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Outline

What and why? Some shallow motivations...
Algebraic graph rewriting: DPO and SPO
Sesqui-pushout (SgPO) rewriting

An example of SgPO rewriting at work

On the existence of pushback complements
Relating SqQPO with DPO and SPO

Some deeper motivations and future perspectives

-
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Some shallow motivations

-

Sesqui-pushout rewriting is a new categorical definition of
rewriting in an arbitrary category, similar to double-pushout
or single-pushout rewriting

=

#® The name (sesqui means one and a half in Latin)

Indicates that conceptually it lies between the SPO and
the DPO

# Technically, it is defined as DPO rewriting, where the
left pushout is replaced by a suitable pullback

# It looks more adequate than DPO/SPO in some cases,

and it enjoys several nice properties that will be detailed
later

o -
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Double-pushout rewriting in C
B | o -
® Aruleisaspang=L <+ K >R
® Amatchisanarrowm : L — G

» Direct derivation A =2 B if the following
double-pushout diagram can be constructed:

L K-"5R

ol

A<7 D 5>B

Note: The left square is built as a pushout complement, not

characterized as a universal construction: “general DPO Is
ambiguous”

o -
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Pushout complements in Graph

o .

Example of ambiguity:




Pushout complements in Graph

o .

Example of ambiguity: S1— "o

# for injective top-arrows, if the POC exists, it is unigue;

# in this case, it exists iff the identification and dangling
conditions are satisfied.

IFIP WG 1.3 - La Roche en Ardennes, June 6, 2006. — p.5/2!



Quasi-adhesive categories
A

# has pullbacks, has pushouts along regular monos

guasi-adhesive category:

# pushouts along regular monos are Van Kampen

squares

/ C’ f’

m

i TN

A’ B’
A B g D’/C

9 <n ’ d C ’

D o f
~- / m ~
A B

o -
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DPO theory In quasi-adhesive cats

o .

# Parallel and Sequential Independence

# Parallel Productions and Derivations

# Local Church-Rosser and Parallelism Theorem
# Shift Equivalence and Canonical Derivations
# Concurrency Theorem

# Embedding and extensions

# Critical pair lemma

L.’... J
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POC In quasi-adhesive categories

-

Examples of quasi-adhesive categories:

# Category of term graphs

s regular monos are monos reflecting variables

# Category of simple graphs
s regular monos are monos reflecting edges

If the top arrow is mono but
not regular, the POC might
not be unique.

O\-

.

# Pushout complements along regular mono are unique.

/

\

e

=

-
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Single-Pushout rewriting on graphs
b

roductions are partial morphisms

Match: total morphism L+« dom(p) — R

2 domty) j
No dangling and " |
identification conditions e o o

e deletion in unknown context
e deletion stronger than preservation

= =
—_— ® |- =@
II
| e
P

i”“ i i
R P
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Defining sesqui-pushout rewriting

=

AL i L Ko

# the right square Is a pushout m lz c
. I

® (D i ) Is a pushback comple- A« D » B

¥ 5
mentof A <& L & K

that is, a final pullback complement of m:

# the square is a pullback , K’
a a
» for each other pullback (over m) L‘4/)
and for each f: K’ — K such !
that o o f = ¢/, there exists a ml

unique }; D’ — D making ev- A%\ )
erything commute Y 15//
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A few properties of SQPO rewriting

o .

# In any category C, pushback complements are unique:
SgPO rewriting is not ambiguous!
s evenif L < K Is not mono = cloning

s even if C is quasi-adhesive, L <~ K is mono but not
regular.

o If L < K is mono,then A <~ D is mono, and D is the
largest subobject of A making the square a pullback

. ‘.

Pushback complement along
monic, non-regular morphism

In category of simple graphs. . —
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An example: Access Control
-

Modeling basic operations of simple Access Control system
from [Harrison, Ruzzo, Ullman, CACM 1976]

=

# Simple graphs including nodes representing subjects
( ) and objects ( ( ) ), and labeled edges
representing rights ( | }—( ) ).

# Already modeled by [Koch, Mancini, Parisi-Presicce,
ESORICS’00] using DPO on (multi-)graphs, with
Negative Application Conditions.

