. Addison-Wesley, Reading, MA, 1996.

@ The fundamental notion is that of the autocorrelation vector
of bits ¢ = (¢, ..., ch_1) associated to a given p.
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Riordan arrays and binary words avoiding a pattern

The pattern p = 00011

0 0 0 1 1 Tails
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Riordan arrays and binary words avoiding a pattern

The pattern p = 00011

0 0 O
0 0 O

1| Tails
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Riordan arrays and binary words avoiding a pattern

The pattern p = 00011

‘ Tails

oo
o O|Oo
O O| o
O ==
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Riordan arrays and binary words avoiding a pattern

The pattern p = 00011

Tails

[} Ne)

o OO
O O Olo
O O V|-
O R R|R
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Riordan arrays and binary words avoiding a pattern

The pattern p = 00011

Tails

oo
o O|Oo
O O Oo|o
O O O |
O O Rk
O = =
= o
o O O
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Riordan arrays and binary words avoiding a pattern

The pattern p = 00011

Tails

[} Ne)

o OO

o O OO
O O O |-

1
1 1

O O O = |k
O O = =
o~

O O O O -

The autocorrelation vector is then ¢ = (1,0,0,0,0)
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Riordan arrays and binary words avoiding a pattern

The bivariate generating function

Let F,Ep}( denotes the number of words excluding the pattern and
having n bits 1 and k bits 0, then we have

CPFl(x,y)
k>0 (1= x— y)CPl(x,y) + xLym

where ngp] and ng’] correspond to the number of ones and zeroes in
the pattern and ClPl(x, y) is the bivariate autocorrelation
polynomial.
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Riordan arrays and binary words avoiding a pattern

An example with p = 110011

We have CPPl(x,y) = 1+ x2y? 4 x3y2, and:

FPlxey) = (1= x = y)(1+x2y2 + x3y2) + xty?’
njk|o 1 2 3 4 5 6 7
0 |1
1123 4 5 6 7 8
2 /13 6 10 15 21 28 36
3|1 410 20 35 5 84 120
4 |1 5 14 33 67 122 205 324
5 |1 6 190 50 114 232 432 750
6 |1 7 25 72 181 404 822 1552
7 |1 8 32 100 273 660 1451 2952
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Riordan arrays and binary words avoiding a pattern

...the lower and upper triangular parts

n/k| 0 1 2 3 45 n/k| 0 1 2 3 45
0 1 0 1

1 2 1 1 2

2 6 3 1 2 6 3

3 120 10 4 1 3 120 10 4

4 |67 33 14 5 1 4 | 67 35 15 5

5 1232 114 50 19 6 1 5 1232 122 56 21 6
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Riordan arrays and binary words avoiding a pattern

Matrices R and RIP!

@ Let R,[f}( = F,Epl—k with k < n. More precisely, R,[,pl( counts the
number of words avoiding p with n bits one and n — k bits
zero.
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Riordan arrays and binary words avoiding a pattern

Matrices R and RIP!

@ Let R,[f}( = F,Epl—k with k < n. More precisely, R,[,pl( counts the
number of words avoiding p with n bits one and n — k bits
zero.

@ Let p =pg...pPn_1 be the conjugate pattern.
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Riordan arrays and binary words avoiding a pattern

Matrices R and RIP!

@ Let R,[f}( = F,Epl—k with k < n. More precisely, R,[,pl( counts the
number of words avoiding p with n bits one and n — k bits
zero.

@ Let p =pg...pPn_1 be the conjugate pattern.
@ We obviously have R,[F]k St

ook = F-" ,, therefore, the

matrices Rl and RIFI represent the lower and upper
triangular part of the array FI*l, respectively.
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Riordan arrays and binary words avoiding a pattern

Riordan patterns

o When matrices Rl and RIP! are both Riordan arrays?

Donatella Merlini A survey on Riordan arrays



Riordan arrays and binary words avoiding a pattern

Riordan patterns

o When matrices Rl and RIP! are both Riordan arrays?

@ D. Merlini and R. Sprugnoli. Algebraic aspects of some
Riordan arrays related to binary words avoiding a pattern.
Theoretical Computer Science, 412 (27), 2988-3001, 2011.

Donatella Merlini A survey on Riordan arrays



Riordan arrays and binary words avoiding a pattern

Riordan patterns

o When matrices Rl and RIP! are both Riordan arrays?

@ D. Merlini and R. Sprugnoli. Algebraic aspects of some
Riordan arrays related to binary words avoiding a pattern.
Theoretical Computer Science, 412 (27), 2988-3001, 2011.

