‘/Re\asc‘\\rfs)ﬁc Toda ‘Aa_mmﬂ)niam.s associoded wi%\
o Qaw\i\% %) cluskn algebws

Boar Kedem ( TUxrois)
Doint it %\"\’?@ D Fancescs

CQP/I HES /NOUEm_laer Y aes



COmbir\a-\-om‘a\ fP’UlO)em : ; VE }i: i)fnl‘k-&imeﬂsfe'r\a( aﬁﬁl‘(\g alge[om modules

Q
Feigin-Lddeu: grding on BV = D wWLm3

N\ 3\'&\3‘6& componer\%’

{ m
COMP/\-)Q C‘l/‘afZlCW 7?122'(/%) - Z q C\/\Z WEW\—.] = ; ngc?’ \ (‘1\ SA(X)

mzo

If al) ;\/;?'\:'“—Puno(amer\"?\\” (€~3* < \/{uﬁ) 990"‘3}= ébN)

?%vﬁ(l(_)7) = g- Whi Hzker —eur\c_{\‘&r\ = lien Macdonald Po(ﬁr\ow\,‘of (P;\()(,'ci,-t)

L

M€ 2

X=9 5 H=C[ (>\=Zﬁcwc> = 77({‘/_; = /f‘ ({ﬁ/\czdfl

Proble m : gx\o\eu‘.n s @0/‘ al) ‘Zj)




Tygoe Ae, Sphoreal DAHA

aereradors : {&( Xy Xn) S @a Oy o, V) "
(XX en VY ))o,

£17 7N
Funchonal ?epresenb‘h‘e—n on djg,t [$2%'F)
. 8&(3(,;%) —  C,&x:}) (acts by mu)ﬁ'ﬁ“(a‘l‘l‘%)

. C.(Y) — Z/—\IO@W’ = §)alX -
Ich,N]

JZ)=0 q_dg%ﬂmu cn X

Macdona|d Operators

-National n {’(‘/ﬁ =" //359«*}

J¢r J .Pcbammial NPT



Moacdonal d — Fouder Travrsborm  and $M\I'L1

a

_ (z
5i66r\£unc+\‘s~n5: Da )Pt = + e.(s ?9(5) e {:Wﬂ’\")
¢ Solubon (?Q‘(X) wrwque  Up 1o V\O‘lm\ijo\"'fev\
* When N = M#eger Poﬂh%cm (PA(X) %Macdom]cl_ ’POL:jV\OMfa,[S

NTP Do = g-difference opemtor in3xd & &) T00 = £ (S)Prx)

Q(Q '—‘“ WC(JOVMM—Foun'eM WSQ-D/MU sz 0@(5)’ q—oufkﬁﬁl\ca oFein.JrDF =2 _f

—

@) Dualidy : Debine P(x13) = 2R pioo = 5% P00

A, | PISY P(s) x)

ANx) A (D) A = TT (559 R P
[,>(j (q.@j'x?; )-c))oo ) (X)7)N f‘!l/a(" C]x)




(P{ern' ,‘R\A]Q —ff’Dm ®mA\.‘J~J

D) P(xIS) = ,(HPXs)

S Do AR PEhd « DA Peh)  « Dulily TS FE
NE Pz 269 ACD

= (A"(x)’D.(xM(x)) Pislx) = e,(8) P(s]x)

= <A|f5) (D‘(S)A(S))?(X)S) = &,(x) P(xIs) e Fename g &> X

5 [eoP(x) = H (P =

C = N.(s)

f%a(s)‘%:)= ol—dL&Q-'P ops o 5

= ”OO MM u\'|'|'r\3 Howniltonians ”

B 20 - 3 T (A

—_— N S .
l . _| - L ')\J.-’-'
d<L ) - t‘ q | - {(ri q'/\c-’\j*'> —Q‘,«j) 7);7(1 C‘ J 01 'TA



a- Whiknker Qimit + (£ o)

-a(V-a) { X

— Tr ,}TF-T;GL

O’L ﬂ& (X> — Dq (X) — frz)t‘a[-{):; XL—X (€T 1

‘ —&(N‘-a)—@j) Ao e A Arwe

0 Qnger\unluszs t %(93:;2 q 9
_ o [ ?\{-H')\,: —_—

o 9—8‘(5) = H\ (:l.) - Z Q— q ) ’q*‘:c]

U= ’

6 QQCX) — La(Xx)

Do 60 T ()= 9™ TR0
E. 0 TUN ) = Ho () T, (¥

T
919

0ot m@ladiur shic OJQN Toda acHnj on O]A

g ~ W Heker Lunchion
M, (X) -

(iunclv'or\d) Cf;\
x= ")



@, -
iscale evpludien C’Dmvr\uc\‘ing With $ H«OOZ ¢
SL,(Z) ads on DAHA |

. =
( € SL ( ) QC‘JS on funckmm\ ne b
N Y, p 2y ‘l’)’(x)

where ?/(x)=e/xngﬁg><)
= 99

 Ackion on O alx)i  Use Ad + Txa = X T /—UJ‘
y ‘5 “1 °9"’09U")

e How 4o compwuie Y(A) 2

Answer b€|ow N q'-wl'\»HZ«ker Q;‘m')'



_ak -l
Thaoram: Dak &)= Ol 4e%) ’DQ/X) Sa%'sg c,Q-Sjs)em evdiuthion ...

