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Preliminaries

eg=nudten_ ={e;,h;, f;): Simple Lie algebra (— Kac-Moody),

A = (aij)i jer-=(1 2, ny - Cartan matrix for g

o {@; : i € I}: set of simple roots, {h; : i € I}: set of simple coroots such that
a;; = a;(h;). Define the root lattice Q := €, Za; > 0 = @), Zsoc;. For

B =+ - +a, € 0., define the height of 8 by |8] = .

e (, ) : symm.bilinear form on t* s.t. (@;, ;) € 2Z-¢ and A(k;) = %é“a’l)) for A € t*.
(We shall use the notation (h;, A) for A(h;). )

o P:={Aet"|(h,A) € Z(Vi € I)}: weight latticed P,: dominant weights
e P* :={h € t|(h, P) C Z}: dual weight lattice

o W = (s;|iel): Weyl group ass. P.

o Uy(8) := (@i, fis ¢"ierner: quantum algebra/Q(q)

o U (9) := (fidier, U;(g) := (e;)ics: Nilpotent subalgebras

TosHiki NAKASHIMA partially joint wor Localized Quantum Unipotent Coordinate Category November 21,2024  4/38



Quantum coordinate ring

(Unipotent) quantum coordinate ring A,(n) is defined as a restricted dual of U7 (g):

Ay = EB A Ay := Homgyy (U (8)-, Q(9))
BeO-

Note that we get the isomorphism of Q(g)-algebras
U,(@ — Am  (fi— F).
The Z-form A(n)z, -1 is defined by:

AM)zgq = ta € AM) | (a, U, @) € Zlg, g~ '1).

[g.9
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Crystal Base |

Let A c Q(q) be the subring regular at g = 0. A pair (L, B) is a crystal base of
M € Oy (g)(resp. U, (9)), if it satisfies:

@ L is afree A-submodule of M (resp. U, (9)) such that

M=Q(q)® L (resp. U () = Q(q)®4 L)
L= GD/IL/l (L/l =LnN M/l)

@ B is a basis of the Q-vector space L/qL and
B=1,B, (By:=BnNL,/qL)).

@ é&LcLandfiL c L. (¢, f; € Endgy) (M) Kashiwara operator)
Q &Bc BuU{0}and fiB c BL{0).
Q Foru,veB, fu=v < é&v=u.
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-
Crystal Base Il

By @ of the definition, B holds a colored oriented graph structure, called crystal graph:

Definition

The crystal graph of a crystal B is a colored oriented graph given by the rule:

bi—by, < by=fb  (bi,b>€B).

Let V(1) (resp. U, (9)) be the integrable simple h.w.module (resp. nilp. negative subalg. of
U,(9)) with the h.w.v u, (1 € P.) (resp. 1 := u.,). Define

L(A) := Z Afy - faua, BQ) :={f; -+ fiuy mod gL(A)|i; € 1,1 > 0} \ {0},

ijel1>0

L) = Y Afy- fitko, B():={fy -+ fius mod gL(eo)|i; € 1,12 0} \ {0}.

ij€lI20

Theorem (Kashiwara) J

The pair (L(1), B(1)) (resp. (L(c0), B(x0))) is a crystal base of V(1). (resp. U,;(g)).
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Tensor product of Crystal Bases |

Tensor product of crystal bases is one of the most beautiful and useful results.

Let (L;, B)) be a crystal base of finite dimensional U,(g)-module M; (j = 1,2). Set
L=L ®L,andB={b, ®b,; b; € B; (j =1,2)} C L/qL. Then we have

@ (L,B) is a crystal base of M, ® M.
Q

z fibl ® by if pi(b1) > &i(by),
i b ® by) = 3 .
Jilb1 ) { bi® fiby if ¢ilby) < &i(bo),

by ®éb, if gi(by) < &i(by),

é(b1 ®by) = { &by ®by if i(by) = &i(by).

where [&(b) = maxtk 2 0; b #0)| |@ib) = maxtk = 0; fib#0)

e —> 00— 0 —He— 0 — e — 0

&i(u) u @i(u)
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Crystals

“Crystal” is a combinatorial object abstracting the properties of crystal bases.

