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Foreword: Goal of this talk

In this talk, | will show tools and sketch proofs about Noncommutative
Differential (Evolution) Equations.

The main item of data (not to say the only one) is that of
Noncommutative Formal Power Series with variable coefficients which
allows to explore in a compact and effective (in the sense of computability,
hence needing fraction fields or a localization process) way the Magnus
group of proper exponentials and the Hausdorff group of Lie exponentials
(i.e. group-like series for the dual of the shuffle product).

Parts of this work are connected with Dyson series and take place within
the project: Evolution Equations in Combinatorics and Physics. Today we
will focus on mathematical motivations and properties (namely
localization).

This talk also prepares data structures used in forthcoming works.

Before reviewing the facts, let's recall the general setting.
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Bits and pieces for the BTT
Theorem (DDMS [1])

Let (A, d) be a k-commutative associative differential algebra with unit
and C be a differential subfield of A (i.e. d(C) C C). We suppose that
S € A(X)) is a solution of the differential equation

d(S) = MS ; (S|1x-) =14 (1)

where the multiplier M is a homogeneous series (a polynomial in the case
of finite X ) of degree 1, i.e.

M= uxeC{X). (2)

xeX

[1] Independence of Hyperlogarithms over Function Fields via Algebraic Combinatorics,
M. Deneufchatel, GHED, V. Hoang Ngoc Minh and A. I. Solomon, 4th
International Conference on Algebraic Informatics, Linz (2011). Proceedings, Lecture

Notes in Computer Science, 6742, Springer.
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Bits and pieces for the BTT /2

Theorem (cont'd)

The following conditions are equivalent :

i) The family ((S|w))wex~ of coefficients of S is free over C.
ii) The family of coefficients ((S|y))yexu{iy.} is free over C.
iit) The family (ux)xex is such that, for f € C and oy € k

d(f) = o => (Vx € X)(ax =0) . (3)
xeX

iv) The family (ux)xex is free over k and

d(C) N spank (s )xex ) = {0} - (4)
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Why BTT and NCDE 7 : Review of the facts
° ((s) =Y ns1 7 (R(s)>1)

@ when one multiplies two of these, one gets quantities like

((s1)¢(s2) = Z #=C(51,52)+C(51+52)+C(52,51)

m,m>1 12

@ and, with several of them, we are led to the following definition of
MultiZeta Values (MZV), converging in
Hy=A{(s1,...,5) €C|Vm=1,...,r,R(s1) + ... + R(sm) > m}

C(sl,...,sk) = Z %

1 Sk
m>..>mn>1 .- Ng
@ On the other hand, one has the classical polylogarithms defined, for
k>1,|z| <1, by
. zn. . zn- . . . ZI'I
—log(1—z) =Liy :ZF Li, :Zﬁ ...; Lig(2) _ZF

n>1 n>1 n>1

(5)
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Why BTT and NCDE 7 : Review of the facts/2

@ The analogue of the classical polylogarithms for MZV reads

. z™M
Lly51_..y5k (Z) = Z W ; ‘Z| <1

m>..>mn>1 1

@ They satisfy the recursion (ladder stepdown)

z Liyy ..y, ifs1>1

R
(1- Z)%Liy1y52»--ysk = Liy, .y, ifk>1 (6)

which, with s; € N>q, kK > 1, ends at the “seed”
Liy (2) = Lia(e) = log(r——) ™)

@ For the next step, we code the moves z< (resp. (1 —z)<Z) - or more

precisely sections fo fs) ds (resp. fz f(s) Zds) - with xo (resp. x1).
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3 2 2
Xy X0X{ X1X0X1 X5 X1
N/ N/
b XoX1

o

Some coefficients with X = {xp, x1 }; uo(z) = %; up(z) = =5, *0 =0
(—log(1 — 2))" . . 2"
(Shxgy = B2 (Slxox) = Lio(2) = Lixgx () = 3 =
n! 0 n2
' —~— n>1
cl.not.
2 . . 2" . . 2"
(Slxgx1) = Liz(z) = Ligy ()= 3 (Slx1x0x1) = Lix xgx (2) = Lipg 9)(2) = ey
e n>1 np>ny>1 MM
cl.not.
n
2 . . Z
(Shxoxp) = leux%(z) = L‘[Z,l](z) = Zm ;
np>np>1 MM
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Why BTT and NCDE 7 : Review of the facts/3

@ Calling S the prospective generating series

S= Y (SIww; X ={x0,x} (8)
weX*
EH(Q)
V. Drinfel'd [1] indirectly proposed a way to complete the tree:
diS)=(2+%).5 (NCDE)
Iimﬁg S(z)e "8 = 15/ qy(xy (Asympt. Init. Cond.) 9)
ze

from the general theory, this system has a unique solution which is precisely
Li (called Gp in [1]) ; S — d(S) being the term by term derivation of the
coefficients.

