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Polyhedral realization : a combinatorial description of crystal bases
Crystal base : a powerful tool to study representations of quantum
groups

Goal
We give explicit forms of polyhedral realizations for crystal bases of
affine quantum groups in terms of extended Young diagrams.
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1. (Affine) quantum groups
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|
Lie algebras and their representations (History)

Lie algebra g : Vector space/C with Lie bracket product [, ].
For x,y,z € g,

e [x,x] =0,
o [x,[y,z]l + [y, [z, x]] + [z, [x, ¥]] = 0.

Yuki Kanakubo (MPIM Bonn) Polyhedral realizations of affine type 17.11.2023 4/43



Lie algebras and their representations (History)

Lie algebra g : Vector space/C with Lie bracket product [, ].

For x,y,z € g,

e [x,x] =0,

o [x[y,zll + Iy, [z, Xl + [z [x,y]] = 0.
(I) Finite dimensional simple Lie algebras
(1) Affine Lie algebras
(I1I) Quantum groups
(IV) Affine quantum groups
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(1) Finite dimensional simple Lie algebra g

simple means g has no ideal other than {0} and g.

Example) g = sl,(C) = {(i 3) la,b,c,d € C,a+d = 0}.

x,y]=xy—yx, xyeg=[xylecg

0 1 0 0 1 0
(oo 0o 5

these are generators of g. It holds

Putting

[e,f]=h, [he]l=2e, [h f]=—2f.
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|
Theorem (Serre(1966))
g : finite dimensional simple Lie algebra. Then g has generators ¢;, f;
and h; (i € I ={1,2,--- ,n}) s.t.
o [hi7 hj] =0,
Q [e, f]] = dijhi,
@ [hi, e = ajey,
Q [hi, fi] = —ayf;
Q (ad g)' e = 0 for i # J,
Q (ad £;)%f, =0 fori+#].
Here, (ad x)y =[x, y]. A= (aj)ijes is called a Cartan matrix and
0 a;=2(i€el) ay<0ifi#],
e if a; = 0 then a; =0,
@ (a;) is symmetrizable (i.e., 3D : diagonal matrix s.t. DA is
symmetric) and DA is positive definite.
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|
(aj) is classified by Dynkin diagrams:

A,: e *o— - - — ° ° B,: e — .. —0——>0
1 2 n—1 n 1 2 n—1 n
n—1
°
C,: o o— . —e—e D,: e ._..._./
1 2 n—1 n 1 2 n— 2\,
n
® 0 o 7
Es: o ° l ° ° E;: o—o—l—o—o—o
1 2 3 4 5 1 2 3 4 5 6
LIRS
Es o—o—l—o—o—o—o
7 6 5 4 3 2 1
Fr: o ——0 ° G, : =>e
1 2 3 4 1 2
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Here,
e
I J
implies a;; = a;; = —1,
/ J
implies a;; = —1, a;; = —2,
—e
I J
implies a;; = —1, a; = —3. If / and j are not connected then

ajj = ajj = 0.
The structure and classification of cpx. finite dimensional simple
Lie algebras are well known.

~~The theory of fin. dim. simple Lie algebras are quite successful.
Polyhedral realizations of affine type 17.11.2023 8/43



Considering natural variations of fin.dim.simple Lie algebras, it can
be expected to obtain some new interesting theories.

Variations

e Change (a;;) from positive definite to nonnegative-definite —
affine Lie algebra.

Recall : When g is fin. dim. simple,
o ai=2(icl) a; <O0ifi#]
o if 3 = 0 then a; =0,
o (ajj) is symmetrizable (i.e., 3D : diagonal matrix s.t. DA is
symmetric) and DA is positive definite.

