Macdonald Functions and
Quantum Dilogarithm

o Qb{ﬂd’\l’umd{, oaod‘ l’fm 2 %Qnd).?fofs
4 Maccﬂo»qa()dl pw\dnm_c

] -rﬁa C_adg,gg SL2 s duﬂffﬁds and RZT.S.
o Genenl cage (SLy)
o &“OP@WV&;(S and Coyy‘zch(_rag



Q DANTOM DI| LOGARITHM



THE QUANTUM DILOGARITHM

Defj_- F /Z) —// (l 7 ) c]ea:*{wt

;q/m

WKJ (7/\9 ¢ Name A 6]—> | Gﬁu’fﬁ«cg {tﬂui’




AK.A. QUANTOM EXPoNENTIAL

N N 5 @ =(-9)(-) «(/7")
—(2) =o (], = [
= E/ﬁ)/E[ n:rl)
odfgo = cifqnq_(oau\a a%D l‘r’gwmch}n/
J = (’(-— Z ) a1
E(3z) Elz)




A q-BINOMIAL FORMOLA

E(Ex) _ 2 (XD U
E((;) h=o (ﬂ)n

5 (X)=( =X)(4x)( "7”’\‘)
= 2%y

Frook: (4 T2 = "ftopeater s THx) = {4x)
then ((l~><)T) (x), T" , T-1=1

Z M "= - x
n=2 (77" 15( d—X)T)

~  EOQ3 o Bl T)E - £l

Eftx) = 42 "




A QUANTOM PROPERTY

wv’éﬂﬁ 3 u,q)_:c]v‘u_ /HeCsem/x\g)a
wc( w)F(v) E(u+v)

Pro% o (') B
Mn_‘, /‘Z? (7) G7-.
( N+m 4)' Mo _ A
G N I = e

v n /blhom?qf
byt pems e, (7T TG

E/[PX)T—)F—J/ — (T+ x(I-T)) =E(-TE(Ex(1-7)
W v u v~




Hm% :

£ S (5 ¢ = [Bm9 T)ERX] - £
E{ex) = {2,

:J_(x/l‘r)) £ —) E(5)

vy\ﬁ

1 p—

&SSOV\ 4 ; use W*\-'Cmﬁm»d'fr'ﬁ a/?uvwa\{:c!



<l )

PENTA &ON IDENTITY

u’\ré&%) UV =9 v )MC"‘-

E(4) Elfur) E(v) = E(v) Efw)

?_)F_Oq-g: ba clmﬁvm ffof««g '. E(LL) JE(‘V’[/—LL)) chb) — E(/U’)
1 | _ T ‘ = T2
_ Z UE™) a _ o ( N A
-u “ h=o B ;”")'1 - & =
E () & D Efw é = %% )

=> E(W) A | = S 4 E— .
E(v(-4) Efu) /i 4), \MvElcfu) B

.

m
o

~
4%




MACDONALD FUNCTTIONS



MACDONALD OPERATORS (A,.)

{Da , a= 1/2/”/N} Qﬁh\naor\ (Wj {/)((/XL/_// XN>

D =2 T DX T
Tk 2N ﬁ«l Xi =Xj Cex
(I =a
MQL@sﬁI,(P@Q&bf

NB: :DN:' —q/"'-EI—/M”- T%/"N y Dy =1 (covaha)

@ EDCL, -DIJ =0 V¥ 4;5 €412 .., A3

N LCe 463&#»0»(&(:[';6« - DA H A



MACDONALD FOLYNOMIALS

R(qu,t) mm@c)y@ho»zaé N N
whaer Hon
CmmWe;@aa<fuﬂon3&_g %5DQ/}N ‘0 ]:a'"h’

e /Sawwah’:c th (X%




(DLVAL) PIERI RULES

€.(x) 1 (x19,£) = ':’c» R(x),6)

OfOLﬂ;Kar aa/tina, ECL’L J‘?Ligt’l Q{; A (01/3 =af ;Ik/\r>>

- " . S: _
T 3 bSe g-%s T,
H“: - €T j;- Yy e _qg, wr 17
IC{‘/Z;"'/N_; S¢I‘ J - J cl
(T)=a =>4

;  @52mans
P@(\_ O]DW{’ORS/ ARA Caw\mwﬁ? Hami e



ONIVERSAL (Harish-Crande ) SERIES
SOLUTION

@)oﬁ#’k Seuvies Safmmr{ MacAmal? egwm@a €5

X
X

Leg X log(s)
_ 6 ,oavcl- %(X/Slﬂ,b) ) §:1+OK %'}b:’.')