Definition (Crystal)

A 6-tuple (B, wt, {&;}, {¢i}, {&;}, {f,-}),-e, is a crystal if B is a set and 90 ¢ B and maps:

wt:B—> P, g:B—o>ZU{-o}, ¢ :B—>ZU{-o} (el (1)
& :BU{0} > BU{0), fi:BU{0}— BL{0}(el), 2

satisfying :
Q ¢i(b) = €i(b) + (hi, wt(D)).
e If b, ¢;b € B, then Wt(é,b) = Wt(b) + a;, Si(é,'b) = 8i(b) -1, (,D,(élb) = ng(b) + 1.
Q Ifb, fib € B, then wt(fib) = wt(b) — i, £i(fib) = €i(b) + 1, wi(fib) = @i(b) — 1.
Q Forb,’ eBandiel, onehas fb=b < b=2¢b'.
Q Ifi(b) = —co forb € B, then &b = fb = 0 and &;(0) = f,(0) = 0.
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Crystal B;

Fori e I, set B; := {(n);|n € Z} and its crystal structure is given by

wt((n);) = na;, &((n);) = —n, gi((n);) = n,
gi((n)) = ¢j((n);)) = —o0 ([ # j),

&) =@+, fillw)=@m-1),
2i(m) = film) =0 (i # j)

Crystal graph of B;:
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Explicit Crystal Structure of B, ® --- ® B,

Fix a sequence of indices i = (i1, - - ,i,) € I and write
(X1, Xp) = f:fl 0), ®:-- ®f;im(0)im = (=x1)i, ® - ® (=Xp)i,»

where if n < 0, then £7(0); means &:"(0),.

The crystal structure on B;, ® --- ® B, is given by: Identifying x = (xi,- - -, x,,) With

an element in Z™, define
o) 1= xe+ ) (b, ai)x; (k€ [1,m)),
J<k
(x) := max{o(x)|1 <k <mandiy =i}, (@i€l),
MY = MO(x):= k|1 <k <m, ix =i, ox(x) = 7Px)} (€D,
1715? = %ﬁf)(x) = max MP(x), m? =mP(x) = min MO(x) (iel).

the Kashiwara operators &;, f; and the functions wt and &;, ¢; as

ﬁ(x)k =X+ (5,{’”7(;;, &;(X) == xp — 6,(’,7,1,,,
wi) = = Y xe, &0 =50, i) 1= (i, WD) + (1),
k=1
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Cellular Crystal B; =B,,;,.,, = B;, ® --- ® B;,

For a reduced word i = iyi, - - - iy of w € W, we call the crystal B; := B; ® --- ® B;, a
cellular crystal associated with i. Indeed, it is obtained by the tropicalization from
the positive geometric crystal on the Langlands dual Schubert cell X}/
(w=si-5;)

Theorem ([Kanakubo-N])

For any simple Lie algebra g and any reduced word iyi; - - - iy,
the cellular crystal B, ;,..;, = B, ® B;, ® - -- ® B;, is connected (as a crystal graph).

N = Il(wy) : the length of the longest element. For Yk < N,

B, i,-iy IS connected = B, ;,..;, iS connected

since B; ® B, is connected = both B; and B, are connected.
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|
Cellular Crystal B; — Subspace H;

Fix a longest reduced word i = i; - - - iy, define the function B, by

Bi(x) := o (x) — ok (x) = xp + Z (hi @i )xj + X
k<j<k*
(*:=min{{m |k<m <N, iy =in) U{N+ 1}}, | <k k" <N)
Define H; c ZV:

H; := {x € ZV(= By) | Br(x) = O(Vk s.t. k* < N)} c B;

v

Proposition (Kanakubo-N)

Fori=1iyi,-- iy, k=1,2,--- ,N and a fundamental weight A;, we define

A = iy si, sy, b= (R EY) e By
= Hi=7Zh®Zh, ®---®Zh,

.
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B(co) : crystal of U, (9). We can realize B(co) C B; = Z" by e.g., polyhedral realization.

_

g=Ajy-case: B(co) ={(x,y,2) €Z’ |0<x <y, 220} CZ =By

Lemma (Kanakubo-N, N)

For h € H;, define
B'(c0) := {x + h € ZV = B; | x € B(x0)}.

