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1. Lissajous Curves, 3-body motions
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3. Geometric Background: Shape Sphere
4. Motivation from knots
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1. Lissajous Curves
Consider the curve on C = R + v/—1R:
L(t) = Asin(2rmt) + v—1Bsin(2mnt + ¢) (t € R)

where A, B > 0,

m € Z: horizontal angular frequency,
n € Z: vertical angular frequency,

¢ € R: phase difference.

Right click a pin—mark to view the attached video.

m=1, n=-2
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Consider the curve on C = R + /—1R:
L(t) = Asin(27mt) + v—1Bsin(2mnt + ¢) (t € R)

where A, B > 0,

m € Z: horizontal angular frequency,
n € Z: vertical angular frequency,

¢ € R: phase difference.

= L(t)=L(t+1) a closed curve. A=2, B=1

1
L(t+%)=L(t+%+n) L(t- 3)=L(t- %—H’])




Consider 3-body motion

a(t)=L(t-1), b(H)-L(), co(h=L(t+
/)

=L(t+3
on the Lissajous curve

(Choreographic Motion of a triangle)

(t)

--:—paper —rock—scissors
—paper—rock—scissors—paper
—rock—scissors—---

eHF g

Cf. Moeckel-Montgomery: realization in celestial mechanics

Drawing the motion of {a(t),b(t),c(t)} along the timeline t: 0—1 produces a pure braid
with 3 stands, as long as the 3 bodies have no collisions:

Restricting the timeline to t:0—>§ gives a 3-braid 8= (m,n, @) cyclically permuting
{a,b,c}

AIM: Give a classification of the conjugacy classes of those “Lissajous 3-braids” in
"Bs/center” and give good illustration of representatives in each class.
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AIM 1: To give a classification of the conjugacy classes
of those “Lissajous 3-braids” B=8(m,n,¢) in By
modulo center (¢ modulo perspectives).

AIM 2 © To give good illustration of a representative
in each class.

B (-5,-8,0) =B (1,-2,0)

In regards of “collision-free” 3-body motions, for simple
reasons of symmetry, we don’t lose much information by
restricting the frequency pair (m,n) to those satisfying

Frequencies Hypothesis

(1)m and n are coprime,
(2Jm=n=1 (mod3)

DCollision-free condition & mg n %m Z 7, 1




Lemma (Eliminating continuous parameter ¢).

For any fixed horizontal and vertical frequencies m and n, changing the
phase difference ¢ amounts to B (m,n, @) lying in the same conjugacy

class or its mirror reflected class.

B3 = (01,05 | 010901 = 020102)

" Mirror reflection:
1,2)

J?;<—>0',£_1 (4 =

Recall Frequencies Hypothesis

(1)m and n are coprime,
2)m=n=1 (mod3)

<

( - - - -
D Collision-free condition

m—n_?mgz
6 s

Definition: Given (m,n) as above left, define C{m,n}
to be the extended conjugacy class of B_3/<center>
that contains all Lissajous 3-braids 8 (m,n, ¢)

for ¢ with the collision-free condition.

We call C{m,n} the Lissajous (extended) class

of type (m,n).




Theorem (Bijective Reduction of standard Frequency Pairs)
The Lissajous 3-braid classes C{m,n} are exhausted by those (m,n) from the set
o 5 lged(m,n) =1,m=n=1mod 3
3= {(m,n) & mn < 0, |m| < |n| < 2|m|
Moreover, each (m,n) of Pgives distinct classes.

B (-5,-8,0) = (1,-2,0),
where (1,-2) belongs to P
but (-5,-8) does not.

2. Toward a good representative of C{m,n}

Goal:

To the initial data (m,n, ¢ ), associate:

- a sequence (frieze pattern) of tadpole symbols {b,d,p,q}
- a 3-braid in Bj/center = PSL,({Z})

representing the Lissajous motion by (m,n, ¢).

b d

e @©

Example (m,n)=(-5,7) slope=1, level=1
Enhanced Christoffel word cw(1,1)=c(1)c(1)=0101 > gbdbgbdb > ---.




Algorithm consists of 4 steps:

1. To standard pair (m,n) in P, associate a positive integer N (level)
and a positive rational ¢(slope).

2. From the slope €, produce the Christoffel word c(€) in two symbols {0,1}.

3. Enhance doubled c(€)c(€) to cw(,N) by a symbolic mapping at level N with the following rules
15~ 0-> either one of {(pq)""p, (qp)"1q, (bd)V~1d, (db)VN~1d};
5 1-> either one of {(pq)"p, (qp)Vq, (bd)N d, (db)Nd};
=~ If m>0 then begin by p, if m<0 then begin by q;
= Every word from {(pq)"~1p, (pq)"p}is adjacent to a word from {(db)N~1d, (db)"N d};
1=~ Every word from {(gp)Y ~1p, (qp)"p}is adjacent to a word from {(bd)"~1b, (bad)" b};

4. Obtain a 3-braid in C{m,n} from cw({,N) by sending the symbols b,d,p,q to braids by
= d>07 lo, 1, @ b>05 o7, ¥ q>0,0,, ¥ p-> o0,

Review of Christoffel word:

c(g/p)=the word reading 01-symbols along
the lattice path closest under the diagonal
slope on any p X g-rectangle.