NB : §nobsyrmeiie € x|

T Exe—x;
2 T T L T ] =e)

meL ™ eT W -
T 2N 1T Xi x‘} Cex

(T =a

&\8 M Seotor Where

)<4 L2122 N-), S; a@ha»c :

T (X,S)/ Wﬁ@/’ KQVZ/ Wwe géwveﬁ,/ 2

- a




E(Cks: » Q=] S Cha.ua‘?\ - Athsmines ig W’“?“‘%

Via a //TCan(c)Jaf hW'S’Dﬂau.éf‘ {73‘5’9147

e 630>CC£4F[565 {@ WCMQFJ @’@na/mqlof :D/\(x)

Qb’“/({_n S;: k”“‘ﬂ A ),;xz” S M S0 mi‘aa%r)\hﬁh;‘*

o 6 ﬁas = 9 \/f/% nece e,xyrzmm .g.md %&
@hirQCSkL’NO’Wﬂ& ZOHJ Og cr— meaedwd\ic

6&(«1}@(‘

o Allo = relited 1 NeKrisov &%%@

tfcma %moﬁa« [ Shuaish: et A{’) Gskdecade | -

. P%&% ([esl >







E x Q,Mq,fe, o‘g S(

D, (%)< t"' SL s 2N g L oxisg

<E—%)F(‘|X;>Xz)—(‘f§'/‘“ )me) = ES)l-3 VFiS)

FX. :‘.M )\,_"OCnSll 2\ = )\.\ :>‘z
(=X & GEs) (= (S=bseq )
cefft 4( - $(x/3)
(bc' e, — ¢ —‘O'M)CI_"_'_(C, c.,—tc,c,, )C, (SrS',_)(Cn— n- »
[Si(1=4") +Sx(-9")]Cn = [S-F ") +sa(1-Eq7)] e

C, =T (1=q™ 1=4 “/s\) (b> Ese), &)
(U S < o (35%),




9~ Rypegeameliic: serces |



'fo Fiéfm
H@(‘G Comes fﬁc Wnﬁun A }a

(E). [Es), j—)
$(x,sl9,¢) = L 3

-0 (39,
| —€s T)
_:( X =l
i |-€s T)
. (ix = qlﬁdln Banu_sl

T
= agsS
T: _];/3 j TS cI



e the o prove. poopbos o 4 2



DUALITIES

= E9% Effy) {05 4q,)
{(X/S)ﬂ)l: — E(%X) E(?S) U
Farberta: AT ihteacha Qﬂ‘gx)s umalles




E:X:?%DQGQ{ QSMWCQﬁhéLcmmmz 6&¢Jﬂf ,Ii—.T—

= T x
Elx 2 fi 4 E@0 E(eg)E Elss al‘fi F>
E(ix "::‘ T) E(iX) E(gs) E(ts ";E: )

S El9x nl f.z T) E(Q"X) ~(‘IS:—1X r) .E £ s)

(ix —ts T> 1:@] x) E(jb-s I~ f) E(‘[ S)

‘13 l—jx

b ;
LXT/SF] =0

Cammule boH achong |




ElxZ27) EGx _Elemlr) Elt9
I é:s — _#Ex
(ix —-c]s T) .';G‘X> E(bs ll—c’x ) S)
h )
_qu
E(ts l‘ﬂx f) E(iX) E(ix I‘ts —,—) E/ )
J~(<15 L:&: ) A_<ﬂx> J""{C[X l__:i T S)

—% EGY _EEXY . l=ts ¢ /69 5/59‘1'

l—clx T:@'X) T:@'X) - ) l-cls S) S)
swpb\cmswa ‘64% c»bc«»aegﬁwé\a»s




E(I:s -3~ f> ‘ E(%X) E(ix |—€s -,-> { 5)

—1* | - —9S
J~(¢Is L:&: f‘) 'G‘X> J"’(CIX | — (7_: T S)
o EGOE(D ey BT
=4x) Elgsr)  H19) :(‘t“')




ALTERNATIVE (USING g- waahfc

Heine Tmny(mmaﬁhg
| a b F(CL E{b&)
ZQ( Z >' Ec) E(z) *
E(cs) E(>2)
— (o) E(2)

I

(H ) = EDESFCOL’W?F dlua,glg
(H3) > Porncare M@ug

Re




a-WHITTRAKER LIM)T

/

N-CT X\;
St = b LC{ A=, - SH 0 mfzdwzrmﬂ‘b%
=> S, d/omma.‘iZS
“al) L
2.
o> S )\L
)
—D (X)Cl ):Z CILCI fﬂ: _X’ gr—l‘?"»
TCé’ N _LEJ— X ’XA
TT}-;/a ¢ T
e }_’ Ao