@ Forany x + h € B*(x) and i € I, we obtain
G(x+h) =e(x)+h,  filx+h)=fi(x)+h,
and then B'(c0) is connected.
@ Forany h € H;, we have B(co) N B''(co) # 0.

o
Bi= | B'()

heH;

By the fact that B(e0) is connected and this lemma, we can show that B; is connected.
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Quiver Hecke Algebra

For a finite index set I and a field k, let (Q; ;(u, v)); je; C K[u, v] be polynomials satisfying:
0w, v) = Q;i(v,u), Q;;(u,v) = 0forany i, j € I and some other conditions. For

B =Yima; € Q. with |8] := 3, m; = m.

For B € Q., the quiver Hecke algebra R(B) associated with a Cartan matrix A = (a;;); j=12,..»
and polynomials (Q;;(u, v)); jer is the algebra generated by

el el ={((v, - ,vm) | Zaka Lo ah<ksms  {Tihi<iam—1 SEER = @R(ﬁ)
BEQ+

.

The defining relations are homogeneous if we define

deg(e(v)) =0, deg(xke()) = (ay,,@y,), deg(re(v)) = —(ay,, &y,,,).

Thus, R(B) becomes a Z-graded algebra. Here we define the weight of R(B)-module M as
wit(M) = —B.

V.
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R-modules |

@ Define the graded shift functor g on a graded R(8)-module M = @kez M; by:

M = Py, where My = My,
keZ
@ For f € Homg(¢*M, N), define deg(f) =
@ For M € R(B)-Mod and N € R(8’)-Mod, define the convolution product by

Mo N = RB+B)eB.B) @rparp) (MON) (e(B.f) = Z e(,))
v ]ﬁ’

@ MVN := hd(M o N) (head), MAN := soc(M o N) (socle), where the head
of a module is the quotient by its radical and the socle of a module is the sum
of all simple submodules.

@ A simple R-module M is real = M o M is simple.

Q If M = M*, we say M is self-dual.
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-
Categorification of U_(g) and A,(n)

R(B)-gmod: Category of finite-dimensional graded R(8)-modules

R(B)-gproj: Category of finitely generated graded projective R(3)-modules
Define the functors

E; : R(B)-gmod — R(B— a;)-gmod by Ei(M) :=e(a;,8 — a;)M
F; : R(B)-gmod — R(B+ a;)-gmod by F;(M) = L(i) o M,

where e(a;,f — @;) := e, €(v) and L(i) is a 1-dim. simple R(a;)-module. They
satisfy e.g., E;F; = q[.‘2F,-E,» + id (g-boson relation) and g-Serre relations.

Theorem ([Khovanov-Lauda, Rouquier])

Let K(R-gmod) (resp. K (R-gproj)) be the Grothendieck ring of the monoidal
category R-gmod (resp. R-gproj). Then we obtain

K (R-gproj) = U;(g)z[q’q—l], K (R-gmod) = ﬂq(n)Z[q,q*I]
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Categorfication of B(c) by Lauda and Vazirani
For a simple module M € R(B)-gmod, define

wi(M) = B,
&(M) =max{n e Z|E!M # 0}, @i(M) = g(M) + (h;, wt(M)),

(@j.07)

EM = q;""soc(EM) (q::=q * ),
FiM := g7 hd(F;M).

Set B(R-gmod) :={S |S is a self-dual simple module in R-gmod}

Theorem (Lauda-Vazirani)

The 6-tuple, (B(R-gmod), {E,»}, (F3}, wt, {&:}, {¢:}) holds a crystal structure and there
exists the following isomorphism of crystals:

¥ : B(R-gmod) —> B()
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Braiders and Real Commuting Family |

Let A be Z-lattice and 7 = @,.47, be a k-linear A-graded monoidal category with
1 € Ty and the bifunctor o : 73 X 7, — T4, (Later A will be the root lattice Q)

Definition ([KKOP])

q: central obj.in 7. A graded braider is a triple (C,R¢, ¢), where C € T, Z-linear
map ¢ : A — Z and a morphism:

Rc:CoX - ¢®WXoC (XeTy),
which is functorial in X and satisfying the commutative diagram

Rc(X)oY
CoXoY$—q¢u)XoCoY XeTy, YET,)

XoRc(Y
M l e

q‘b(’H")(X oY)oC
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Braiders and Real Commuting Family Il

Let I be an index set and I := ®,;Ze; and 'y := ®,;Zsoe;. (Later T will be the
weight lattice P and I, be the set of dominant weights P,.)

