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Fisher-KPP equation:

O = 02u + ru(l — u)

with u(z,t) and a parameter r
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Fisher-KPP equation:

O = 02u + ru(l — u)

with u(z,t) and a parameter r

Belongs to the class of reaction-diffusion equations
Admits two equilibrium states u =0 and u =1
Existence of a travelling wave between the two states
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We consider the following autocatalytic reaction, in solvent S:

A+B—"s0A
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We consider the following autocatalytic reaction, in solvent S:
A+B-ts2A
The reaction-diffusion equations are given by:

A = Da0?A+ EkAB
OB = Dpd*B — kAB

where A(z,t) and B(z,t) are the concentrations of A and B, D4
and Dgpg are diffusion coefficients and k& is the kinetic constant
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We consider the following autocatalytic reaction, in solvent S:

A+B-ts2A
The reaction-diffusion equations are given by:

A = Da0?A+ EkAB
OB = Dpd*B — kAB

where A(z,t) and B(z,t) are the concentrations of A and B, D4
and Dgpg are diffusion coefficients and k& is the kinetic constant

When Dy = Dp, the RD equation of A(z,t) is a Fisher-KPP
equation.
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In a concentrated system, diffusion is perturbed:

ot =020, (1~ 2Youa] - g (B8 +

OB = Dp0, Kl — ?) @B} — D0, <g8xA> — kAB

where C = A + B + S = constant
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In a concentrated system, diffusion is perturbed:

ot =020, (1~ 2Youa] - g (B8 +

OB = Dp0, Kl — g) @B} — D0, (g@xA> — kAB

where C = A+ B + S = constant
Questions

e How does D, # Dp affect the velocity and shape of the wave
front ?

e How does confinement (i.e. S — 0) affect the velocity and
shape of the wave front 7

@ Can we use these effects to detect perturbed diffusion in a
concentrated Fisher-KPP front ?
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Velocity v of a Fisher front
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Velocity v of a Fisher front Independent of Dy and S

—
—_ = =

16000 18000 20000 22000 24000 26000 28000 30000
xz

Az

v=2kVpD,7

G. Morgado (IPC, PAS/ LPTMC, SU) November 7th, 2019 5/20




e NaMeS hr S UNIVERSITE i

HR EXCELLENCE IN RESEARCH

Shape of the front, 2 parameters:
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Shape of the front, 2 parameters:
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Shape of the front, 2 parameters:
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o Height defined as the difference of concentration between
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Shape of the front, 2 parameters:

o Height defined as the difference of concentration between

A(xo) and B(zg) where A(zg) = o>
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To study the RD equations, we define the moving frame:
(z,1) = (C)
(==—t
(%
G="2"ty=0
v
Az, t) = £(C)
B(x,t) = g(¢)
e=1/v?
d = dilute (regular diffusion)

¢ = concentrated (perturbed diffusion)
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To study the RD equations, we define the moving frame:

(z, 1) = (C)
(=>—t
xo

Go=——t=0
v

Az, t) = f(Q)
B(z,t) = g(¢)
e=1/v?
d = dilute (regular diffusion)
¢ = concentrated (perturbed diffusion)
Examples:
fa = A concentration in the dilute case
g. = B concentration in the concentrated case
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Dilute case RD equations in the moving frame:

0=~Fkfaga+ fy+eDaf]
0= —kfaga+ g4+ €Dy
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Dilute case RD equations in the moving frame:

0=~kfaga+ fi+eDaf]
0= —kfiga+ gy +eDpg;

Concentrated case RD equations in the moving frame:

/ 2 7 ;7
O—kfcgc+fg+e(DA[<1_J;c> r- 42 } ) B[fcgc +f2gc]>

! Y 7 1t
OzkfcgcﬁLgéﬁLG(DB |:(1'g‘1>g{’(gp):| *DA [ng(’Jrcgc:|>
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We consider &k, Vy and D4 such as:

ek 1

Diffusion can be considered as a perturbation of reaction (do not
mix up with perturbed diffusion !).
We write f and g as a perturbation series:

f=fotefi+efo+t..
9=go+eq +ega+ ...
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HR ENCELLENCE IN RESEARCH

We consider &k, Vy and D4 such as:

ek 1

Diffusion can be considered as a perturbation of reaction (do not
mix up with perturbed diffusion !).
We write f and g as a perturbation series:

f=fotefi+efo+t..
9=go+eq +ega+ ...