5]7— V\/@&faéa/ unI\/@LAap seftes

90 o o f(0s=E571q,0)

a

S X\

Daq ) §0<9M = 97 g0x 9"
9(7) = A= 0%l

%’fg tfa Na me <



:RG(\ Ru@@& -q—'O&lca EW'L?%
H(s x)_> H (4" x) fal) l,Tx_sﬁgl:M—‘»X:“'l

H:(cf‘,x) -2 Tx T ( ’Clx;—x;-.> T

1= | O!?en C{ Toda Ha;m;@‘m@,, ‘64/ SLN
HTQ(C[)\/Q ZXT Zxcl B
Hoo = Comm,ufmg gufug agﬂaﬁu‘ Ham &/M(p(,ns

4



N&! L™ &/614 a 1r£afq6&0me—ﬁt\c



’P faioenlﬂé_s '
o Whey g = ﬂ—" nEZ /64 saneg Runcates (s
fﬁeﬁl‘/\f&cﬂ&(@v j?a@nmm@(s

W (x) = > L)Q ik 'VZ( ) x*

€~ (7),&
Z ( 22’_, x F

wsm@ V\/A‘/\L(x) = x?‘xﬁ‘ Wn:».», (%)



@u»mﬁm D famitfm CX Fd‘es_ﬁa/t >

gxglq) = ZL\)” w%_(@h X
n=o (ﬁi)

- IE(G}X ‘——G‘)T_)'/J_

MO{/Q/ ;émm F(dlb)ﬁ(a) bhéc a0 QE:x Cs<<Cl7

S E(x) Z o0 qh/\)/ Xh
h=e  (9), A




Oren q-Toda equation ; x=3 1T
' ’ v

=
"y

{ T  +x( —0) '\’} é(x)o—)c’):()a-x) f-)(xz""ﬂ)
Ditect %Qﬁ- g = E(CI x(1 =0 )T )-1

T F(x(n~o)1’>4 = E(xT)E (-9 x5T)-1
E(x(1=)T )1 = E(xT)EfxoT) 1
T -1)E(x(re)T)-1 =E [ XT) (xsT)EE x0T 1

‘(‘I‘T) (4xT) Efqxs T ) -4
c' o E(CIX(I—-G)'I_>./]




(T=DE(x(re)T)- 1 = 475 Efqx(mo>T) 1
E(x(1=o) T)= [ =x (=) T]Egx(1-)T)

< (T =)(1-x(1-9)T)g =7 3




GENERAL SLnN CASE

x; \Vis
fn(X,8lq, 1) = Z c(10;,;1) H (x_]>

91',1'20 1Sl<]SN !
I<i<j<N

N a—1 a (qzl»a(ei,b—gj’b)tsj/Si)ei’a a—1 (q—gj,a+2b>a(91,b_9j,b)%Sj/si)g

c({0. . }) = -
({ i, }) H H H (quM(gi’b_gj’b)qu/Si)eia H (q—gj,a+2b>a(9i,b_9j,b)Sj/Si)gia

a=1 i=1 j=i+l J=1

THM £, (X,5]9,b) is e HC seies whbio b
e MacdenafA e {n SLN
cl—l»kg?aacmnztﬁc oy slermdg |



DOALITIES

& A= T EfF)
e EFR)

A(3) u(x,519,0) = A) {5,409, ¢)

BISPECTRA L

(%,5|q,t)
<P (X.Slcllb) — {N A(XCI CFN(X/S\C])%;)

POINCARE

Be)-:l;



({9 }) (61 JGQ/t)e ﬂﬁ ﬁ (q2b>a(9i,b_9j,b)tsj/Si)el.’a ﬁ (C]_od/d+zb>a(9:b —0. b)qS /S )0
C ' — _ _ :
J (C] Ja )9 a=1 i=1 j=i+l (qzb>a(0i,b 91,b)qu/si)9i’a =it (C] 914+Zb>a(0,’b Hj’b)sj/Si)gi’a

0;,—0; - -8 0.,—0.
_ ( > (t)0 ﬁ aHI ﬁ (qu>a( i,b J’b)tSj/Si)ei’a aHI (q al)a+zb>a( i,b J;b)%sj/si)ei’a
N 0.,—0, Y )
t (q) i a=1 i=1 j=it+1 (q2b>a( i,b J,b)qu/si)eia j=it1 (q 9;,a+2b>a( i,b j’b)sj/si)e-
\-’Y~ B

o>
3&

=2 O (i x)n

>0 (‘])n =

= eadl O, = @i
-~ au%w(

1—ts;/s; a—1 1-1&./s.
2 Elq=TI"_,, — 2 T]°C.,, —=&—T""
"l—]— a—1 <q X; Hj:z+1 l—qu/si HJ:1+1 1_5;/51' S;
= 1—ts;/s; a—1 1-18"/s,
qA= i=1 E 4 Xa C.l . JI o = 1= T_l
N <t X, H]=l+1 I—QSJ/S H]=l+1 1_5’1/51- S;
O d