@ Quantization — quantum group.
e Both — affine quantum group.
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(1) Affine Lie algebras

Let (a;)ijes be a matrix s.t.
(] a,-,-:2(i€/), aUSOIfI#J,

o if a; = 0 then a; =0,

@ (a;) is symmetrizable and DA is nonnegative-definite and not
positive definite.
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|
(aj) is classified by affine Dynkin diagrams:

n
@.
AD (23 T TN
e~ eo— - — ° ®
1 2 n—2n-—1
®3
B(lzl(n>3):. l—---—.:'
" 1 2 n—1 n
(1) > '.=._"‘_.=.
Cn—l(n 3)1 2 n_l n
A5y (n23) 0—g— o —e—e
(2) e - @
Dn (n23).I 5 n:1 r.7

and DY, AP . DP® EWM EW EL FM G and EP).
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We need a preparation:

@ Let h be a |/| + 1-dimensional vector space/C and we assume
that {h;}ic; U {d} is a base of b.
o We take o; € []* (I € /) s.t. Oéj(h,‘) = ajj, Oéj(d) = (Sl’j.

Definition
Let g be a Lie algebra with generators ¢;, f;, h; (i € I) and d s.t. for
h,h €bhCg,

Q [h W] =0,

Q [e, fi] = dijhi,

Q [h.g] = oj(h)e;,

o [h.f] = —ay(hf,

Q (ad ¢)'"%e =0 fori#},

Q (ad ;) %f, =0 fori+#].

g is called an affine Lie algebra.
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Unlike fin.dim.simple Lie alg,
o Affine Lie algebras are infinite dimensional.

@ All non-trivial representations are infinite dimensional.

* Applications for g-series, number theory, physics...
@ Jacobi triple product formula,
@ Rogers-Ramanujan identities and their variations,

@ Solvable lattice models.
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(I Quantum groups (Drinfeld,Jimbo(1985)) (='similar’ algebra to g)

@ g : indeterminant,

r

[r]g =2 %1 for r € Lo, [rlg! := [rlglr — 1]q- -~ [1]q,
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Let g be a finite dimensional simple Lie algebra.
Let U,(g) be C(qg)-algebra with unit 1 with generators e;, f; and ¢"
(h € ®jciZh;) satisfying

o qO =1 qhq qh+h’

Q ¢"eiqg " = q"PMe;,

(s} q”f-q"’ = q““"(h)f

dih;
06‘, 5,]%,
1-a; 1—a; 1—a—k & .,
O N1 ] e el =0(i£)),
qi

ajj 1_31 —a,-j—k . .
Do G ] B e I )
qi

Here, D = diag(dy,--- ,d,). Uy(g) is called a quantum group
associated with g.

When ‘g — 1", we get relations of (universal env. alg. of) g.
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(IV) Affine quantum groups

We take A = (aj;), vector space ) and «; € h* just as in the
definition of affine Lie algebras :

Let (a;)ijes be a matrix s.t.
@ a;=2(iel) a; <0ifi##},
o if a; = 0 then a; =0,
@ A is symmetrizable and DA is nonnegative-definite but positive
definite.

Let h be a |/| + 1-dimensional vector space/C with base
{hi}ies U{d}.

We take a; € h* (I € /) s.t. Oéj(h,') = ajj and Oéj(d) = 50,j-
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We can define U,(g) by the same way as in the case g is fin. dim.
simple:

Let U,(g) be C(q)-algebra with unit 1 and with generators ¢;, f; and
q" (h € ®ic)Zh; © Zd) satisfying

o qO =1 qhqh/ — qh—i—h"

Q@ ¢"eiq " =g Me;,

o thjq—h — q—a,-(h)f

Q ef fe,—éu%,
1—a; 1-— djj 1—a;—k . .
o Ti-1 [P e e —0(i2))

q 1

B e e Y e )
qd

This Uy(g) is called affine quantum group.
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Representations of U,(g)

P = {X e b*|X(hi),\(d) € Z (i € I)} : weight lattice
pt = {)\ c f)*’)\(h,),)\(d) € Zzo (I € I)}
For A € P, there exists a representation V(\) s.t. Jvy € V(A) and

evy =0 (Viel), q"vy = g*My, (Vh € ®ic)Zh; ® Zd),

V(A) = <f/1 T 6} VA U1> to 7.jr S l>(C(q)—vect.sp.'

