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Preliminaries

oA = (ajj)ijer:=(12,- o) - Symmetrizable generalized Cartan matrix for Kac-Moody
Lie algebrag=n,®hen_.

e {a; : i€} Cbh”: setof simpleroots, {h; :iel}cCbh: setofsimple coroots,

{A; 1 iel} ch: set of fundamental weights s.t. a;; = ;(h;) and A j(h;) = 6;;.

* Root lattice : Q := P, Ze; > Q. := @, Zsoa;. For g = a;, + -+ + a;, € O, define
the height of 8 by |5] = .

e (,) : symm.bilinear form on b* s.t. (a;, @;) € 2Z- and A(k;) = i(y"{j)) for A € p*
(We shall use the notation (k;, A) for A(h;). ) o

o P:={Aeb*|(h,A) € Z(Vi € I)}: weight latticed P.: dominant weights

e P*:={h e b|(h, Py C Z}: dual weight lattice
o W ={(s;|i€el): Weyl group
o U,(9) :=(q",e;, fi | h € P*, i € I)/Q(g): Quantum algebra ass. A.

dual

e U (9):=(filiel), U;(g) e Ay(ny): Quantum coordinate algebra
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Crystal Base |

Let A c Q(q) be the subring regular at g = 0. A pair (L, B) is a crystal base of
M = &M, € Oin(9)(resp. U, (9)), if it satisfies:

@ L is afree A-submodule of M (resp. U, (9)) such that

M =Q(q)®x L (resp. U, (9) = Q(q) ®4 L)
= @ALA (L/l =LN M/l)

@ B is a basis of the Q-vector space L/qL and
B=1,B, (By:=BnNL,/qL)).

@ é&LcLandfiL c L. (¢, f; € Endgy) (M) Kashiwara operator)
Q &Bc BuU{0}and fiB c BL{0).
Q Foru,veB, fu=v < é&v=u.
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-
Crystal Base Il

By @ of the definition, B holds a colored oriented graph structure, called crystal graph:

Definition

The crystal graph of a crystal B is a colored oriented graph given by the rule:

bi—by, < by=fb  (bi,b>€B).

Let V(1) (resp. U, (9)) be the integrable simple h.w.module (resp. nilp. negative subalg. of
U,(9)) with the h.w.v u, (1 € P.) (resp. 1 := u.,). Define

L(A) := Z Afy - fywa, BQ):={f, -+ fiuy mod gL() |i; € 1,1 > 0}\ {0},
ijell>0

L(e):= Y Afy-fytte, B():={f, - fi i mod qL(c0)|i; € I,1 > O}\ {0},

ijel 120

Theorem (Kashiwara)

|
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Crystals

Definition (Crystal)

A 6-tuple (B, wt, {&;}, {¢i}, (&}, {fiDies is a crystal if B is a set and 30 ¢ B and maps:

Wt:B—> P, &:B—oZU{-x), ¢ :B—ZU{-} (i€l)
¢ :BU{0) > BU{0}, fi:BU{0}—BU{O)(el),

satisfying :
Q i(b) = &i(b) + (hi, wi(b)).
e Ifb,e;b € B, then Wt(élb) = wt(b) + a;, Si(éib) = Si(b) -1, (pl(é,b) = (p,(b) + 1.
@ Ifb, fib € B, then wt(fb) = wt(b) — i, €i(fib) = £i(b) + 1, i(fib) = ;i(b) — 1.
Q Forb,b’ e Bandicl, onehas fb=b < b=2¢pb.
Q Ifpi(b) = —co forb € B, thené;b = fib = 0 and &;(0) = f(0) = 0.
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Forie I, set B; := {(n);|n € Z} and its crystal structure is given by

wt((n);) = na;, &i((n);) = —n, gi((n);) = n,
gj((n);) = ¢j((n);) = —o0 (i # j),

&((m)) =+ 1), fi((my) =@n- 1,
() = film) =0 (G # j)

Crystal graph of B;:

e O
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We define a morphism of crystals.