Definition ([KKOP])

We say (Cj, Rc;, ¢:)icr @ real commuting family(RCF)of graded braiders in 7 if
@ C; 7 forsome 1; € A, and ¢;(1;) = 0, i) +¢i(4;) =0 (i, j € I).

e RCi(Ci) S kxidcioci (l (S I), RC,v(Cj) o ch(C,-) € kxidciocj (l, ] € I)
(Note: R¢,(C)’s satisfy the "Yang-Baxter equation” on C; o C; o Cy.)

v

Lemma ([KKOP])

For a RCF (Cy, Rc,, ¢:)ier, Abilin.map H : I x I — Z such that
¢i(1)) = H(e, ej) — H(ej, ¢;) and there exist
{C* e T |ael,}andisom. &,5: C* o CP—g"@PC*B(Ya,peT,).
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Localization |

Definefora,Bel’, Dopg:={6€l'la+06,f+06 €I}
JInductive system {Hs((X, @), (Y, 8))}sen,, € HOM(C**® 0 X, Y o CF*)

Definition (Localization [KKOP])

We define the localization of monoid.cat. 7~ denoted by‘7~“ orT [C;"1 |iell:

Ob(T) := Ob(7T) x T,

Homp(X,o).(Xg):=  lm  Hy(X.a).(XA),
seD(a,B), A+L(a)=pu+L(B)

(X, ) o (Y,B) := (g ?BVH@B (X o ), a + B),

where X e 7, Y e T ,andL:T — A (e; = A;)

TosHiki NAKASHIMA partially joint wor Localized Quantum Unipotent Coordinate Category November 21, 2024 21/38



Determinantial Modules

To localize R-gmod let us find "real commuting family of graded braiders”. Take

n(n=1)

a simple R(ne;)-module L(i") := g, * L(i)" satisfying qdim(L(i")) = [n];!.

Definition
For M € R-gmod, define

F'(M) := L(i")VM.

For a Weyl group element w, let s;, - - - s;, be its reduced expression.
For A € P, andw, set my = mi(A) := (h;,, Si,, - Si,/\) (k=1,---,1). We define
the determinantial module M(wA, A) associated with w and A by

MwA, A) := FI" - F"1,

which does not depend on the choice of reduced word i . . . i;.

C; := M(wA;, A;) affords an affinization = F R-matrix R¢, : C; o X — ¢?X o C.. J
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Localization R-gmod |

Set Cp := M(woA, A). In particular, for i € I set C; = C,,. Then we obtain

Theorem ([KKOP])
Define the function ¢c, : Q — Z by ¢c,(B) := —(B, woA; + A;)

= {(Ci,Rc;, ¢c,)}ier @ real comm. family of graded braiders in R-gmod.

TakeT = P and T, = P,. Then, we obtain the localization of R-gmod

R°gmod := R-gmod[C:™" |i € I]

by {(Ci, Rc,, ¢c,)}ier-

Its Grothendieck ring K (R-gmod) defines the localized quantum coordinate
ring A,(W) := Qg) ®zjy4-1] K(R-gmod).
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Localization R-gmod I

For a ring R(not necessarily commutative) and a multiplicative set S C R, a ring R’
is said to be a left ring of quotients of R w.r.t. S if dhom. ¢ : R —» R’ s.t.

@ Vs € o(S) is invertible in R’ .

@ Vm e R isinthe form m = ¢(s)~'p(a) for some s € S, a € R.

@ Kerp={reR|sr=0forsomeseS}.
R’ is denoted by S~'R.

Proposition (KKOP)

We get K(R-gmod) = S~'K(R-gmod)= the left ring of quotients of the ring
K(R-gmod)(= A, ()7, ,11) With respect to the multiplicative set
S = {q" [1is[Ci1 | k € Z, (a)ier € ZL )

N,
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Localization R-gmod 1l

Let ® : R-gmod — R-gmod be the canonical functor. Then,
Qo R-g?n’bd is an abelian category and the functor ® is exact.
@ C; := ©(C)) (i € I) is invertible central graded braider in R-gmod.
@ S € R-gmod is simple = ®(S) is simple in R—fg\Jmod.
Forv € P, define C, by Cy,, = C; o C, (up to grading) and C_,, = C3~!