@ V() is an analog of finite dimensional irreducible representation
L(A) of fin.dim.simple Lie algebra.
c.f.) 3¢\ € L()) and

el =0 (VI € I), hey = )\(h)g)\ (Vh € @,'G/Zh,'),

L(A) = <fj-1 T fj-.rg)\|./1’ e € l>(C—vect.sp.-
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2. extended Young diagrams
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|
Extended Young diagram

Definition (Hayashi, Misra-Miwa (1990))

An extended Young diagram T is a sequence (yk)kez., S-t-
@ Yk €Z, yk < yk41 for all k € Z>,y,
@ dy. €EZ st. Yk = Yoo for k> 0.

EX)yo=-3n=-20=y=—1yu=0 =1, yo=1

0,1)—++3 423 X
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|
Extended Young diagram

0,1)—+23 ‘.}j X
0+ q

11+

21l

-3

_4._
y

@ We call red points concave corners and blue points convex
corners.
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Coloring of corners

Definition
We define a map {1,2,--- ,n} — {1,2,--- ;n} =1 as

1,2, ,n—1,2,-- ,n

and extend it to a map mam : Z — {1,2,--- ,n} = [ by periodicity n.

Each integer point (/, /) is colored by mm (i +j) € 1.
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Back ground

Studies in 90's (Hayashi, Jimbo-Misra-Miwa-Okado, Kang-Misra-Miwa)

F(Ax) : vector space /Q(q) having all EYDs with y., = k as base.

o If gis of type X = Af,ljl, C,Ei)l, Agilz or DI, the vect. sp.
F(Ax) is a Uy(g)-module and Uy(g)ox = V(Ax)
(¢k := (k, k,---)) for almost all k € /. Here, Ax(h;) = 0k

@ Roughly speaking, acting f,, on EYD T, a concave corner (i, )
s.t. mx (i 4+ j) = m changes to a convex corner.

(i,j)f - -
5
o N (i+1,j-1)
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3. Crystal bases and polyhedral realizations
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g : finite dim. simple or affine

Recall : For A € PT, there exist representations V/(\) of
Uq(g) = (e, fi, ") sit.
en=0(€l) ¢'w=qg"y,
V(/\) = <6 T f;'k V)\Ula T 7.jk € I>(C(q)7vect.sp.
Crystal base B(\) (Properties)
@ B(\) is a set with maps
&, f : B(\) = B(\) U {0},
which are ‘combinatorial analogs’ of €;, f; : V(A) — V(A).
e 3V, € B(\)s.t.
B(A) = {fi -+ fi,Valk € Zzo, j1,-+- i € 1} \ {0}
It holds §B(\) = dim V().
@ There is a map wt : B(\) — P s.t.

= = = h:
wt(f;, - - - f;,-Va)(h;) = Eigen value of f; --- f, -vy € V(X) for g™
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By studying B(\), we know eigenvalues of V(A), dimV/(\) and
structures of tensor products and so on.

To study B(\), combinatorial descriptions are useful.

Today, we consider the polyhedral realizations which describe B(\)
in terms of (infinite) integer vectors.
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Let c = (---,h, i) be a sequence from | = {1,2,---  n}.

ZFA = A0 a,a)laj € Z, a =0 (k> 0)}.
One can define maps denoted by £, & : Z>°[\] = Z>[\] U {0} and
wt 1 Z>2[\] — P as follows:
Forr€ Zsyanda=(---,a,a1) € Z>[)],
a) = a, + Z aj,,i;dj (r S Z21)7
j>r

()( A(hy) —|—Za,,,aj (kel),

j>1
M®(@) := {r € Z1i, = k, o.(a) = oc¥(a)}.
wt 1 Z>°[\] — P is defined by

a) == iaja;j.