# Basic Operations:
create subject X create object X,
destroy subject X destroy object X,
L enter i into(Xs, X,) delete ¢ into(Xs, X,) J
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Some rules and their effect
- a ﬁ

o = e 5 @
Im 1 1
= I
O O O

Application of destroy subject X,: deletion in unknown
context as for SPO



Some rules and their effect
- a ﬁ o

im 1 1

= B S
O O O

Application of destroy subject X,: deletion in unknown
context as for SPO

® . ® B ®
® @
L |
TZ staffNurse(D) TZ staffNurse(1) TZ sta,

H
mH@

Application of delete w into( X, X,): not ambiguous.

o -
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-

N

A new rule: clone subject

on-left-injective rules model cloning

O

lm

w
staﬁNurse@@ /
’“

[e%
H

@ .

@

staﬁNurse@

w
" T
— ) ) -
newNurse \\7"
w

staﬁNurse@

newNurse@ \\
w

-
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A new rule: clone subject

fNon-left-injec;tive rules model cloning T

@ .

0O & —
@

i l

T ’ T :
staﬁNurse@@ r staﬁNurse@ . staﬁNurse@ . T
) ) S ) - g0
newNurse@ T newNurse@ T
\\w \\w

In Graph, the pushback complement might not be a POC.

\%@@
¢

Pushout /
complements

<>/® & |l— O

e =

o -
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complement




Jn the existence of pushback complement

o .

In categories like Set, Graph, graph structures in general:



Jn the existence of pushback complement

o .

In categories like Set, Graph, graph structures in general:

for injective L << K the {©,@} {0}
pushback complement exists iff mlmo l
the match is conflict-free, i.e., 0
m(L\ K)Nm(K) = 2. (- X



Jn the existence of pushback complement
- -

n categories like Set, Graph, graph structures in general:

for injective L << K the {©,@} {0}
pushback complement exists iff mlmo l
the match is conflict-free, i.e., 0
m(L\ K)Nm(K) = 2. (- X

o for arbitrary L <+~ K and injective matches: see
Construction 6 in the paper...

o -
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Jn the existence of pushback complement
- -

n categories like Set, Graph, graph structures in general:

for injective L << K the {©,@} {0}
pushback complement exists iff mlmo l
the match is conflict-free, i.e., 0
m(L\ K)Nm(K) = @. {@}— X

o for arbitrary L <+~ K and injective matches: see
Construction 6 in the paper...

o for arbitrary L < K and arbitrary matches:

o -
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Jn the existence of pushback complement
- -

n categories like Set, Graph, graph structures in general:

for injective L << K the {©,@} {0}

pushback complement exists iff lmo l
.. . . . m 2—0

the match is conflict-free, i.e.,

m(L\ K)Nm(K) = 2. (- X

o for arbitrary L <+~ K and injective matches: see
Construction 6 in the paper...

o for arbitrary L < K and arbitrary matches:
“conditions... rather involved...; ... beyond the scope of
the paper...; the interested reader is encouraged to
specialize the concepts that are availabe for every
L topos [Goldblatt] and the results in next section...; ... theJ
pushback construction cannot be performed
componentwise...” IFIP WG 1.3 - La Roche on Ardenmes, June €, 2005, - 1512



EXxistence In an arbitrary category C
B - -

)

Given . = A consider the T / e <\m*(D)

lIback funct @ f L
pullback functor -
m*: C | A — C | L along m. ta /m(f)
If its right adjoint m Lm*(.)
exists partially at «, it provides @)~ F oo~
a pullback complement iff the A <‘; D
CO-unit g, IS an Is0. 5

This provides a construction of pushback complements in
categories where the pullback functors have right adjoints
(like locally cartesian closed cats).

o -
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esqui-pushout vs double-pushout rewritir

o .

# In quasi-adhesive categories, for a left-regular rule ¢
and a match m, if the POC exists, then it is a PshBC.
Thus

1. If A % B then also A =22 B,

2. If A2 B and a pushout complement exists, then
also A == B.

o -
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esqui-pushout vs double-pushout rewritir

o .

# In quasi-adhesive categories, for a left-regular rule ¢
and a match m, if the POC exists, then it is a PshBC.
Thus

1. If A % B then also A =22 B,

2. If A2 B and a pushout complement exists, then
also A == B.

# For left-monic but non-left-regular rules, in some
examples the PshBC is a POC. Itis open if this is a
general property.

o -
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esqui-pushout vs double-pushout rewritir

o .

# In quasi-adhesive categories, for a left-regular rule ¢
and a match m, if the POC exists, then it is a PshBC.
Thus

1. If A % B then also A =22 B,

2. If A2 B and a pushout complement exists, then
also A == B.

# For left-monic but non-left-regular rules, in some
examples the PshBC is a POC. Itis open if this is a
general property.

