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QUANTUM DILOGARITHM



THE QUANTUM DILOGARITHM

I

Def: E(z)= (-qz) ge
*

fixed
191

Why the name ? 9-> I
classical limit

q = e
- 2

,
2+0 :

E(z)-e
·Log/-qz)-
=



A K .A
. QUANTUM EXPONENTIAL

#=9),
= [n]!

· also = g-analogue of I-function ;
= E1)/Elqu+)

+ = (- z) 1
E(qz) E(z)

·gives aproffabove
bypares



A q-BINOMIAL FORMULA
S

E(tX) = ; (X(n=(-x)(+qx) --(tqx)
E(t) = E(X)/Flax)

Proof- : let TETq = "Shiftoperator" : Tf(x) = fiqx)
then : (( -x)T)" = (X)n +" ; T+ 1 =1

=
=>EEATE

-
9



A QUANTUM PROPERTY

neet ; no= gom /Heisenberg)
then # (u)E(v) = E(u +v)

Prof : Enter= une (ntm)Se
n
,
m =p

& 1 (ntm)w =
m
,
m=o square m

(u+v)4
+m(q-binomial

Amto previous case :
u+u

formula)

EATELEX) = ECET+ ty(1-T)) =ECTECEX(1-T)im --

e U ~



Finally :

EEATE
= EtX/1T))"ELEH
-

1 It

lesson 1 : use non-commuting arguments !



PENTAGON IDENTITY

roect , no-goe , then :

E(u) Efque) E(r) = Elw) Elu)

Proof : by quantum property :E (u)E(v(1-u)- =E()
E(u)

#)Enu)
=> Elu) 1 = 1 ElE(vILulEll n=0 59]a Elgu)

= E-
un

I



MACDONALD FUNCTIONS



MACDONALD OPERATORS (An-

[Da , a = 1,2, - ,wh acting on functions f (x1,Xm, --, Xm)

Da =
h ,2..as e
Ill =a -

ordera shiftoperator
#B : Dr = Tqx , Tqx2--- Tan ; Do = 1 (convention

⑭ [Da
,
DD] = 0 F ab est, 2, --,N3

Nice formulation : DAHA [Cherednik



MACDONALD POLYNOMIALS

# (x 19, t) monic polynomials x =(x x2 --> XN>0)
integer partitio

common egenfunctions of the /Dal , symmetric in (X-X

Da Px(x(9 , t) = ea(s) Px(X(9, t)
↑

elementary symmetric functions of
S =(S) ; Si =EN-ii

lots of combinatories , still notquite there yet---



(DUAL) PIERI RULES

Ca(x)Px(x(q , t) = HaPx(x(9
,7)

↑
operator acting by shifts of xlo2s =(g))

Ha = [ TEa, ixj
Pieri Operators , ARA Commuting Hamiltonians



UNIVERSAL (Harish-Chandra) SERIES
SOLUTION

look for series solutionsof Macdonald eigenvalue equ,
org in sectorwhere* 1 : = 1

,
2-
,
N-1
, Sigeneric :

= elogs f(x, s(g , t) ; f=+Ok
NB : O notsymmeticofX !

112π Sm
- Ex -Xi .Taxf = ea(s) f-

mel lEI
ICG1 ,2-N) JI

Xi -Xj
Ill =a

X
Da (X,5) what have we gained ?



Eacts: · a= 1 is enough : determines of uniquely
via a Giangular nan-singular system
·fspecializes to Macdonald polynomials Px(x)
when Si=NiXi x, xn-- > /No ntegapartition
· f has a very nice expression found by

IShiraishi - Normi 2011] of q-hypegeometric
flavor
· Also -> related to NeGrassor SusyGange
terry function [Shiraishi et At, fastdecade] ·

· Duality (ies ! )



Pieri Rules for f(x,S19 . 7)

Ha = [Eixj

↓ Ha(s ,x)f(x,s(q , t) = ea(x)f(x,s(q , t)

Hals
,
x) =[

XTIfI

IC2, JHl
ixj



Example ofSt
D
, (x)= Ii : Xi-qXi

(t- E ) F(qX,,xz)= (= - 1)F(x ,,9x2) = ( ,+Sz)) -* \F(x,Xz)

F(xi , xz) =Xixn,su)( (5 ,= tq"! Se=q
*
)

coefft of(2) : f(x,5)

(tq"(n - Cn-19
*

)g
"

+ (9
*
cn - tq 2n-)9 =( ,+Sz)(n - 2n - 1)

[S ,(1-g2) + Sz(l-gu)](n = [S , ) -q") +Sz)l -+q )]C - 1

&



Example of Sta (continued)

8(X , S1q , )=- X2⑰
= =(n(tsts/Ex) S2 = 9

⑤
9 hypengeometric series !