Definition

For crystals B,, 8,, a crystal morphismV¥ : 8, — B, is a map
Y : B, U{0} — B, U {0} such that
Q ¥(0) =0,

Q ifb e By and ¥ (b) € B,, then wt(¥(b)) = wt(b), (¥ (b)) = &:(b) and
0i(P(b)) = ¢i(b) foralli € I,

Q ifb, b € By, W(b), (V') € By and fib = b/ (& b = &b'), then f¥(b) = P(b')
and¥(b) = &P (') for all i € I.

Y : B, — B, is called an embedding if ¥ : 8, U {0} — B, U {0} is an injection
and called an isomorphism if a bijection.
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Crystals also hold a tensor product structure, which is obtained by the tensor
product rule of crystal bases of U,(g)-modules.

Definition
The tensor product 8, ® B, of crystals B, and B, is defined to be the set B; X B,
whose crystal structure is defined by

@ wi(b; ® by) = wt(by) + wit(by),

Q <&i(b1 ® by) = max{g;(by), &i(by) — (hi, wt(b1))},

Q ¢i(b1 ® by) = max{wi(hy), pi(b1) + (hi, wt(ba))},

éib®b I ib ZSl‘b,
oéi(b@bz):{l 2 if b)) 2 i(b)

b1 ®éb, if pi(b1) < &i(by),

fib1 ® by if p(by) > &i(by),
b1® fiby  if ¢i(b1) < &i(b),
where we write by ® b, for (b, b,) € B1 X B,, and we setb; ® 0 =0® b, = 0.

Q fiby®by) ={
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Braid-type isomorphisms

For tensor products of the crystals B;, there exist isomorphisms.

Proposition (Braid-type isomorphisms [N2])

Forie I, set B; = {(2);|z € Z} and let A = (a;;); jei be a Cartan matrix. Then, there exist the

following isomorphisms of crystals ¢{; (k = 0,1,2,3):

¢E?) :B;®B; — B;®B;, (21); ® (22); > (22); ® (21);, a;j=aj; =0,
¢ : B;®B;® B—B,;®B;® B;, aj=a; =
(z1)i ® (22)j ® (z3); = (Max(z3,22 — 21)); ® (21 + 23); ® (Max(=z1,23 — 22));,

¢ :B:®B;®B;,® B;—B;®B,;8B;® B, aj = —1,a;; = =2,
(21)i ® (22); ® (23)i ® (24);

— (max(zs, 22 — 221,223 — 22)); ® (Max(z; + 24, 22,21 — 22 + 223));

® (—max(—z3, —24 — 221, =222 + 223 — 24)); ® (—max(—z3 + 24, =21, 23 — 22))i-

_],
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¢;§> :B;j®B;®B;®Bi—B;®B;®B;®B,, a;=-1,a;;=-2,
(21); ® (22)i ® (23); ® (24)i
F— (max(—z2 + 23, —21 +22,24)); ® (Max(z1 — 225 + 223,23, 21 + 21 + 224))

® (—max(—2z3 + 23 — 24, =21 — 24, —22)); ® (—max(-2z; + 23, —21,23 — 224));.

We omit the expression of ¢fj3.). We call these ¢§’;) (k=0,1,2,3) the braid-type
isomorphisms of B;’s. Note that ¢>gf) and ¢(j'lf) are inverse to each other.
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|
Cellular Crystal B, = B;,., = B, ® --- ® B,

Ik

By braid-type isomorphisms, for any w € W and its reduced words i; - - - i; and
ji -+ ji, we obtain

Definition (cellular crystal)

| A

For a reduced word w = iyi> - - - iy, of w € W, we call the crystal B, := B; ® --- ® B;,
a cellular crystal associated with w.
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Quiver Hecke Algebra |

For a finite index set I and a field k, let (Q; j(u, v)); jer C k[u, v] be a family of
polynomials satisfying: Q; j(u,v) = Q;i(v,u), Q;i(u,v) = 0forany i, je I and
certain conditions. For 8 = Y, mia; € Q, with |B| := Y, m; = m.