® For non-left-monic rules, the PshBC is not a POC, In
general.

-
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esgul-pushout vs single-pushout rewritin

o .

In categories of graph structures, given a partial morphism
g (seen also as left-injective span) and a match m,

1. |fA%BthenA%>B.

2. 1f A % B and m is conflict-free then 4 =2 B.

Note that usually non-conflict-free matches are ruled out in
practical uses or theoretical developments of the SPO the-

ory, restricting to d-injective or even to injective matches.

o -
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Theory of parallelism

o -

Some first results of the DPO/SPO theory have been recast
for SgQPO rewriting

Parallel Independence

Ry <2 K1 >—>L1>/L2H Ky 25 Ry

?7 / - \m
u ko
7 L r
01

H+—D < Do >5—>H2
2

Local Church-Rosser Theorem

Given parallel independent G ~ZLPL g, and

(mg,p2)

G —=—== H», there are an object G’ and direct (m pz\ (mf,p1)

<m/1’p1> G’_
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(m 2p2>

derivations H; ——— G’ and H»



Back to motivations...

o .

Semantics of concurrency for GTS

°

Rewriting of graphs is intrinsically concurrent
Petri nets are a reference model for concurrency

o (Place/Transition) Petri nets can be seen as a
degenerate case of Graph Transformation

°

#® A robust semantics of concurrency for GT should
specialize to known semantics for nets

o -
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Some contributions to the field

-

We defined generalizations to other classes of nets and to
DPO or SPO rewriting in Graph of

=

# deterministic and non-deterministic processes
# unfolding and event structure semantics
# functorial (coreflective) semantics

o -

IFIP WG 1.3 - La Roche en Ardennes, June 6, 2006. — p.21/2!



Winskel’s style semantics for GTS

o .

N P

Safe %Occurrence S Prime Event < .
1 1 ~ Domains
Nets T Nets ? Structures T



Winskel’s style semantics for GTS

o .

N P

Safe %Occurrence S Prime Event < .
1 1 ~ Domains
Nets T Nets ? Structures T

[Works with Paolo Baldan, Ugo Montanatri, Leila Ribeiro]

DPO Graph «— DPO Occ. Inhibitor Event < .
1 1 Domains
Grammars ——— Grammars ——  Structures ——

o -
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Winskel’s style semantics for GTS

o .

N P

Safe %Occurrence S Prime Event < .
1 1 ~ Domains
Nets T Nets ? Structures T

[Works with Paolo Baldan, Ugo Montanatri, Leila Ribeiro]

DPO Graph «— DPO Occ. Inhibitor Event < .
1 1 Domains
Grammars ——— Grammars ——  Structures ——

SPO Graph «——— SPO Occ. ¥ Asymmetric Event < — :
1 1 1 Domains
Grammars —— Grammars —— Structures —
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The next steps, quite obviously...

-

...generalizing the semantics developed for concrete models
to rewriting systems in adhesive categories...

=

o -
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The next steps, quite obviously...

-

...generalizing the semantics developed for concrete models
to rewriting systems in adhesive categories...

=

® First results: generalization of processes [with Paolo
Baldan, Tobias Heindel, Barbara Konig, FOSSaCS’06]

o -
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The next steps, quite obviously...

to rewriting systems in adhesive categories...

f generalizing the semantics developed for concrete models T

® First results: generalization of processes [with Paolo
Baldan, Tobias Heindel, Barbara Konig, FOSSaCS’06]

Before moving to unfolding semantics, we noted that:

o for DPO rewriting, a coreflective semantics is impossible;

# SPO rewriting more appealing, but generalization to
arbitrary categories is quite involved; no consensus on

the way conflicts are resolved,

# thus, need for a notion of rewriting similar to DPO, but
W|thOUt appllcatlon Cond|t|0ns IFIP WG 1.3 - La Roche en Ardennes, June 6, 2006. — p.23/2!



Conclusions...

o .

® | presented the definition and a few properties of
Sesqui-pushout rewriting, relating it to DPO and SPO

rewriting

# |tis not-ambiguous, allows to model cloning, and
coincides with DPO and SPO under suitable
assumptions

#® Some basic results about parallelism have been lifted to
SgPO rewriting: a lot has to be done, still. Several
results of DPO/SPO theory should lift easily.

o -
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... and Future Work
| o

#® The expressiveness of the approach should be

compared with that of DPO/SPO rewriting on practical
case studies

#® Generalizing the coreflective semantics of SPO

rewriting to that if SgPO rewriting in quasi-adhesive
theories

o -
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