1

: C(3/5)=00100101




Step 1: Given (m,n) in the set of standard frequency pairs

o lged(m,n) =1,m=n=1mod 3
P:=4(m,n) €Z
mn < 0, |m| < |n| < 2|m|
the ratio [n/m| is in the semi-closed interval (1,2] which is a disjoint union of the smaller
intervals (u_{N+1},u_NJ, where u_N=(3N-1)/(3N-2) forms a decreasing sequence
2>5/4>8/7>11/10>14/13>--->1

wThe level N of (m,n) is defined so that [n/m| is contained in (u_{N+1},u_N].
= The slope & =q/p (with GCD(p+q,6)=1) is then defined by the equations

m[ =pBN —2)+q¢3BN+1),

|72 =p(2N —1) +q(2N +1).

Note: The above correspondence gives a bijection between Pand the following
level-slope set

L= {0 eNx Q€= L sedlp) = gedlp+0.3) =1}

Step 3. Enhance doubled c(€)c(§) to cw(E,N) by a symbolic mapping at level N with the
following rules

1~ 0-> either one of {(pq)""1p, (qp)"1q, (bd)N~1d, (db)N~1d};

=" 1-> either one of {(pq)"p, (qp)Vq, (bd)N d, (db)Nd};

=~ If m>0 then begin by p, if m<0 then begin by q;

1=~ Every word from {(pq)"~1p, (pq)"p}is adjacent to a word from {(db)N~1d, (db)Nd};
1w Every word from {(qgp)Y~1p, (qp)"p} is adjacent to a word from {(bd)¥~1b, (bd)" b};

Step4. Obtain a 3-braid in C{m,n} from cw(&,N) by sending the symbols b,d,p,q to braids by
= d>0; to, 1, b>0, o7, ©q>0,0,, ¥ p-> 0,0,

Example (m,n)=(1,-2) slope=0, level=1
Enhanced Christoffel word cw(0,1)=c(0)c(0)=00 > pd

> 0,0,07 lo; !

Example (m,n)=(-5,7) slope=1, level=1
Enhanced Christoffel word cw(1,1)=c(1)c(1)=0101 > gbdbgbdb > -




Example (m,n)=(-23,28), level N=2, slope %
Christoffel word c(1/4)=00001

Enhanced Christoffel word
cw(1/4,2)=qpgbdbgpgbdbgpgpg-bdbgpgbdbgpgbdbdb

Example (m,n)=(-17,25), Level N=1, Slope=3/5
Christoffel word ¢(3/5)=00100101
Enhanced cw(3/5,1)=qgbqgpgbgbdbgbdb-gbgpgbgbdbgbdb

Observation
mn=even, pg=even =cw(qg/p)=half+mirror (type I) ,

mn=odd, pg=odd = cw(qg/p)=half+half (type Il)

3. Geometric Background: Shape Sphere
(Moduli space of the plane triangles)

Translate a motion of triangles
along Lissajous curve into
a closed curve on the configuration space

a
Conf3(C) = { (b) eC? a;éb;éc;éa}
C

al(t)
The Lissajous triangles a(f)={[bm)} forms a closed curve
)] ) oce<

giving an element of m;(Conf3(C)/S3)=B;




Shape function
Y Conf3*>5%—3pt == P1(C) — {1, w, w?}

We employ the ratio of finite Fourier transforms

of triangle vertices (w:=exp(2mi/3))
a(t) +w b(t) + wie(t)

Wllalt), 00 eltl) = 2 T o2hm 1w )

PL(O)-{1,w,w?}

And trace their image in n1< S
3

) = B3 /center = PSL,(Z)




Regard

the north hemisphere as an ideal triangle with vertices (punctures) 1, w, w?
the south hemisphere as an ideal triangle with vertices (punctures) 1, w, w?
Read the pattern of the orbit curve of A (t) cutting these triangle in terms of

b,d,p,q;-words
(b,d.p,q}-w = p>oy oy, q>0; oy L,

“@béczﬁl, = d-> 010>

1 = {(0109)")(= center) = By = PSLy(Z) = 1.