Zero-th order solutions (no diffusion) are straightforwardly obtained:

Vo
fao = feo = 1 wic RS
B B Vo
9d,0 = gc,0 = 1+ e—kV0§
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Now, instead of deriving the solutions for the higher-order terms
fi,2,... and g1 2 ., we focus on the point (y = 0.
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Now, instead of deriving the solutions for the higher-order terms
fi,2,... and g1 2 ., we focus on the point (y = 0.

The expressions for the height and the width, up to the
second-order, are given by:

et -3 [ (- 32)

(=B (D)o (-52) (o8]
/B0 ()
sl 308 (-3) - 3 (-5

D2 D2 —1
(9 Ds TDENVo (T _Dp TDH\ VP
2 Dy 2D2 C 2 Dy 2D2 c?

G. Morgado (IPC, PAS/ LPTMC, SU) November 7th, 2019 10 /20



R EXCELLENCE IN RESEARCH

LJ NaMeS hr g UNIVERSITE @

Comparison between analytic and numerical results:
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Comparison between analytic and numerical results: Height in the
diluted case
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Perturbed diffusion (1;,/C = 0.25) vs. regular diffusion (15/C = 0):
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Perturbed diffusion (1;,/C = 0.25) vs. regular diffusion (15/C = 0):
Height
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Comparison between analytic and numerical results:
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Comparison between analytic and numerical results: Width in the
diluted case
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Perturbed diffusion (1,,/C = 0.25) vs. regular diffusion (1;/C — 0):
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Perturbed diffusion (1,,/C = 0.25) vs. regular diffusion (1;/C — 0):
Width
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Concentration effects :
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Concentration effects :
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Conclusion
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Conclusion

@ The velocity of the front is not affected by the diffusion of B
species nor the perturbation of diffusion by solvent
concentration.
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Conclusion

@ The velocity of the front is not affected by the diffusion of B
species nor the perturbation of diffusion by solvent
concentration.

@ The shape of the front is affected by both effects. The height
is strongly influenced by the ratio of diffusion coefficients
Dp/D4 and the deviation from ideal solution V{,/C. However,
its discriminating property is more efficient for low values of
Dp/D 4.
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Conclusion

@ The velocity of the front is not affected by the diffusion of B
species nor the perturbation of diffusion by solvent
concentration.

@ The shape of the front is affected by both effects. The height
is strongly influenced by the ratio of diffusion coefficients
Dp/D4 and the deviation from ideal solution V{,/C. However,
its discriminating property is more efficient for low values of
Dp/D 4.

@ The width is also mainly affected by the ratio Dp/D 4 and
Vo/C, working better for large values of Dp/D 4.
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Thank You

[1] Morgado, Nowakowski, Lemarchand, Phys. Rev. E 99, 022205 (2019)

This project has received funding from the European Union's Horizon
2020 research and innovation programme under the Marie
Sktodowska-Curie grant agreement No. 711859.

G. Morgado (IPC, PAS/ LPTMC, SU) November 7th, 2019 17 /20



) h -
SORBONNE LEN

g NaMeS hr QD UNIVERSITE ZJM

Cross-diffusion terms derivation from linear irreversible

thermodynamics
The entropy production per unit mass due to isothermal diffusion is

given by:
1 . -
o=7 Z Jx - (—VMX)
X=A,B,S

where T is the temperature, 7x the flux of species X, and px is the
chemical potential of species X.

We consider the framework of the solvent. The flux of species X in
this framework is defined by:

7% = px (Gx — ds) = px (ix — @) + px (@ — Us)
o PX
=Jx ——Js
pPs

where px is the concentration of X, and iy is the velocity of X.
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Prigogine’s theorem: Entropy production does not depend on the
chosen framework.
Therefore:

—r X e (9m) =g 3 ke (~x)

X=A,B,S X=A,B

(o}

Assuming that the solution is ideal, we can write:

px = % + RTlnp%

Using the expression for ﬁ( and ux, we get:

L_PA PAN
JA\ _ P p Jz
(j3> _[373 1— 073 <-7*B>

P P
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Using the expression for ]i and px, we get:

PA PA .
(ﬂ) = T\ (A
“\ e e )\

p

JB
P
Hypothesis: Jf( = —Dxﬁpx (Fick’s first law in solvent framework)
Then:
L PA Pa .
<j:4) o p P DAVpA
o PB PB >
JB L DpVpp
P
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