Here comes the quantum difogarithm

f(X , S1q , t)=x)

-
1-95

Mellin-Barnes

T= Tqs i Ts = qsT



Proof:

use
1-ES T#abD , withE(a)

#
1-95 =

Use this to prove properties of f ?



DUALITIES

8(x, S1q ,7)= fls ,X,
Na

BISPECTRAL DUALITYu
interchange of X ,S variables

f (X,S1q ,7)= f(x,S
POINCARE DUALITYmu t E (fHa)



Ex Proof of Bispectral+Poincare duality Ii= Tq,x
ElqX, Elgs'-EX #)

1 -qx ·1

EXT)Es)
El
ElqX,

&

ElEX)
=

E(X) E(x F
↑ ↑

[xT, sI'] =

commute both actions !



ElqX,
&

ElEX)
=EE(tX1 -tsT) E(qx)1-95

-

E)EI) E& =

Elgs, ) E(qX

1-X T ElEX) -ElIg-

1 -qX E(qx) E(qx)

suppression of all rational fractions !



Elts) EY
& =

Elgs, ) E(qX

E(X)E(tsIl)·= · 1

E(qx) E(qs()

E E(X) E(ts)
=EE(qx) E(qs) i

ged I



ALTERNATIVE JUSING q-hypergeauctc theory)
Heine Transformations

24, (ab(z) = ElalE(pz)<(a) (H)
E(2)E(z)

-=
(H1) => Bispectralduality

NB : order 6
#3) => Poincare duality



9.WHITTAKER LIMIT

N-T Xi
Si = t q XXYc-- >YNXO entegepartition

# => S , dominates
-ala- 17
t= DNs) -

t-

D(, q
*
)=I get TaxiIChi , --NS IfI
Il =a

ExiFeals) 9



9Whittaker universal series

g) , q") a tim f(X ,S19,

Da(x,q") · g(x,gi) = qX : g(x,9)
g(x,qt) = 1 +0

Why the name ?



Pieri Rules =9 Toda equation
Z

Hals , x) -> H(q*,x) keep T= Tgqi = Shift itxi+

H(q" , x)=-q
x= -x=

1)T
IFI=a i-1kI

a=1pen 9 Toda Hamiltonian for SLw Leg Etingof]

Hi(q,x) = xiti-
H = commuting family of higher Hamiltanians



Example of SL2 /keepit

f(X , S1q , t)=x)

9Whittakermit:
Ein f(x , S(q , t)
= g(x,21q)=qu
NB : no longer aq-hypergeometric



-roperties :
·When t = q

-n

nEt
,
the series huncates to

-I

theWhittaker9 polynomials
N(X)=(

= () ,

x
*

usually Wx
,
x2(x) = X*x* Wh=xi-xz(x)



Quantum Dilogarithm expression :

9)(X ,219)=qui
= E(qx()-r)T) · 1

Note : from Elab) take ato ab=x fixed[ => E(X)= I



Open q-Toda equation : X=
ST" + x(1 -x)T)g(x,2(q) = (+x)g(x,2(q)

Direct Proof: g = E(qx(1 -x)T) -1
T
" E(x(1 -2)T)1 = E(XT)E)-gix+T · 1
E(X(1 -v)T)1 = E(xT)E(XT) . 1

(T"- 1)E(x(+-x(T) · 1 =EXT)yT)E+XOT) · 1->
= (9) ElgXT)EfqXT) = 1

= gs E(qX(1-+)T) . 1



(T"- 1)E(X(1-2)T) - 1 = q5 E(qX(1-2)+) . 1

E(x)1 -2)π) = [1 - x(1 -2)T]E(qx(1 -2)T)

=> (t"- 1)(1 - x(1 -2)+)g =gg
=> [T"+ X (1- 2)+]g = (+x)g A

lessanz = E allows to fremulate purely
algebraic proofs !



GENERAL SIN CASE [Shiraishi -
Noumi 11]

THM fr(X,sig ,7) is the HC series solution to
the Macdonald egus for SLN

9.Hypergeometric o steroids !