Jj=1
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One can define }
&, f : Z°[\ = ZX[\ U {0}

as

(f(@))r == 3, + 6, minmoa) if 7 (@) > 0§ (a); otherwise (a) =0,

(8c(@)); 1= 2 = 6, masmivga) if 0¥(a) > 0, 0(a) > o5 (a)
; O.W. ek(a) =0
fora=(---,a;, - ,a,a) € Z>[A].
Essential point : Above &, f; and wt are defined by only sum of

integers (in particular, without representation theory). Everybody
can compute them by following the above rule.
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Theorem (Nakashima)

There is an injective map

VN B()) = Z°[\]

L

s.t. \UE’\)(V,\) =(---,0,0,0) and v commutes with &, f and
preserves wt.

By this theorem, we can reduce calculations of &, wt in B(\) to
N——
important

&, fi, wt in Z2[\].

——

computable

Definition

Im(WM)(=2 B())) is called a polyhedral realization for B()).
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Example) g = sl3(C (

a b c

d e fllate+i=0
g h i

)=20

A€ Pt st ANhy) =2, AMh

B(\) = {fi - f;7x} \ {0}

P P
72 v N
h . h

N . S
AV BV
f
PRV

Thus, dimV/(\) = 6.
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Yuki Kanakubo (MPIM Bonn)

A A
vV (B(N) (0,007 (0,0,17  (0,0,2)
A
(0,1,1) (0,1,2)
#
(0,2,2)
Here, (a3, a2, a1) implies (---,0,0, as, ax, a1) € Z2[A].
a
integer points (as, a,, a;) satisfying
az=0,2>a >a>0 a
0 2

Crystal base <> integer points of a polytope
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Question

Find an explicit form of this polytope like as
a3=0, 2>a >a >0.

Case : g is fin. dim. simple

Nakashima-Zelevinsky(2002), Hoshino(2006)
e t=(--,n---,21,n---,2 1) = an explicit form is given.
K-Nakashima (2021)
o If g is type A-D, ¢ is cyclic then the inequalities of explicit forms
are described as column tableaux.
Littlemann(1998)
@ . : 'nice decomposition’ = an explicit form of string polytipes
S,()\) are given. This is a ‘dual polytope’ in certain sense.
Gleizer-Postnikov(2000), Genz-Koshevoy-Schumann (2021)
@ . : any, g : type A = explicit forms of our polytopes and S,())
are given via wiring diagrams, Reineke crossings.
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Case : g is an Affine Lie algebra

Nakashima-Zelevinsky, Hoshino, Hoshino-Nakada

e g : classical affine type, t =(---,n,---,1,n,--- 1) = an
explicit form of the polytope

Goal

In this talk, we consider the case g is an affine Lie algebra of type
Ag,l), ¢ is cyclic and describe polytopes in terms of extended Young
diagrams.

Remark

We obtained a result for types A%, D,(,i)l, ¢t and Agi)
(arXiv:2301.05800).
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(1)

n—1

4. Polyhedral realizations of type A

Yuki Kanakubo (MPIM Bonn) Polyhedral realizations of affine type 17.11.2023 34 /43



Notation We take iy, - , i, s.t. {i,--- ,in} ={1,2,--- ,n} =1 and

L::(”' slny 513,12, 11, 1ny " - 7l3al2all)'

o We define x, € Hom(Z>,Z) as xk(- - - , a3, a2, a1) = ax.
o We ldentlfy ZZ]- with ZZ]- x | as

'72n7"'an+2an+17n77"'7271
o a(27in)7"' a(27i2)7(27 il))(lain)v"' 7(17i2)7(17i1)-
Example) t = (---,2,1,3,2,1,3,2,1,3)

(' e 7X7,X6,X5,X4>X3,X2,X1) = ( o ,X3,3,X2,2,X2,1,X2,37X1,2,X1,1,X1,3)

For i.j € 1 (i #)).