=2

954;0

4) & (b)ow

_ )@‘4‘”

40’



THH ;SN(X/SH/(;) —

X

1—ts;/s; yya—1 1=28/si . 4
E\q=Il . == Il =51,
2 r a—1 q H]=l+1 1—qu/sl. HJZH'I 1—3-”-/Si of

I X; j=i+l l_qu/si

s’ »
=l F <€x_a Ha L=ts;/s; Ha—l 1_754‘/5"T— )

_/ds’d?(s’) 7;}5 J(5'~3)
= dgs) T,

: ¢ ’ .
J_l+1 l_sj/sl Sl

le L\«Faamf M?&-WLS( ‘\‘\Zkoa«&f'bv ’

liiig(_s[_s;,)

[=2



A FIRST CONSEOUVENCE -
RANK RECORSION




EXAMPLE OF Sls

(t)”l (%q_”zSz/Sl)nl (t52/51)n1 (tS3/S1)n1
Jo(%.5la. 0= n]Jb_Z’%ZO (@, @7"285/51),, @S2/5)n, (@S3/5 ),

O, (t53/5y),, ), Cq"7"55/51),, ( qx; ) ( q% > < q% >

X

(@), (C]S3/S2),,,2 (Q)n3 (qnl‘”zsz/sl)n3 X X, X,

- - 1=q/tsy/S1 1—ts3/59 r— Xy 1=ts5/8] r—
E< X3 1-tsy /sy 1-ts3/s, 251 l) ( x3 1-ts3/5, 1) ( Xy 17155/, 1)

- d / qxl 1-qs,/s1 1=qs3/s, 1_5/2/51 51 £ qx2 l—qs3/szT52 , E qxl l—qsz/slTsl

= S, , 6(sy, — 5,) - 1

E (gx_3 1—ts, /sy 1—ts3/s, 1—4/152/S1T_1> E <Qﬁ 1—ts5/s, T-1 E q X 1—ts,/5 T_1>

t xy 1=qsy/sy 1=qs3/s; 1=sy/s; 51 t x5 1—qs3/s, 52 t x; 1=gs,/s, S1
. g "

—



RELATION T0 HACDONALD
POLYNOMIALS

Specabze  (s=Eq" s2tq%s,29™)

o ?~>‘P>}3?O U\f?auf TCMHHC(A

> /\l>\1)\3(x) — X‘f X)s

2 Xig.gs (x,s |3,6)

O fnte Guncaho, o{ ‘t{ef&te__c ea.ca
©) ?g&meW:c V\m/(:fvia-g



"’VU Kbl/%&é& &Mf ﬁ —=>N

x5 1—t 1t 1—q/ts /s
E <q_31 Sz/Sl : 53/51 q/l 2/ ITS—I) (qX3 1- tS:;/Sz _1) E qﬁ 1—152/51 T_l
/dS, xy 1=qsy/sy 1=qs3/sy 1-=5,/s, 1 Xy 1—qs3/s, 52 5(5 § ) x; 1—=gs,/s; 51
‘ _ ’ ) )
(2& I—ts,/s, l1—tsy/s; 1=a/ts,/s _1> < g x3 1-ts3/sy ts3/s2 1) gx 1- tsz/sl
§ t x; 1—qs,/s4 Sl

t xy 1=qsy/sy 1=qs3/s; 1=s)/s t Xy 1=gs3/55

(5=Fs si-be, 5= ) o =g" E>o>
> 4(x9]q) =

E(GR(-2)T)E (42 (-2)T )Ef (-2)T )1
Ozen Teda n: (Ptm)

- - -
[x,‘r’, +X, (1= Z)T, X (1= )T, ? F =KaX)g

—> Ditedt Prook (Someqgs beforz)



Genenl case O‘? 9~ Wihibtake, ﬁmzﬁéLN)

I/ m%zgm& béCOMa btfvfazf , Pure ?Pocﬂx.df

® Kanﬁ Cceur{ean -

gN(X/O’ICI/IJ) —

>><<t (1— %‘ >T:|>} g(l\l-r(x"/x”"’%'% 19
\

. CDg>cn lwla
T+ Z x(-2)T J9,=(EZx) g,

r N-|

o




EPILOGU E - @u.awlam Df@,@ﬁfﬁm
' V
and Cfb(g(’@f A@,ebm,

o 773&{@ Qozwfom and HReir Whitake, Auals
:D:: are elomedds on Eﬁaci,uan{um Cluster A%ZW‘«,