@ Minh [2] indicated a way to effectively compute this solution through
(improper) iterated integrals.

1. V. Drinfel'd, On quasitriangular quasi-hopf algebra and a group closely
connected with Ga/(@/@), Leningrad Math. J., 4, 829-860, 1991.

2. H. N. Minh, Summations of polylogarithms via evaluation transform,
Mathematics and Computers in Simulation, Vol. 42, 4-6, Nov. 1996, pp. 707-728
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Explicit construction of Drinfeld's Gy

Given a word w, we note |w|y, the number of occurrences of x; within w

d .
ag(w) = Jo 23(s) 1 Fow=oau
Jia§(u)e  if w=xouand |ul,, =0 (w e x3)
Iy aé(u)i if  w=xou and |uly, >0 (w e xX*x1x})

The third line of this recursion implies

jog(2)"
n!

ag(xg) =

one can check that (a) all the integrals (although improper for the fourth
line) are well defined (b) the series S =" . af(w)w is Li (Gg in [1]).
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3 2 2 2 2 3
Xy X0X{ X1X0X1 X5 X1 X{ X0 X0X1X0 X1Xg Xy
N/ N/ N\ N/
x2 XoX1 X1X0 x3
X1 X0

Some coefficients with X = {xp, x1 }; up(z) = %; up(z) = liz’ tp =0

n

(—log(1 — 2))" . . z
(SIx) = i (Shoxi) = Liz(2) = Lixyx (2) = > -
n! N s
cl.not. -
2 . . 2" . . 2"
(SIxgx1) = Liz(z) = Lig, (2=>" = i (Shaxox) = Lixgxgx (2) = Lip 2(2) = —
—— 0 s nSm>1 MM
ol.not.
! log"(z)
2 . . z g
(Slxoxg) = L‘xoxf (2) = Lip 1(2) = P (Slxg) = o
np>np>1 MM :
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General solution of NCDE and Picard’s process
The series S7. (20 € Q) can be computed by Picard's process

So=1lx- : S = Lxo + / M.,
P

and its limit is Sg. 1= lim, 00 S (= D ex+ @5, (W) w this afternoon).
One has,
Proposition

|

i) Series Sg_ is the unique solution of

{ d(S) = MSwithM=>"

= lz a 10
5(20) = lp@)x) (10)

if) The complete set of solutions of d(S) = M.S is S._.C({(X)).

v
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About solutions of NCDE

© The set S of series satisfying (NCDE) has a lot of nice combinatorial
properties.

o Right C({({X)) module of rank one (S = So.C{(X)), where Sy is any
solution with non-zero constant term, such a solution can be
constructed by Picard process).

o Linear independence of the coefficients (when non-zero).

@ The ones like Li or constructed through Picard'’s process (Chen series,
i.e. limit of Sp = 1x+ ; Spi1 = 1x+ + fzzo M.S,) have moreover

e Shuffle property

e Factorisation

o Extension to rational functions (some of them for Li, all for S7_).
Now, as the lists are coded by words, it is possible to use the rich allowance of
notations invented by algebraists, computer scientists, combinatorialists and
physicists about NonCommutative Formal Power Series (NCFPS?).

1This was the initial intent of the series of conferences FPSAC.
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What is so special with solutions like Li and S .

The following general theorem explains (a) why Li and S7_ have the shuffle
property and (b) why Li is unique.

Theorem (Analyse et Géometrie, Cargese, IESC, 21-24 Nov. 2017)
Let

(TSM) dS = M;S + SM . (11)
with S € H(Q)(X), M; € H(Q)4(X)
(i) Solutions of (TSM) form a C-vector space.

(ii) Solutions of (TSM) have their constant term (as coefficient of 1x- ) which
are constant functions (on Q); there exists solutions with constant
coefficient 1q (hence invertible).

(i) If two solutions coincide at one point zy € Q (or asymptotically), they
coincide everywhere.
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What is so special with solutions like Li and S7)_./2
Theorem (cont'd)

(iv) Let be the following one-sided equations
(LM;) dS=MS  (RMo) dS=SM,. (12)

and let Sy (resp. Sy) be a solution of (LMy) (resp. (LM>)),
then 515, is a solution of (TSM). Conversely, every solution of (TSM) can
be constructed so.