Dedina %OJ bé Da,k = q% g“kﬁaa'k whoe Doy SaHs% Hg recurs;en

(0§ —_— — —_— 2 — -
(n q @a,u—(®a,h+l = (:Da)u_ thL—lJb\rDa-HJ& (e/xcl/lamge)

q—

mm(a.b)——

(2? OOL £\ Db L —q

Dy, kDa LUl (‘1'0’”‘”‘) (&zl).../\\l) L(GZJ

— 9\’ w o
InHal ‘Data - CD&P - 0, (@Senvalﬁ 5 —@a - 9;\ o T -
) Dox) ) 7 ° 91

N

Ton g(3) 7 )T

L=

fim g(g’) Tr,\(x) = /(X)T—(X) mf\ot Unigueness of cyl.JL\ Hake - ‘flmdxaﬂ
= D,k (¥ 3&%5% oPPos()-Q o’@ Sjs}em

(ﬂ %,7)" commues with H, (A)D g(f\):@)



Clusler algebm. The g-phitiker limit o sDAHA hos CA shruchune

(28 2
(n 9 Dajt Dot = Do = Dactn Dacvn| Do .>ﬁ<.m.
s = N-{
® D Mlﬂ[ﬁlb) lo 'D Do ><'D&l
) = )k A
(2 o,k Lo ke q H —

-%D%zﬁ are A 5@/)9 clusden vanibles

o 4\1 euvoluh'on AJg w A /Q.ZCTMQA’\CQ d2) mutad™ns (De]'\n w)sJ-)
at Ce)

e MOM? 8(?\) = é‘mlua{'\'o‘r) 62, G- ) BOJ)(*‘Q/\ OPQI'Q‘I‘Dr ! @(‘U,U‘) a_J‘

\A:U‘:\



2 Schrader - Bhapin Beaxies operador

0"/:;—,;‘ QL\JO ‘/(\_/\, !/ o;/é\t ,l}t
2,2 25 s 2N T IS L RN
ARSI S AR S B R
'U-' ]
\ L
NN >§ﬁ K T
N, N N D Nz %

Q (U) U’) = Sequena of mutabens = adjofn‘: achon 7 I_I?Dflo\js ()CL)

“Theorem: AJ@(I)I) = AJS(?\)F\ (ujl'r\g identites  on cff'lOﬁS) . 2y



AU}

p—

lﬂpe BCY sbARA =< %,,,(SLX:}), éi.(;‘/.;ﬂ)

A -\ ~
S,= Xy 4+ + Kfo o0 #K,

C e
Funchional rePreSE’r\'la.H@.n-_ WE ekm@f’bﬂ/j Symmetric Yunchons

A S
ei(Y) —> Koomwm&l@\ O.Fel‘a+'a-/ Qlos)z Z @‘:/E (X)—];f N ?{z)

4 220 £
d?c,z (X)= TTO-u xE) (1- X 8)(|-qx§‘)" T AxiX) -}
UEFAbG,] Jie XJEXJ-,)-I

M=)

D60 hes eigenvalue crtMé,@)) S o’th’\‘ o= aj’o(—‘i

eigemQmeHw = K pornwindea fuhc#ons



Koornwi r\JlQ/(DU\aQZJ.j

“heoram: 3 normaligeds e o3 K oor n windon ejgen—guﬂch‘ans P(xIs) s.&.

Pexls) _ P sl
A(X) N (S)

N
S:= ot

_|abed

q

II’)VD\AL""\S’V\ *x (a)b) C)°’> — (a_xJ b*}caf)c]a‘) = (gl%/C%) ’Lé%—f; Jﬁ?d&_) —/‘7_%—4:)

N 2
Apo= T ATl T (CIXQ'xf;‘;)oo
M:az:la_,—c)é, (q/“xi ’ 7)” ‘:{j (% x':‘)()‘{)?)oo

E=1

Pleri_oporatoss M, (8) Pxls) = 8,00 P(xIs)

whorie g’ea (53 = A¥(5)—‘ 'D—)a(s) A*(se)\ N T

LA
9



q,-(Aﬂ\{Hz«ker O,thL DePends on Pwew (a)b,c,d)