_ ~ 2

Huts ko rzé,éwn- Q;nHQ‘:/n,, — Cn -QE-HHQZ"IH
) |

(A-\rm“aM(J)



Thm

There <5 a oszaa«isz&:g Be sotbars O, % B
o p g
prben Q- sgsm o e 33 tfocnce reats

Qan, = Z (TZX[yLﬂ/X_C m T

- R - % .
) Tad1. Ny :)j?l; Xr—Xy tex D
,I/za,

a 2
C’ Qq/n-p—, Qé./r\—/ — Qa/n - Q&—H/h Qq.—r/r\

(Q:*{/&),//'V’// h€g)

Kenark Goap = Do: Whittake, ﬁm}l’%[
J ﬂécd MJO) 0%414_(7@(3‘ l




Renark (bis) -

QCL}n :ﬂ’% ?/-'n D: 2«“

ﬁlﬁ L)L K A t/
M(erz Y .= & ’L—(Z_L%Z;\ Gausfion .

P 7L - XL Cdesny'
Thete are achally he ‘bansliles’ of I
under the SL(2 Z)ackin on lDARA by
S T=(L) > Ady

in the {wnaifm@f fZ))/’Zqué\al‘?m .



Mu[/qﬁ\mg ale V(ﬂ\/éh :L(«] AO{;{_)_(_L)

C&AA‘ZF 6\/&4,]3%4 = J’ECIM@\Q_% rmedzba, ¢ ffzj’qwg
l[lﬁc W\/ép _



’/ Yam (2 / )’\h Wwg z ( é
4' -De T L

DXEXEX X

Coirespond s to
P""M‘] a %Woﬁfud’{ﬁé&/ﬂgﬁwﬁﬁms :

o

%%}M laa @ywylw#ﬁ £
o 0]3 <> th‘,’m vulzeds

Y(T) = %;)




fourier bnsfoum - (wagWhilbkes seyics)

(Y e, 730 gulx, 9= Q45,70 gulx,)

eq: e <:D:zx)s)> = 5,5-S.
7\\1‘%&“‘ Ja orevoyhb n Cc’éan m&.c,

o (€a(0) = Hg (5
e&m%i;t:g gr\ Toda Hamtpla,,_laq_

@ ()7: Y&T)jf);'4



Noﬁ,: the Swf@n acks &ALQ etz gmoi\\ax

BX)i= ElxgIERLGIER) Sk e

They f@{x)_]/ O(x)” _7 >x T
Olxy x ©(x)"' = x ’

= 14/ ﬂtafcs(?aprc%m cAedces l




Ltm'\/wm,% Lawrenk unden mubadions



Exarple 2 . RAXTER QR-OPERATOR

XX X

/%S’ P‘TWC& {m»@tﬂ\b& 1)(00&4.&&5 a Baxter
&—o‘zm‘ror {?db szn c‘l/od«a,

N
Klw) = THE((-3)T ) (55=22)

S

N
QKw) = W E(wxi) <——e\’3&mVa.éucw\ In
|

a,y\oH\er Pwi’e, ﬂtjos Ea‘dv{btka l



CoNCLUSION

o aﬂf”l{ﬁuce, % TuLaVLM %&wz\%m
o ovgin = qChytes A{éam {7—”&"%“ (it

o acv\e,fq,(%alfm ts Macdonalf Cave

Q'CA'LSW Ae KJJPa. ésc'v SL; HA-QLLMA_&L
[PAF Kedem Sc)wd.—, 5 Shap<eo b ~rosh 24

@C{’wks {D’L Q Ofaa{«’ur .607/ SL,V Mﬂldaﬁqjﬁ[ [in froaruﬂ
LM'EWWoxa 76~ Yo olher Sicorr  Xi e xuy, [in

rr‘bamQSJ
other {gwc.s - Koorauinder <



Mecc: |

P. D{ Fmv\cqco anﬂl R. Keddm ) Duqﬁé and ch_alauqecl

au@wuu, cru.a(f?rr” C4 rXoy 23 os.oez}é]
P. D{ Fmv\cqco a.\al R. Kedam : Macalmq,a a‘.ua,eja %A

/

(f&c 'orooéfg l‘ﬂo_Tb\Zg;f:e&[,?)-J}f &?m cwakaﬁztm/l.qrx;vz) I?.QFJI’J