Definition
For B € Q., the quiver Hecke algebra R(B) associated with a Cartan matrix
A = (aij)i jer and polynomials (Q;;(u,v)); jer is the algebra generated by

ey € PP := (1, v | Zavk =Bl lull<ks<n}, {rjl<i<n-1}
k=1

with the relations:
eMe(v) = dype(v), D e() =1, e =xe(, xx = xix,
velp

Te(v) = e(si(v)1;, T =TT it k=1 > 1,
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|
Quiver Hecke Algebra I

T2e(v) = Oy Kk Xer1 (),
—e(v) ifl=k, vi = Viy1,
(tex1 — X Tr)E(V) = qe(v) ifl=k+1, vi, = viy1,
0 otherwise,

Oyvien Ot Xes 1, Xpi2)e(vV)  if v = vigo,

(Th 1 ThThr1 — ThTrr1T)E(V) = )
0 otherwise,

where Q,j(u, v, w) = LN C) gy, ] and set R = @IBE& R(B).

u—w

The relations above are homogeneous if we define

deg(e(v)) =0, deg(xe(v)) = (ay,,ay,), deg(re(v)) = —(ay, ay,,).

Thus, R(B) becomes a Z-graded algebra (N.B.: x; and 7; are inhomogeneous)
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R-modules

R-modules
@ Define a grading shift functor g on a Z-graded R(8)-module M = @kez M, by:

gM = @(qM)k, where (gM); = M;_,.

keZ

@ For M € R(B)-Mod and N € R(5’)-Mod, define the convolution product by

Mo N := RB+B)eB.B) Srperey MEN) (eB.B):= Y. e

© MVN :=hd(M o N) (head), MAN := soc(M o N) (socle), where ¥l head of a module
is the quotient by its radical and the socle of a module is the sum of all simple
submodules.

Q If M = M*, we say M is self-dual.

R(B)-gmod: Category of finite-dimensional graded R(8)-modules.
R(B)-gproj: Category of finitely generated graded projective R(8)-modules.

* N.B. These categories are monoidal categories by the convolution product.
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Categorification of U_(g) and A,(n)

Theorem (Khovanov-Lauda, Rouquier)

Let K(R-gmod) (resp. K(R-gproj)) be the Grothendieck ring of the monoidal
category R-gmod (resp. R-gproj). Then we obtain

K(R-gproj) = U, (@)z,  K(R-gmod) = Ay(n)z

A, () = @ HomQ(q)(U;(g)_ﬁ, Q(g)) is called a quantum coordinate ring
B0

Define the functors

E; : R(B)-gmod — R(B—a;)-gmod by E;(M) := e(a;, — a;)M
F; : R(B)-gmod — R(B+ a;)-gmod by F;(M) = (i) o M,

where e(@;, 8 — @;) 1= 3,ep,,=; e(v) and (i) is a 1-dim. simple R(a;)-module.
We also define E} and F} in the opposite manner.
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Categorfication of B(c) by Lauda and Vazirani

For a simple module M € R(B)-gmod, define

wt(M) = -B, (M) =max{n € Z|E'M # 0}, ¢i(M) = &i(M) + (h;, wt(M)),

(aj.a;)

EM = ¢, soc(E:M) = ¢/ " hd(EM) (qi=q 7 ),
FiM = g™ (@iVM = ¢7™hd((i) o M) = "™ hd(F;M).