(v) Let SEi 1, (resp- Spic ru,) the unique solution of (LMy) (resp. (RMz)) s.t.
S(z0) = 1340, (x) then, the space of all solutions of (TSM) is

Slf’?'c, LM, C <<X>> . SIZD?.C,RMQ

(vi) If M;, i =1,2 are primitive for Ay ? and if S, a solution of (TSM), is
group-like at one point (or asymptotically), it is group-like everywhere (over
Q).

A I is the canonical comultiplcation of C(X) viewed as an enveloping algebra.
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Solutions as m-characters with values in H(£2)

We have seen that solutions of systems like (10) possess the shuffle
property. Due to the special combinatorial for of Ay, its dual law can be
defined by the recursion

umly« = ly«mu= uand
aumbv = a(umbv)+ b(aumv)
and one has
(Spiclumv) = (SE |u)(SE|v) i (SI1x+) = ly(q) (13)

(product in H(R)).

Now it is not difficult to check that the characters of type (13) form a
group (these are characters on a Hopf algebra). It is interesting to have at
our disposal a system of local coordinates in order to perform estimates in
neighbourhood of the singularities (CAP 18).
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Magnus and Hausdorff groups

G

The Magnus group is the set of series with constant term 1x«, the Hausdorff
(sub)-group, is the group of group-like series for Ayy. These are also Lie
exponentials (here A, B are Lie series and exp(A)exp(B) = %xp(Hf(A, B))). _
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Lyndon words and factorizations

@ Let ¢ =[2---n,1] be the large cycle

@ a Lyndon word is a word which is strict minimum of its conjugacy class (as a
family) i.e. (V1 < k < n)(I <jex 1.0%)

@ Each word w factorizes uniquely as w = [ - - - [% with [; € Lyn(X) and
h < --- < I, (strict). We write

x= 1] r (14)

le Lyn(X)

@ If (P1)iecyn(x) is any multihomogeneous basis of Lier(X) (R a Q-algebra)

then
e
S wow= I oo
wex+ IeLyn(X)

where P, is computed after eq. 14 and S, is such that (S5,|P,) = d,,,.
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Domain of Li.

We now have an arrow of commutative algebras

((C<X>7 ma]-X*) He (H(Q), X,]_Q)

on the left C(X) < C((X)) is endowed with the Krull topology
(coefficientwise stationary convergence) and, on the right H(Q) is
endowed with the (Fréchet) topology of compact convergence. We are led
to the following definition.

Definition [Domain of Li]

We define Dom(Li; ) (or Dom(Li)) if the context is clear) as the set of
series S =) - Sn (decomposition by homogeneous components) such
that 3"~ Lis,(z) converges unconditionally? for the compact
convergence in Q. One then sets Lis(z) := Y, Lis,(2).

?In order to use functional properties of H(S2).
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Domain of Li/2

Examples and a diagram

Li(2) = 2, Lit(2) = (1= 2)™*; Liggup)(2) = 2°(1—2)F (15)

(C(X), m, 1x-) —22% C{Li, }wex-

[ [

C(X)) D Dom(Li) ——— H(RQ)

With this definition, we have
© Dom(Li) is a shuffle subalgebra of C{(X)) and then so is
Dom™*(Li) := Dom(Li) N C{(X))
@ For S, T € Dom(Li), we have

Ligyt = Lis. Lit
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Continuing the ladder

(C(X), m,1x+) —=* % C{Liy }wex-

Ll(,

(CX), m, 1x+)Dxg, (—=x0)", x{] ——

‘[ O

l

CZ{LIW}WGX*

/

C(X) m €™ ((x0)) m C™** (x)) —=— Cc{Liw Jwex-

[

Lileen)

[

Dom(Li) * H(Q)

We have, after a theorem by Leopold Kronecker,

P P

rat _ 5 o —
™ = {1 —XQ}P,QGC[X] (€5 1—xQ

and, as C is algebraically closed, C™*({(x)) = spanc{(ax)* mC[x]|a € C}.
This proves that C(X) m C™((xo)) m C™*((x1)) C Dom(Li).