1 if (i, o- i
Pij = . ( .1)
0 if (fny--+ 1)
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For k € I, we set P(k) := 0 and inductively define as
Pk(t) = Pk(t - 1) + pﬂA(l)(t),ﬂA(l)(t—l) if t > k7
Pk(t) = Pk(f + 1) + pTrA(l)(t)’ﬂA(l)(t_;,_l) if t < k.
For an integer point (i,j), s € Z>1 and k € I, we put

Lo k(i,J) = Xst-Pu(i+j)+min(k—ii)m (i) € Hom(Z>, Z).

Key definition
For each extended Young diagram T with y,, = k, we assign a
homomorphism:

Ls,k,L( T)
= 3 Lu(P) = > Lu(P)
P:concave corner of T P:convex corner of T

o0
€ Hom(Z*>,Z).
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Let EYDy be the set of extended Young diagrams with y., = k for
k € | and

Comb,[00] := {Lsx.(T)|s € Z>1, k €, T € EYDy}.
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k = XP(r),m ) (r) — X14Pe(r=1),m 1) (r—1) (r € ZZ’<+1)7
k = XPy(r—1),m 1y (r=1) — X1+Pi(r),m 1) (r) (r S ZSk)-

Comby ,[A] ==
st A T
Y R e
(GRSUNIEES " < Lmmth—
(Lo (T)+ A(h)| T € EYDy \ (¢¥1} if 8 2 i 8 :ﬁ:gi i 1

Here, ¢* € EYD, is the extended Young diagram without boxes.
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Theorem (K.)
Let g be of type Af,l_)l (n>2). Then

)y _ x| ¥(a) =0
Im(\U ) - {a €Z ‘ Yo € CombL[OO] U Ukel Combk,b[)‘] '

Inequalities defining polyhedral realization Im(\llf’\)) are expressed via
combinatorial objects such as extended Young diagrams and boxes.
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N
Example : g : type AV, k=1, 0=(---,3,1,2,3,1,2).

O, , OV, OV, O,
0 0 —l Oe

of o o sl

Ls,l,L(¢) = Ls,l(oa 1) = Xs,1,
Ls,l,L(Tl) = Ls,1(17 1) + LS,l(OJ O) - L571(17 0)

= Xep12 T Xs3 — Xsy1,15

Ls1.(T2) = Ls1(2,1)+ Ls1(0,0) — Ls1(2,0)
= Xs+13 T Xs3 — Xs42.2,
LS,].,L(T3) = Ls,l(]-a 1) + Ls,1(07 —1) - Ls,1(17 —1) = 2Xs+1,2 — Xs41,3-
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Z21HZ21XI7 1H(172)7 2<—>(171)7 3H(173)7
(1,2) < (1,1) < (1,3).

We have Comby [A] = {—x12 + A(h2)} and

Comby [A] = {[r]; + A(h1) |r € Z>>}.

One can compute

1 = X12 — X1,1, 1 = X13 — X22, 1 = X1 — X3,
1 = X32 — X3, @1 = X33 — Xg2, " -
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Next, we consider

Combs, [A] = {Los.(T) + A(h3)| T € EYDs \ {¢°}}.

(0,3) (0,3) (0.3)

2 X 412—>X 2 X
2 _l 20 l 2 J
1 1 1 ¢o—
y y y
= T} = T? = T3

Loz (T3) = XPy(4),7 1) (4) T XP3(2)m, 1y(2) — XP3(2),7 (1) (3)
= X1 +tX12— X3,

Los,( T32) = X2t X2 — X271,

Loz (T3) = 2x1— xp.
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Therefore, we could partially compute inequalities:

;

Im(VWN) =acz™

Yuki Kanakubo (MPIM Bonn)

S Zzl’ as 1 > 0,

as412 + as3 — asy11 > 0,

as413 T as3 — asy22 > 0,

235110 — as413 >0, -+

a2 < M), a1o —a11+ A(hy) >
a1z — a2+ A(h) >0,
a1 —axz + A(h) >0,
azp —asz1+ A(m) >0,
d33 — d42 + )\(hl) > 0 s
a1 tap— a3+ A(h3)
a2 + a2 — a1 + )\(h3)
2a11 — axp + A(hs) >0, --

?
>0
>0
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