T 0 1
b = o, 101 1(south, left) (1 1) {b,d,p,q} generates
an index 2 subgroup

d = o7 o5 ! (north, left) — G _01) f2 (C PSLQ(Z))
P = 0102(south, right) — (—11 é) H
) | @pm s

q = og01(north, right) —




How to translate the behavior of {orbit ¢ (A (1))}

into braid words? 1 o+ Big2mi(m—n)t—pi
w(A (t)) — e—4ﬂ"ﬁ?ﬂi—1—%i A
m,mn,¢ \ Y N 1 %B—QW’E(TrL—n)t-l—qbi
J
Global flight along 1 ] .
the equator Small figure 8 vibration

Deformation by A>>B keeps
braid homotopy type

. 24N
P
o i '._.3\1.
",
e Aﬁl;_:

The case [m =1, n=-2]
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The case [m = 4, n=-5]

C.Series (1985) geodesic on modular curve H/PSL(2,2)
- a geodesic on H

- Cutting sequence on the Farey Tesselation
->Continued fraction expansion of an end point of the

geodesic on H
(works of E.Artin, R.Moekkel)

F.Boca. C.Merriman (2018) H/T (2) version

- Cutting sequence on the checkered Farey Tesselation
—->Continued fractions by odd terms of an end point of the
geodesic on H.
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(m,n)=(4,-5), Level N=2, Slope & =0

Frequency (m,n)=(-11,16) < Slope&Level (& ,N)=(2/3, 1)
C(2/3)=00101
w cw(2/3,1)=qgbqpagbapg-bgbdbgbdb

left left left 3*|eft 3*|eft

LA W ASWIZAT /G, NN
V_ VWV Yy NYRNEAN

right 3*right 3*right right right

The word can be realized exactly from the motion

137 i
T AR Sl P3| D




1
(m,n) = (—11,16), | ¢ =0 |, Ogtgg

This gives a more symmetric sequence in {b,d,p,q}
The above enhanced Chirstoffel word
. = cw(2/3,1)=agbqpgbgpg-bgbdbgbdb

We can shift it to “Double palindromic word” ;
= pw(2/3,1)=bgpgbgpgb-gbdbgbdbqg (=W mn)
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Observation :

(type 1)

mn=even, pg=even = ¢ =0 stays “collision-free”
> cw(qg/p)=half+mirror

- pw(qg/p)=doubly-palindromic sequence W, ,

E.Kin, H.N., H.Ogawa "Lissajous 3-braids“ Journal of Math. Soc. Japan 75(1)(2023),
195--228.

(type 1)
mn=odd, pg=odd = ¢ =0 has collision
>cw(qg/p)=half+half

E.Kin, H.N., H.Ogawa “Lissajous 3 braids with phase differences” (in preparation)

4, Knots obtained by closing Lissajous 3-braids are
special cases of Lissajous toric knots

[1]C. Lamm: There are infinitely many Lissajous knots, Manuscripta Math. 93, 29-37 (1997)

[2] C. Lamm and D. Obermeyer: Billiard knots in a cylinder, J. Knot Theory Ramifications 8, 353—366 (1999)
[3] C. Lamm: Deformation of cylinder knots, 4th chapter of Ph.D. thesis, ‘Zylinder-Knoten und symmetrische
Vereinigungen’, Bonner Mathematische Schriften 321 (1999), available since 2012 as arXiv:1210.6639

[4] C. Lamm: Symmetric unions and ribbon knots, Osaka J. Math. 37 (2000), 537-550

[5] M. Soret and M. Ville: Singularity knots of minimal surfaces in R4, ). Knot Theory Ramifications 20 (2011),
513-546

[6] M. Soret and M. Ville: Lissajous-toric knots, J. Knot Theory Ramifications 29, 2050003 (2020)

Lissajous knots and Lissajous toric knots are different classes of knots.

Bt 7)) WikirepiA
Lissajous knot Lissajous-toric knot

In knot theory, a Lissajous knot is a knot defined by In knot theory, a Lissajous-toric knot is a knot defined by parametric
equations of the form:

z =cos(nyt+ ¢z),  y=cos(nyt+ ),




m=4, n=-5, ®=0

sTrrﬂ@,i:}A positive - Gmphichira f,-ff
3%, (+) 3 2 &

UI fignd R/




This example motivated us to study Lissajous braids with general phase differences ¢
m=-5,n=7 {i#% p- -

10
A=
W__g"?'qj = bdb?_bdb?
(60,6)-c" | _

\ ‘-MH_H / _.:_ - \_"\.
Y l { .L A .{.
I"-\l L\ Lv_-’- I’ ey a'l ,.':|
\ \ 7o she

\\___

Thank you very much
for attentions!
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