P(xQ)")

(16)
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Further examples and counterexamples
For |t| < 1, one has (txp)*x1 € Dom(Li, D) (D is the open unit slit disc),
whereas xix1 ¢ Dom(Li, D).
Indeed, we have to examine the convergence of > - Lixsx (2), but, for
z €]0,1[, one has 0 < z < Liysx, (z) € R and therefore, for these values
> _n>0 Lixgx (2) = +o0.
In fact, in this case (|t| < 1),

Zn

Li(txg)x (2) = Z P (17)

n>1

This last example opens the door of Hurwitz polyzetas.
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Independence of characters w.r.t. polynomials (t).

[mathoverflow I T

Independence of characters with respect to polynomials

asked 1 month ago

I came across the following property : viewed 106 times

5 Let g be a Lie algebra over a ring k without zero divisors,
U = U(g) be its enveloping algebra. As such, ¢/ is a Hopf algebra and e, its counit, is the only
character of i — k which vanishes on g.

FEATURED ON META

Revisiting the “Hot Network Questions™
SetU; = ker(€). We build the following filtrations (N > 1) feature, what are our shared goals for...
) Who cut the cheese?

1 Uy =uUd¥ =U...... u. 1)

N times

Responsive design released for all Beta &
Undesigned sites

and
Related
Uy =Ugy = {f €U |(Fu e Una)(flw) =0)}  (2)

What does the generating function
z/(1- %) count?

the first one is decreasing and the second one increasing. One shows easily that (with © as the
convolution product)

Uy oUy C Uy,
sothatUy, = Un>1U,, is a convolution subalgebra of /*.

Now, we can state the

Theorem : The set of characters of (U, . , 1y/) is linearly free w.rt. U3, .

Is there a canonical Hopf structure on the
center of a universal enveloping algebra?

Do stunted exponential series give projections
of a cocommutative bialgebra on its coradical
filtration?

quantum groups... not via presentations

3 How a unitary corepresentation of a Hopf C*-
algebra, deals with the antipode?

14 Rialnehras with Honf rastricted for Sweedler)
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Independence of characters w.r.t. polynomials./2 (t)

Let g be a Lie algebra over a ring k without zero divisors, U = U(g) be its
enveloping algebra. As such, U is a Hopf algebra and ¢, its counit, is the only
character of &/ — k which vanishes on g.

Set Uy = ker(€). We build the following filtrations (N > 0)

Z/{N :Z/[Jlrv :Z/{+ ..... Z/{+ (1)
————
N times
(in fact Uy ZU,UN+1 ZU.Z/{N) and, for N > —1
Uy = Uy = {f €U*|(Yu € Unsa)(F(u) =0)}  (2)

the first one is decreasing and the second one increasing (in particular
U, ={0}, Uy = k.e).
One shows easily that, for p, g > 0 (with ¢ as the convolution product)

* * *
Uy oUy CU,,,

so that U, = Up>old;; is a convolution subalgebra of Z/*.
= CAP days, 06-08 November 2019
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Independence of characters w.r.t. polynomials./3 (t)

Now, we can state the

The set of characters of (U, ., 1y) is linearly free w.r.t. U, .

RENELS

i) UZ is a commutative k-algebra.

i) The title comes from the fact that, with (k(X), conc,1) (non
commutative polynomials), k a Q-algebra (without zero divisors) and one
of the usual comultiplications (with A, cocommutative and nilpotent) one
takes g as the space of primitive elements, U* = k((X)) (series) and

U = k(X).
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Independence of characters w.r.t. polynomials./4 (t)

Let =(Uf) be the set of characters of (U, ., 1;/). For non zero § € UZ, we set
deg(3) = p as being the unique index p such that 3 € U, and B ¢ U, ;. We
consider linear relations between characters of the form

ZﬂiOfi:O;ﬁiEU;\{O}aNdﬁGE(U) (3)

iel

Either all of them are trivial (/ = (), or there are non trivial ones (/ # ()) among
those we choose one with » ., deg(f;) minimal. WLOG? we can consider that

(3io € 1)(fi, = €) (all characters being invertible we can multiply (3) by f,;l for
the law ¢). Then the choosen relation becomes

Bi + Z Biofi=0  (4)
ieN\{io}
L]

?Ohne Beschrankung der Allgemeinheit (for Antoine Derighetti :).
CAP days, 06-08 November 2019 2
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Proof cont'd (t)

Proof.
We now use the shift representation of U in U* defined, for ¢ € U*, u,m € U by