@ We say that p = pp...pp_1 is a Riordan pattern if and only if

-2
CW(x,y) = Py, x) = 3 cuxiy’, [P — )| € {0,1}.
i=0
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Riordan arrays and binary words avoiding a pattern

Main Theorem -1-

The matrices RIFl and RIF] are both Riordan arrays
RN = (dll(t), AlPl(£)) and RIFI = (dPFI(t), AlFI(t)) if and only if p
is a Riordan pattern. Moreover we have:

dbl(e) = dPl(e) = [O)F (x, =) = o j{ Fx5) %

27i
and
p P P P
ny —1 . n; —1 n n; —1 n n; —1 5
WPty 1 =pty a,-ylt'Jrlf\/(lf Lo aptitl)2 — 45T o ot (D T o ptitl +1)
- P
ny —1 5
2( ,-io ajotitl 4+ 1)
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Riordan arrays and binary words avoiding a pattern

Main Theorem -2-

. where §; ; is the Kronecker delta,

nf—l nf—l
i s nf—1
ajot’ = Ot — *17’78*”'1:1- ,
i=0 i=0

nffl nffl ,
i i nP—1
E ajt = — g C(i+1)t _5O,ngfn'1:t o
i=0 i=0
n'lg—l n'lg—l
e i_s -1
ajot’ = Ci+1)t = O pp_pp B,
i=0 i=0

and the coefficients ¢; are given by the autocorrelation vector of p.
An analogous formula holds for AlP!(t).
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Riordan arrays and binary words avoiding a pattern

A Corollary

Let p be a Riordan pattern. Then the Riordan array R is
characterized by the A-matrix defined by the following relation:

[p] _ plrl [p] [p]
Rivihrr = Rok t Roviie = R i T

[v] [p] [p]
- Z Qi <Rn+17i,k+1 Rk~ Rn+17i,k+2> )
i>1

where the ¢; are given by the autocorrelation vector of p.
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Riordan arrays and binary words avoiding a pattern

The A-matrix corresponding to a Riordan pattern

The coefficients in the gray
circles are negative, s = 2n§,
q = 2(n} — 1). Moreover, we
have to consider the

contribution of
[r]
n+1fnf,k+1+ngfn§' :
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Riordan arrays and binary words avoiding a pattern

[Pl [p] _

The case nj

By specializing the main result to the cases |n] — nf| € {0,1} and

by setting CPPl(t) = CPI(\/£,V/t) = 3,24 coit’, we have the
following explicit generating functions:

C[P](t)
\/CBI(2)2 — aeCll(e)(ClI(t) — £78)

d¥l(t) =

ClI(z) — 1/ CPI(e)2 — 4eCIFI(e)(CIPI(z) — ¢

h[P](t) 2C[P](t)
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Riordan arrays and binary words avoiding a pattern

The case ngp] — ngj] — 0

C[P](t)

d[P](t) - ,
\/(CBI(t) + £%)2 — 4eCloI(e)?

C[p](t) 4 1 \/(C[P](t) + t"g)Q — 4tC[P](t)2

Pl(e) = 2CTI(t)
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Riordan arrays and binary words avoiding a pattern

Pl [p] _

The case n;

d[P](t) _ ClI(t) |

\/c[p](t)2 — 4tClI(£)(CPI(t) — £

ClI(z) — 1/ CII(£)2 — 4eCIFI(e)(CIPI() — 78
2(CWI(t) - et '

h[P] (t) —
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Riordan arrays and binary words avoiding a pattern

An example with p = 00011

n/k| 0 1 2 3 45
0 1 1
d[p] )= ——— —
12 1 () V1— 4t + 413
2 6 3 1
3 118 10 1 bl 1= V1—4t 4443
h¥(t) = 5
4 |58 32 15 5 1 2(1—-1¢?)
5 1192 106 52 21 6 1
P P P
R|[14]r1,k+1 = RL]k + RLJ]rl,k+2 -
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Riordan arrays and binary words avoiding a pattern

The A-sequence for p = 00011

@ For p = 00011, we find after setting R(t) = v'1 + 4t* — 4¢3;

(2t3 SRl (Pt l)R(t)) (2t3 — V326 1 8t — 1263 + 4 — (4 — 4t3)R(t))

Alt) = 8t4(r — 1)(t 1 1)

= 1ttt ot 118 05610 M 412 116615 —14e1* 810 57410 8317 11518 119710+ O(+%0).
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Riordan arrays and binary words avoiding a pattern

The A-sequence for p = 00011

@ For p = 00011, we find after setting R(t) = v'1 + 4t* — 4¢3;

(2t3 SRl (Pt l)R(t)) (2t3 — V326 1 8t — 1263 + 4 — (4 — 4t3)R(t))

Alt) = 8t4(r — 1)(t 1 1)

= 1ttt ot 118 05610 M 412 116615 —14e1* 810 57410 8317 11518 119710+ O(+%0).