@ For Vsimple M € R-E/TﬁOd, simple 1S € R-gmod and A € P s.t.
M = Cxo®(S) (A andS are not necessarily unique) .
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|
Crystal Structure on R-gmod |

For a simple object Ch o D(S) € R-g/TnJod we write simply Cp o S.
Set B(R-gmod) := {S | S is a self-dual simple object in R-gmod}

Lemma (KKOP) J

¥simple module M € R-gmod, »'n € Z such that "M is self-dual, denoted by 5(M).

The actions of the Kashiwara operators [N]

Define the Kashiwara operators F; and E; (iel)on B(R-’g-ﬁfbd) :

FiChp 08) = CFSC, o S,

_ q6<cAoES)CA o E;S if E:S # 0,
EiCA°S8) =4 sCan. oECr. o5)) E i
q A=A (Ei A CA*A,w (e} (EiCA,-+ [e] S) |f ElS = O,
where ¢ is given in the above lemma and i* € I is the index satisfying A;- = —wpA,.
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|
Crystal Structure on R-gmod |I

Crystal structure: &; and wt [N]

Let ¥ : B(R-gmod)—s B(c0) (Lauda-Vazirani). For Cx o S € B(R‘gmod), define

wit(Cp 0 S) = wt(P(S)) + woA — A,
&(Cp 0 8) = &(¥(S)) = (hi, woA),
@i(Cr08) = &(Y(Ca 0S)) + (hi, Wi(Ci 0 S)).

Theorem ([N]) J

The 6-tuple (B(R-gmod), wt, {}, {@i}, {E;}. {Fi})ic; s a crystal.

Indeed, we should show that well-definedness, i.e.,all data do not depend on the
presentation Cp oS = Cy 0o S" andforb=Cp oS,

E;Fib = F,Eb = b,
s(Fib) = eib) + 1, &(Ei(b)) = &:(b) - 1,
wi(E:b) = wi(b) + @,  wi(F;b) = wi(b) — ;.
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Cellular Crystal B; and B(R-gmod) |

As we have seen above that the set H; cC B; is presented by

Hi=Pzhi, =P = By sice - sy ADker v

i€l

Lemma ([N])

For any reduced longest wordi = iyi, - - - iy and A € P,, set
my = mi(A) = (hik, Sigey 0" SiNA»k:l,"-,N- Then, we obtain

fiTlﬁznz .. fl’N”N ((O)il ® (O)iz ® - ® (())iN)

Ji" @ @ [0, ® - ® f1¥ (0,

(my,my, - ,my) = hp € H;,

where note that for A = A;, one has m;(A;) = hgk). Then in this case we obtain

f":’l](/\i)f;’:Z(Ai) - me(A )((0)11 ® (0)12 ‘® (O)IN) =h
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|
Cellular Crystal B; and B(R-gmod) I

Observation: Determinantial modules {Cx = M(woA, A)} «— H;

{CA|A € P} CRgmod «— H;

Cp = F™ ...ﬁ’;jvn — hy =" FN(0);, © (0), ® - ©(0);,)

v

Theorem ([N])

For any reduced longest word i = i\i; - - - iy, Jisomorphism of crystals:

¥ :B(Rgmod) — B;= U B'(c0)
heH;
CroS + hy+W¥(S) e BM"(0),

where ¥ : B(R-gmod)—s B(co) (Lauda-Vazirani), S is simple in B(R-gmod) and for
A =Y a;A; we have hy = Y ah;.
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Localized Quantum Unipotent Coordinate Category |

In an arbitrary "symmetrizable Kac-Moody” setting, for any Weyl group element
w € W, there exists the full subcategory %,, of R-gmod defined as follows: For
M € R(B)-gmod, set W(M) :={ye 0. N(B—-0,) | ey, B—y)M # 0} C Q..

Define the category %, :={M € R-gmod | W(M) c O, N wQ_}
Note: 4, = R-gmod for a semi-simple g.
Indeed, %, categorifies A,(n(w)) = quantum unipotent coordinate ring ass w, that
is, K(¢,) = Ay (n(w)). It admits a localization
Gw=CCT i€ D), (Ci= MwA, A),

called localized quantum unipotent coordinate category ass.w € W.
Let 0,, : R-gmod — %,, be the localization functor.
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Localized Quantum Unipotent Coordinate Category Il

Proposition (KKOP2, KKOP3)
Q Q. : €0 — €, is fully faithful.
@ There exists the category equivalence R-gmod[C;™" | i € - %,

@ We obtain Ker(Q,,) = R-gmod \ %,, where
B, = {M € R-gmod | "simple subquotient S of M, ¥(S) € B,,(c0)} and
B,,(0) is a Demazure crystal in B(0).

v

Q: Does the category % hold a crystal B(ng) := {self-dual simple € ‘gw}? If so,

B(4,)— B, ®---®B; ?

where i; - - - i,, is a reduced word of w.