(o aulm) = (plum)
Remark that g acts on U* by derivations i.e. fora,b e U*, g € g
(aob)<dg=(a<g)ob+ac(bag)
Observing that | = {ip} is impossible, we pick i; € I\ {ip} and g € g such that

(fi,|g) # 0 (this is possible because f; # €). We now shift (4) on the right by g
and get

Boag+ Y, (Biag+Biflg)efi=0 (5

ieN{io}
Now by deg(63, <g) < deg(5;), deg(5; <& + Fi(filg)) < deg(f;) and
(Bi, <g + Bi, (fi,|g)) # 0 we get a contradiction w.r.t. minimality. O

CAP days, 06-08 November 2019 27/
G.H.E. Duchamp, Hoang Ngoc Minh, Karol AA localization principle for the Basic Triangle 41



Remarks about independence (t)

Remark

i) For g simple, we have [g,g] = g and all the filtrations are stationary.
i) The conclusion does not hold true if k has zero divisors as the
characters are no longer independent even w.r.t. k. For example with
X # () an alphabet, a.f = 0 with o, 8 € k \ {0}, we have for all x € X

B.(ax)* — B.e=0
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Abstract BTT theorem towards localisation

Theorem (DDMS.! “Linz")

Let (A, d) be a k-commutative associative differential algebra with unit
(ker(d) = k is a field) and C be a differential subfield of A (i.e. d(C) C C). We
suppose that S € A({X)) is a solution of the differential equation

d(S) = MS; (S|1x-) =14 (18)
where the multiplier M is a homogeneous series (a polynomial in the case of finite

X ) of degree 1, i.e.
M= uxeC(X). (19)

xeX

The following conditions are equivalent :

[1] Independence of Hyperlogarithms over Function Fields via Algebraic Combinatorics,
M. Deneufchatel, GHED, V. Hoang Ngoc Minh and A. I. Solomon, 4th
International Conference on Algebraic Informatics, Linz (2011). Proceedings, Lecture
Notes in Computer Science, 6742, Springer.
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Abstract BTT theorem towards localisation /2

Theorem (cont'd)

i) The family ((S|w))wex+ of coefficients of S is free over C.
ii) The family of coefficients ((S|y))yexu{iy.} is free over C.
iii) The family (ux)xex is such that, for f € C and ay € k

d(f) = o = (Vx € X)(ax =0) . (20)

xeX

iv) The family (ux)xex is free over k and

d(C)n spank<(ux)xex> — {0} . (21)

v

CAP days, 06-08 November 2019 30/
G.H.E. Duchamp, Hoang Ngoc Minh, Karol AA localization principle for the Basic Triangle 41



Need for localization

In practical cases, we only have a differential subalgebra of Cy C H(Q2) (as
image, through Li, of a shuffle subalgebra of Dom(Li)).

o C[Z]

e C[Zu Zila (1 - Z)il]

o Clz*(1 - 2)"Plapec = Cc
Realizing the fraction field Fr(Cp) as (differential) field of germs makes the
computation difficult to handle. It is easier to check the freeness of the “
basic triangle” directly with the algebra. For instance, for the
polylogarithms, we just have to show that, given P; € Cc,

Pi(z) + P2(z) log(z) + P3(z)(log(

S ) =te=P=0 (2)

which can be done using deck transformations (see below).
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Localization

Theorem (Thm1 in “Linz", Localized form)

Let (A, d) be a commutative associative differential ring (ker(d) = k
being a field) and C be a differential subring (i.e. d(C) C C) of A which is
an integral domain containing the field of constants.

We suppose that, for all x € X, u, € C and that S € A(X)) is a solution
of the differential equation (18) and that (uy)xex € CX.
The following conditions are equivalent :

i) The family ((S|w))wex= of coefficients of S is free over C.
i) The family of coefficients ((S|y))yexufi,.) is free over C.
i) Forall fi,f €C, f»#0 and a € kX), we have the property
W(f, £) = (D axu) = (Vx € X)(ax =0) . (23)
xeX
where W(f1, ), the wronskian, stands for d(f1)f, — f1d(f).
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Discussion

In fact, in the localized form and with C not a differential field, (iii) is
strictly weaker than (iii"), as shows the following family of
counterexamples

Q@ Q=C\(]-o0,0])
QO X={x} uw==2 g¢Q

Q Co = C{{z°}} = C.1q @ spanc{z(k+DB=1Y, 150

Z(B+1)
Q S=10+(Z 1 oayrn)

Let us show that, for these data (iii) holds but not (/).