@ In general, the Riordan arrays for binary words avoiding p are
characterized by a complex A-sequence, while the A-matrix is
quite simple. However, the presence of negative coefficients
leads to non trivial combinatorial interpretations.
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Riordan arrays and binary words avoiding a pattern

The A-sequence for p = 00011

@ For p = 00011, we find after setting R(t) = v'1 + 4t* — 4¢3;

(2t3 SRl (Pt l)R(t)) (2t3 — V326 1 8t — 1263 + 4 — (4 — 4t3)R(t))

Alt) = 8t4(r — 1)(t 1 1)

= 1ttt ot 118 05610 M 412 116615 —14e1* 810 57410 8317 11518 119710+ O(+%0).

@ In general, the Riordan arrays for binary words avoiding p are
characterized by a complex A-sequence, while the A-matrix is
quite simple. However, the presence of negative coefficients
leads to non trivial combinatorial interpretations.

o S. Bilotta, D. Merlini, E. Pergola, R. Pinzani. Pattern vHigi
avoiding binary words. To appear in Fundamenta Informaticae.
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Riordan arrays and binary words avoiding a pattern

Formulas relative to whole classes of patterns

] p= 1j+10[
daPl(e) = 1 4Pl = 1— V1 — 4t + 4ttt
V1 — 4t 4 4+t 2
@ p=otly
Py = 1 el = 1—+/1—4t + 4g+1
V1 — 4t + 4tj+1 2(1—t)
@ p=v0andp=0V
d[V](t): 1 ' y h[p](t): 1+t — V1 —4t+2t) +t%
V1—4t 42t/ +t¥ 2
@ p= (101
i i J t"f\/l—z iy —3(sd)?
Pty = it Al = =20 i (Zha )

P N2 i
1—2%3 ¢ = 3( 1 tl) 2wt
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Riordan arrays, combinatorial sums and recursive matrices

Riordan array summation

S dnific = [t"1d(2)F (h(t)) |
k=0

Partial sum theorem:
n
f(t)
fi = [t"]—=
Z k [t ]1 —t
k=0

Euler transformation:

kio (Z) f— [t"]%f (1—tt> .
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Riordan arrays, combinatorial sums and recursive matrices

A simple example: Harmonic numbers

1
:t”—l—‘ =— | =
[]l—t[nl—i—w v 1—t]

1 1

In
1—-t 1-—t

Donatella Merlini A survey on Riordan arrays
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Riordan arrays, combinatorial sums and recursive matrices

General rules for binomial coefficients
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General rules for binomial coefficients

; <;i‘2§<> fie = [tn](l t:;erl f ((1tb:)b> b>a

; <,’;:‘ZL> fio =[t™(1+t)"F(t™°(1+1)?) b<O

(S e [ ]

m+ 2k k/) k+1 (1 — t)ym+1 2y

onm 1 4t a-0* . 1 /n-1
=l ](17t)m+1(1+(17t)2_1) o U ](17t)m7(m71>‘

@ R. Sprugnoli. Riordan Array Proofs of Identities in Gould's
Book.
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Recursive matrices

@ A. Luzon, D. Merlini, M. A. Moron and R. Sprugnoli.
Identities induced by Riordan arrays. Linear Algebra and its
Applications, 436 (3), 631-647, 2012.
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Recursive matrices

@ A. Luzon, D. Merlini, M. A. Moron and R. Sprugnoli.
Identities induced by Riordan arrays. Linear Algebra and its
Applications, 436 (3), 631-647, 2012.

D = X(d(t), h(t))
dnk = [t"d(t)h(t)" n ke Z
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Recursive matrices

@ A. Luzon, D. Merlini, M. A. Moron and R. Sprugnoli.
Identities induced by Riordan arrays. Linear Algebra and its
Applications, 436 (3), 631-647, 2012.

D = X(d(t), h(t))
dnk = [t"d(t)h(t)" n ke Z

@ The introduction of recursive matrices simply extends the
properties of Riordan arrays.
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Riordan arrays, combinatorial sums and recursive matrices

The Catalan recursive matrix

—4 -3 -2 =170 1 2 3 4 5

—6 0 0 0 0 0 0 0 0 0 O
-5 0 0 0 0 0 0 0 0 0 O
—4 1 0 0 0 0 0 0 0 O
-3 -3 1 0 0 0 0 0 0 0 O
-2 0 -2 1 0 0 0 0 0 0 O
-1 -1 -1 -1 1 0 0 0 0 0 O
0 -3 -2 -1 0 1 0 0 0 0 O