DUALITIES [Shiraishi-
Noumi 11]

ht A(x) := π El
<In E

* (s) fw(X,s(q , t) = X(x)fw(s,x(9, t)
BISPECTRAL

& (x,>19 , t) :=
fw(X,>19 , 7)

= 4w(x,s(q ,t)&(x)
POINCARE

t E



Remark-
Bja

Oja

Oj,a

Oj
,a

-

EX) = each Via ratio
Sij

I 8.
j

· 13
S

&oin



THM
fN(X ,51g ,7) =[DF]

s

a S. -S S
S%

Pf: the integrat implements "retroaction"
Jds"$15') Tq Ols'- s)

= $(95) Tqs



A FIRST CONSEQUENCE :
RANK RECURSION

fo (x,s(q, t) =

N N N
M N

N N A

x fn- 1(Xi ,-,Xn-ij Si , -- ,Sn-+ 19 , t)



EXAMPLE OF SL3

=

-

Sta



RELATION TO MACDONALD
POLYNOMIALS

Specialize /S ,= Eq, Setq*Si=q
*
)

↑ xX2/30 integer partition

=> Px
,xzx(X) = xYxx

*

fz(x,S(q,t)
& finitetuncation of the series easy
② Psymmetric nan-trivial



9Whittaker limit t ->

(5, =Er
,
Sa = to

,
S =)=

- g(x,+q) =

E()1-))E(El-T1 :1

Open Toda equ : (Pieri) 4cf [Schrader-Shapiro'
S]

[x ,Ty+ Xy(1-)Tz+ x3(1- =)Tz)g =(,+xz+Xs)g
-> Direct Proof /same as before) ,



General case ofq-Whittaker Limit (SLN)

· all integrals becomeLirial
, pure product .

· Rank recursion :

go(X,519 , 7) =

S↑ E1-T:") 80 ,
-Y:- , 19,7)

i= 1

of [Schrader-Shapiro '18]
· Open Toda : [DF+ Kedem 21]

N

(x ,T + x:/-gn =1[xi) En



EPILOGUE : Quantum Difogarithm
and Cluster Algebra

·

a Toda operators and their Whittaker duals

Da are elements in the quantum Cluster Algebra
of the An-1 Q-system .

⑭ ⑬ ⑰
#...
⑭ ⑬ GQ-1

,
0

Mutation relation : ↑ intQin =Q-QunQuin
(A-variables)



Thm [DF+ Redem 15]

There is a representationof the solutions Qan ofthe
quantum Q-system for An-1 as difference operators :

↑

πX TQan = [ (Xi)
I<41

,
--

,N3 X-Xj it
gixi

II)=a

↑Qan+Qan = Qa-Qat,nQa-, n
(a=1,2, --,N- 1, ntE)

Whittaker limitofRemark:
Qo = Da

Macdonald operators !



Remark (bis) :

Qa
,
n
=y

-

Day

where V : = 2gi"Gaussian
Prof: V"I'U =qxI "dessing" .

*

These are actually the "translates" of Da
under the SL(2

,
E) action onDAHA by

T= (bi) -> Ady-1
in the functional representation.



X- variables : Xi=A +quiverdancy

X : Xi = qBXjXi
---- r
#...wir

⑤ ----
mutations are driven by Ad

E(Xi)

Cluster Grapaid = sequenceofmutations presaving
the quire.



Examplet. Dehn Twist~ TESL(,E)
[Schrader-Shapiro '18]
[DF-Kedem21]

O O O O

...
corresponds to a productofdilogarithms :

F
followed by a permutation top>> bottom vertices

V(T) = 2g



Farrier transform : (usesqWhittakerseries) ·

OL(x, Ta
,
x)) gn(x,s)=L(S ,Tg,3) gN(X,5)
1

eg : (D)= S
, S2--Sa

9.Whiltaka operator eigenvalue
⑧ leaYx)) = Has,x)
elementary syn Toda Hamiltonian

fatn

⑰ ~ = Us[BF-Kedem 19]



Note : the Gaussian acts life a thata function

[
2 TqpV = q7xTax
v xV = X

P(X) := E(X)E/g)Elg) Jacobi Triple
product

Then (P(x)Tqx O(x)" = gEXT9,XP(x) XO(x)" = X

=> all dilogarithm identities !



· Macdonald theory fits in this framework
[DF, Redem, Khoroshkin, Schrader,Shapiro'24]

N-kDeDan
↑

polynomialof t w/coefficients in the ChesterAlgebra
of the quantum Q-system .

universally Laurent undermutations



Example 2 . BAXTER Q-OPERATOR

...
This

sequenceofmutations produces a Baxter
Q - operation for open a Toda . [Schrader Shapiro '18]

N

Q(u) = πE(u(l-Tit) (So =a)
E 1

- N

Q (u) = TE(uxi)eigenvalua goI= 1

another pure difog identity !



CONCLUSION

· importance of quantum difogarithm
· origin = ↑Cluster Algebra of9-Whittaten finit
· generalization to Macdonaldcase
acluster Algebra for SL. Macdonald
[Pd
,
Hedem

,
Schrader

, Shapiro, Khoroshfin 24]

conjectures for Q - operator for SLw Macdonald [insprogress]
continuing for to other sectors X :=>Xi+1 [inprogress]
other types , Koornwinder ?
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