Firstly, we show that Co = C{{z"}} corresponds to the given direct sum.
We remark that the family (z*),cc is C-linearly free (within 7(2)), which
is a consequence of the fact that they are eigenfunctions, for different
eigenvalues, of the Euler operator z%.
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Then

(C{{Zﬁ}} = C].Q ) spanc{z(k+1)5_’}k7/20 = Span@{z(k/)ﬁ_l}kuzo
comes from the fact that the RHS is a subset of the LHS as, for all,
k.1 >0, zkt1)8=1 ¢ C{{zP}}. Finally 1q € C{{z%}} by definition (C{X}}
is a C-AAU).
(iii) is fulfilled. Here
uo(z) = z” is such that, for any f € Cy and ¢g in C, we have

Coup = 8z(f) — (Co = 0) (24)

But (i) is not Because we have the following relation

(B+1)2""HS|xp) — 2.1 =0
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Sketch of the proof

After some technicalities, we show that (18) can be transported in
A[(C*)71] by means of the following commutative diagram and back.

A — A[(C) ]
) | (25)
< —< 5 Fr(C) drac
J A oA Jfrac A[(Cx)fl]
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Proof that [1g, log(z), log(:2)] is Cc-free.
Let us suppose P;,i =1...3 such that

Pi(2) + Pa(z) log(2) + Ps(2)(log(——)) = On

We first prove that P, = >, ¢iz* (1 — z)% is zero using the deck
transformation Dy of index one around zero.

One has D§(>;cp ciz® (1 — 2)P) = 3o ciz% (1 — z)Pie?™ni, the same
calculation holds for all P; which proves that all DJ(P;) are bounded. But
one has Df(log(z)) = log(z) + 2im.n and then

D§(Po(2) + Pa(2) log(2) + Ps(2)(log(; ) =

D§(Py(2)) + D§(P2(2))(log(z) + 2im.n) + DY(Ps(2)) log(——) = 0

It suffices to build a sequence of integers n; — 400 such that

lim; 00 Dy’ (P2(2)) = P2(z) which is a consequence of the following

lemma.
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Let us consider a homomorphism ¢ : N — G where G is a compact
(Hausdorff) group, then it exists uj — +oo such that

lim p(uj) =e

Jj—o0

Proof.

First of all, due to the compactness of G, the sequence ¢(n) admits a
subsequence ¢(ny) convergent to some ¢ € G. Now one can refine the
sequence as ny; such that

0<nk1—nk0<...<nkj+1—nkj<nkj+2—nkj+l<...

With u; = ny,,, — nk; one has lim;_, p(u;) = e.
End of the proof One applies the lemma to the morphism

n— (e2i7r.na,-)’_€F = UF
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Conclusion

@ For Series with variable coefficients, we have a theory of
Noncommutative Evolution Equation sufficiently powerful to cover
iterated integrals and multiplicative renormalisation

@ Use of combinatorics on words gives a necessary and sufficient
condition on the “inputs” to have linear independance of the solutions
over higher function fields.

@ Picard (Chen) solutions admit enlarged indexing w.r.t. compact
convergence on 2 (polylogarithmic case) but Drinfeld’s Gy has a
domain which includes only some rational series.

@ Localization is possible (under certain conditions).

@ Local BTT theorem allows to explore linear and algebraic
independences w.r.t. subalgebras of Dom(Li).
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Thank you for your attention.

CAP days, 06-08 November 2019 39 /
G.H.E. Duchamp, Hoang Ngoc Minh, Karol AA localization principle for the Basic Triangle 41



" CAP days, 06-08 November 2019 qﬁ?/



1. P. Cartier, Jacobiennes généralisées, monodromie unipotente et
intégrales itérées, Séminaire Bourbaki, Volume 30 (1987-1988) , Talk no.
687 , p. 31-52

2. V. Drinfel'd, On q_uasitriangu/ar quasi-hopf algebra and a group closely
connected with Gal(Q/Q), Leningrad Math. J., 4, 829-860, 1991.

3. H.J. Susmann, A product expansion for Chen Series, in Theory and
Applications of Nonlinear Control Systems, C.I. Byrns and Lindquist (eds).
323-335, 1986

4. P. Deligne, Equations Différentielles a Points Singuliers Réguliers,
Lecture Notes in Math, 163, Springer-Verlag (1970).

CAP days, 06-08 November 2019 41 /
G.H.E. Duchamp, Hoang Ngoc Minh, Karol AA localization principle for the Basic Triangle 41