1 -9 -5 -2 0 1 1 0 0 0 O

2 —28 —14 -5 0 2 2 1 0 0 O

3 —-90 —42 -14 0 5 5 3 1 0 O

4 —297 -—132 42 0 14 114 9 4 1 O

5 | —-1001 —429 132 0 | 42 | 42 28 14 5 1

6 | —3432 1430 —429 0 |132|132 90 48 20 6

Donatella Merlini A survey on Riordan arrays



Riordan arrays, combinatorial sums and recursive matrices

Generalized Sums

Identities with three parameters k,n,m € 7

n—k
_2 : (m) E :
dn+m,k+m - aj dn,kJrJ J+m n —j,k
Jj=0

™ = []A(t)"

AT = [0 h(8)™ = [¢](h(t)/t)™
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Generalized Sums for the Catalan triangle

ik m+J—1 k+j+1(2n—j—k\
n+1 n—j—k)
j=0

k+m—|—1<2n+m—k>

:n+m+1 n—k
X m+2J k+1 (2n—2/—k\ _
—=m ' n—j+1\ n—j—k )
_k+m+1 2n+m—k
Cn+m+1 n—k
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Specializing the parameters

n—n m—n, k—0

n+J—1 2n—j\ _n+1 (3n
n—j) 2n+1\n

n+2 2nf2j _n+1 (3n
J n—J—i—l —j ) 2n4+1\n

+
n—2n, m—n, k—n
z":n—i—j—i—l n+j—1\(3n—j\ 2n+1[4n
o 2+l j n—j) 3n+1\n
~ n (n+2)\ n+1 (3n—2j\ 2n+1[4n
J__On—|—2j J 2n—j+1\n—j ) 3n+1\n
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Work in progress: the complementary Riordan array

—4 -3 -2 110 1 2 3 4 5
—6 0 0 0 0 0 0 0 0 0 O
-5 0 0 0 0 0 0 0 0 0 O
—4 1 0 0 0 0 0 0 0 0 O
-3 -3 1 0 0 0 0 0 0 0 O
-2 0 -2 1 0 0 0 0 0 0 O
-1 -1 -1 -1 1 0 0 0 0 0 O
0 -3 -2 -1 0 1 0 0 0 0 O
1 -9 -5 -2 0 1 1 0 0 0 O
2 —28 —14 -5 0 2 2 1 0 0 O
3 —-90 —42 —14 0 5 5 3 1 0 O
4 —297 —132 —42 0 |14 (14 9 4 1 0
5 | —1001 —429 —-132 0 |42|42 28 14 5 1

1 — - - 1-2t

D™ =R(d(h(t)h (t), h(t)) = R(T—,t(1 — 1))
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End of the seminar

Thank you for your attention and for the invitation
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Exercise: find the identities induced by Pascal triangle.
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Exercise: find the identities induced by Pascal triangle.

_ xn—k _(m) _ o=k p(m)
o dn+m,k+m = Zj:o a; dn,k+j - ZJ:O hj+md”—fv"
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Exercise: find the identities induced by Pascal triangle.

_ xn—k _(m) _ o=k p(m)
o dn+m,k+m = Zj:o a; dn,k+j - ZJ:O hj+md”—fv"

3™ =1+ )" = <,Jn>

- (st ()
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Exercise: find the identities induced by Pascal triangle.

o dyemism = Ik Ay = SN 4,

e (1)
<Zj::> :§<T><kij> — <J><n2j>

-
Il
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Exercise: find the identities induced by Pascal triangle.

_ xn—k _(m) _ o=k p(m)
o dn+m,k+m = Zj:o a; dn,k+j - ZJ:O hj+md”—fv"

3™ =1+ )" = <'J">
oot (7))
(im0 -0 )

j=0
Well! You have proved Vandermonde's identity
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Exercise: find the identities induced by Pascal triangle.

_ xn—k _(m) _ o=k p(m)
o dn+m,k+m = Zj:o a; dn,k+j - ZJ:O hj+md”—fv"

3™ =1+ )" = <'J">
oot (7))
(im0 -0 )

j=0
Well! You have proved Vandermonde's identity

im) =2 (")
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Exercise: find AFl(t) for p = 10101

Al =14+ 532 = Q) =1, POy =Pl =1 — ¢+ ¢

Moreover, we have to consider the contribution of 7R[p] p 5
n+1—nP k1408 —nf n—2,
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Exercise: find AFl(t) for p = 10101

Al =14+ 532 = Q) =1, POy =Pl =1 — ¢+ ¢

— _RM¥l

Moreover, we have to consider the contribution of 7R[p] = o ke

P p_,p
n+1—nf kt14nf —nf

A(t) = S°EA® TP + ADQ(E) = 1 — 4+ £ + tA() T — £+ 1) + HA(t)

i>0
1—t+t2 — /142t — 52 + 6t2 — 3t4
At) = T = 14t +365 — 36" 4+ 1265 — 30¢% 4 93¢” — 282¢% 4 O(¢°)
—t
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