Scole with L

Afdine algebr | R Rr* a b < d
q—@l«i”‘alfer Qimil: 'l',—')oo az %“(s) ’Dﬂ) Dn DN [ - V'c'(‘ "M
Jibferent £ ench specializatn | B R
o
OJ) (ﬂ) CN \r— "‘T: ﬁ::| -d_t—t}
) S = 2
f;’:o N = HT Az Cu|Cn | & -R 77 -7
(:l?n BN B t -1 ‘Ll@ "‘E‘i
Ay BCy | BCy t -1 Viq -l
(0())
Example:  H,o% (2) = T+ ZCI— A )(‘ﬂ T - A );
ohan o (;:-\ ) - stmpla rodks o R
(= o, iF <)



@lj(‘j‘tﬁ)‘? %W QA}OL«A‘l')Q—»q <W£ o, = Short root)
):H[ﬁ()\) %ﬁ)(?\y] o by e e erelkdben ¢ cpertor g@)@)

Mow For each o = XN) (X AsCD ; r“12)

dha  Fime-+roms lakion operstor %(ﬁ () o e evoludion 7 o o1-type
quartum Q—sjs}e,w\
. g=1: “Recursi on Roladisn Lor characens o) Pite -Aim @f? ( j)—quDS
o q(:kj_: qu&ana‘H% Yy < lusen aﬁgé@meb shructune
(Bxcapt 2 Adn



Q- s\Js:lem evoldions

) -\ 2 E Ceal. TBA 80’
Qaka = Qak- (Qq,u-bﬂ—&m )| KedlorResheikhin lake g%
~a Kuniba ef ol 9p7%

(éim’o‘ﬂj— laced o AR, oY

Disole, in-legm\o\l evo\ub o in k C :Co.nbm mad3 % o) "’:j’PC (’2

@
T2 op+ A, i b o clustes Agebrmn with exchange ot

r |—7
C’):C*T -C

I | o ~ Q- defen mnkiom &> quandum
Austen al gebora .




@ wantum @ —-Sv\s)r@m

/Recurs)‘mf\ P ’(\ﬁY\—OOW\mw\’iﬂﬂ uafu‘a‘o\ﬂs ;Qo\,k’k ach N, ke 7

(W:)LOB ) A

() @a,o Q‘o,l = 0‘ @b,( é\a,o O(fcow\wm-}n—]-,‘e—ns

(W Wa) A A 2 (g
@) O‘ @a,‘e—n@o\,\'\-( = @a,k - q/na)k “rutations”

r\r\r\cmavm'ml in &L,h’ , b~a
Discrele leesmlo\g evoluhon &~ k

(9)
Thm: l—\a?(%) (C_ovnpv\leé Yom Koornwindea spedal(joch‘aﬂ)

N\

G) I
COW\mmk wi% q@—.s_xjs}em -hrvxc—'l’ransloc"'\m 9(75‘ :%Qq,l& —>$@a, lt—\-tj

+ (A s g-ohitaker +ans form o {(;) (or d’—e(x))

(9N

H L are elements Ln tupper clusler algebr", Laurent ¢n {quk‘




How 4o prove Clain  [DFK2T] :
Com])mlé 8_(9\‘) :Pmm Cf@ S:jslem eo]ua{q'aﬂs

2. Grow [H ('\3 Cd(%)] =0 ([os compulation )

3. = 5(A) <) = e;ger\-ﬁunchen J) H?(A)=> o T ()
4. ComFuk Twoymjn'analiLj constant & = [(x) (o ) ;x) )

%
@)
® D okt 59:)7'5% g8l sysiem J ‘FHP@ ?

N <
.q—LOl\.lH'ake/ %nch@ns T‘;(x) o< —{:]"‘D:::L(X)"L ) ’\=th|/\-)o\

oDa,wo 1 = gmded chamden o) KR- medule o Uy(o)

Nayk

o H Dak (x)-4 = Cl’\a‘uc"el’s Of F[_ gfvdﬂd (P/‘DdMC‘I‘ 68 KR— PYIo:Ju\es



&mcmk&

o @a/x'Jé/\ OFQ/R"ZN’S Qo Sequancﬁ,s oz MW}-aHeﬂs%) BC -}:.jfes'
(Bamc*l&\ olpeﬁz'\-of q— @<Pom/\fba,( 9@0!‘0&10_3 $n d) }—/ (‘\)

sl

ex Ds:

)

«
- Whan CE'S ‘31\(1 , (D AZN
( B‘l CM IOO{“ cComu —Prom AZ_N“ ) DN-H

Hami lbonipns ana ngeo

)
o Finile T Hima  Hans|ohon: A:w - Koormwindes !




