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Algorithm consists of 4 steps:
1. To standard pair (m,n) in P, associate a positive integer N (level) 

and a positive rational ξ(slope).

2. From the slope ξ, produce the Christoffel word c(ξ) in two symbols {0,1}.

3. Enhance doubled c(ξ)c(ξ) to  cw(ξ,N) by a symbolic mapping at level N  with the following rules

☞ 0→ either  one of { �� ����, �� ����, �� ��� �, �� ����};

☞ 1→ either  one of { �� ��， �� ��, �� � �, �� ��};

☞ If m>0 then begin by p, if m<0 then begin by q;

☞ Every word from { �� ���� , �� ��} is adjacent to a word from { �� ����, �� ��};

☞ Every word from { �� ���� , �� ��} is adjacent to a word from { �� ����, �� ��};

4. Obtain a 3-braid in C{m,n} from cw(ξ,N) by sending the symbols b,d,p,q to braids by

☞ d→��
����

�� , ☞ b→��
����

��, ☞ q→σ�σ�, ☞ p→ σ�σ�

1
0  

1
0          0

1
0            0

Review of Christoffel word:
c(q/p)=the word reading 01-symbols along  
the lattice path closest under the diagonal 
slope on any p×q-rectangle.

C(3/5)=00100101



Step 1: Given (m,n) in the set of standard frequency pairs 

the ratio |n/m| is in the semi-closed interval (1,2] which is a disjoint union of the smaller 
intervals (u_{N+1},u_N], where u_N=(3N-1)/(3N-2) forms a decreasing sequence
2>5/4>8/7>11/10>14/13>…>1
☞The level N of (m,n) is defined so that |n/m| is contained in (u_{N+1},u_N].
☞The slope ξ=q/p (with GCD(p+q,6)=1) is then defined by the equations

Note: The above correspondence gives a bijection between P and the following 
level-slope set 

Step 3. Enhance doubled c(ξ)c(ξ) to  cw(ξ,N) by a symbolic mapping at level N  with the 

following rules

☞ 0→ either  one of { �� ����, �� ����, �� ��� �, �� ����};

☞ 1→ either  one of { �� ��， �� ��, �� � �, �� ��};

☞ If m>0 then begin by p, if m<0 then begin by q;

☞ Every word from { �� ���� , �� ��} is adjacent to a word from { �� ����, �� ��};

☞ Every word from { �� ���� , �� ��} is adjacent to a word from { �� ����, �� ��};

Step4. Obtain a 3-braid in C{m,n} from cw(ξ,N) by sending the symbols b,d,p,q to braids by

☞ d→��
����

�� , ☞ b→��
����

��, ☞ q→σ�σ�, ☞ p→ σ�σ�

Example (m,n)＝(1,-2)  slope=0, level=1
Enhanced Christoffel word cw(0,1)=c(0)c(0)=00  pd
 σ�σ���

����
��

Example (m,n)＝(-5,7)  slope=1, level=1
Enhanced Christoffel word cw(1,1)=c(1)c(1)=0101  qbdbqbdb  ….
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