A\
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Localized Quantum Unipotent Coordinate Category Il

The answer is “YES” (joint work with M.Kashiwara)

For the answer, we need the following three objects:

Rigidity Affinization R-matrix
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Rigid category

X,Y € T monoidal category, ande : XoY — 1 andn: 1 — Y o X morphisms in 7.
A pair (X, Y) is a dual pair or X is a left dual to Y, denoted D~'(Y) and Y is a right

dual to X, denoted D(X) if the following compositions are identities:

idon goid noid idog
X~Xol —>XoYoX —loX=X, Y~loY —>YoXoY—Yol=xY

A monoidal cat. T is left rigid (resp. right rigid) if 'X € 77, 1D~1(X) (resp. D(X)).
We say 7 is rigid if T is left and right rigid, .

Theorem ([KKOP,KKOP2])

For a quiver Hecke algebra R associated with an arbitrary symmetrizable
Kac-Moody Lie algebra and any w € W, the category ¢, is rigid, i.e., "X € €,,
ADX), D1(X). (6., is right rigid, but not yet known to be left rigid.)
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Affinzation in Cé; and R-matrix |

In [KKOP4], for a monoidal category C with several "good” conditions, the
following categories are defined

C c  Pro(C) = {pro-object=some projective limit},
U
Modg(k[z], Pro(C)) > Procn(klz], C) O Aff(C).

An object (M, z) € Aff,(C) is called an affine object of M = M/zM € C and an affine
object (M, z) of M = M/zM with a "rational center Ry” is called an affinization of M.

Proposition (KKOP4, Prop 5.6) J

If a category C is rigid, then the monoidal category Aft,(C) is also rigid.

_

IfR is symmetric, Y simple real object M in €, affords an affinization M = M ®; k[z].
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Affinzation in %, and R-matrix II

Theorem (KKOP4, Prop 6.2, Thm 6.10, Prop 6.18)

Let C be an abelian rigid monoidal category with bi-exact tensor product.

@ For an affreal(=real and admits affinization) M € C and a simple N € C, M o N
and N o M have simple heads and simple socles, moreover,

Homc(M o N, N o M) = Home(N o M, M o N) = k?’Ry v (R-matrix).

@ Let (M, zw)be the affinization of M as in @ and N € C a simple. Then in
Pro.n(k[z], C) 7' renormailzed R-matrix RSt

klz] - Ry;ly = Homz(M o N, N o M)

satisfying YB-eq. and Ry", |.-o = Ru.n, etc.
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Affinzation in %, and R-matrix Il

Applying the above results to C = %,,, we obtain R-matrix and rigidity of the
category Aff (%,,). _
Then by the theorem above, for any affreal object M € %, its affinization (M, z, Ry)
and a simple N € %,,, we obtain renormalized R-matrix and R-matrix

Rr,\;r;v S HOMk[v](M oN,N o M) RM,N = er\zle|z:() € HOM%ZM(M oN,NoM)

R: Mo N — N oM be an R-matrix in %,,. Then, we define A(M,N) := deg(R)
Similarly, for an R-matrix R:XoY > YoXin %w, define A(X,Y) := deg(R) and

AX,Y) = %(A(X, Y) + (wt(X), wi(Y))).
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Crystal Structure on %,

Using the rigidity and R-matrix of %,, we can define the crystal structure on
B(%,) = {M € €, | M = M" is self-dual simple object}
by defining for X € B(‘Ew), e.g.,
E X := ¢/ VXV 2Q,(L(i),
&(X), ¢;X), X, E X, F'X, etc..
Note that £, = F;' and E; = F,.*fl.

B(ﬁ) becomes a crystal and we obtain an isomorphism of crystals :
B(%,) — B, ®---®B;,

where i - - - i, is a reduced word of w € W.

v

Corollary

For any reduced word i, - - -i,, of any w € W, the cellular crystal B;, ® - -- ® B;, is connected
as a crystal graph.

v
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Merci beaucoup pour votre attention
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