Theorem (Lauda-Vazirani)

Define B(R-gmod) to be a set of self-dual simple modules in R-gmod. The 6-tuple,
(B(R-gmod), {E;}, {F;}, wt, {&}, {¢;}) holds a crystal structure and there exists the
following isomorphism of crystals:

¥ : B(R-gmod) — B(c) (= crystal base of U, (g)).
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]
Definition of €,

We recall the subcategory %,, c R-gmod and its localization %,. For
M € R(B)-gMod, we define

WM):={ye Q. N(B-0.)|ey.B-yIM#0},
For w € W, we define the monoidal full subcategory %,, of R-gmod by
%, :={M € R-gmod | W(M) c O, NwQ_}
When w = wy € W is the longest element, %,,, = R-gmod.

Definition

Let s; ---s;, be a reduced expression of w € W. For a dominant weight A € P, and
w € W, we define the determinantial module associated with w and A by

M(WA, A) := FI" -+ F'"1,

where 1 is a trivial R(0)-module and my := (h;, s;,., - syA) (k=1,---,0).
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Braiders and Real Commuting Family |

Let A be Z-lattice and 7T~ = &,.47, be a k-linear A-graded monoidal category with
1 € Ty and the bifunctor ® : 7 X 7, — T4, (Later A will be the root lattice Q)

Definition (Kashiwara-Kim-Oh-Park)

A graded braider is a triple (C, R¢, ¢), where C € T, Z-linearmap ¢ : A — Z and a
morphism
Rc:C®X - ¢!PX®C (X €Ty,

which is functorial in X € 7 such that satisfying the following commutative
diagram:

Re(X)®Y Rc(1
Coxoy ~Lwvegxecey ceo1 1ec
m lx@ch(Y) N LE
PIX®Y)®C, c
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Localization

There exists a real commuting family of graded braiders in R-gmod.
{MWA:, Ai), Ruoeninn> Dasaoons.aniel

Let ‘%V = G, [M(wA;, A)°"";i € I] denote the localization of %, by the graded
braider above. We also let

R°gmod[w] := R-gmod[M(wA;, A,)°~" ;i € I]

denote the localization of R-gmod by the same graded braider. We set
Ca := M(wA, A), in particuler, C; := M(wA,;, A;). Note that for dominant weights
A, 1, we have

Cy0Cy = Cyyy up to grading shifts

Then, {Cx | A € P,} serves an analogus property like a multiplicative set in
commutative ring theory.
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Properties of ¢,

We summarize propeties of ﬁ Let Q,, : G, — % be a canonical functor

Proposition (KKOP)

Qo % is an abelian monoidal category and the functor Q,, is exact.
@ For any simple object S € %,,, 0,,(S) is simple in G,
Q C: :=0,C) (i € I) is invertible central graded braider in ng where in a

monoidal category 7, an object X is invertible if the functors X o — and — o X
are category equivalences.

Q@ ForAe P, lety,n e P, suchthat = —n. Then, we obtain C, := C,' o C,.

@ Any simple object in % is isomorphic to C 10 0,(S) for some simple module
Se¥,and1eP (1€ PandS € %, are not necessarily unique.).
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Crystal Structure on Cé; |

We recall notions of rigidity and an invariant A.

Definition

Let X, Y be objects in a monoidal category 7,and e : X® Y — 1 and
n:1— Y®X morphisms in 7. We say that a pair (X, Y) is dual pair or X is a left
dual to Y orY is a right dual to X if the following compositions are identities:

id®n e®id n®id id®e
X=2X®1 -2 XQY®X — 1X=X, Y~1QY - V®X®Y —>VY®l~Y

We denote a right dual to X by 2(X) and a left dual to X by 27'(X).
Theorem (KKOP)

%, is rigid, i.e., every object in %, has a left dual and a right dual.
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Crystal Structure on fw |

Definition
Let (¢,®) be a graded monoidal category and M, N € € be simple objects. In
case

dimHoMm(M @ N,N® M) = 1
the pair (M, N) is said to be A-definable. A non-zero morphism r,, in this space
is called a R-matrix, and we set

A(M, N) := deg(ry.n)-
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Crystal Structure on CgW ]|

Let Irr(%,,) be the set of equilavence classes of simple objects in % up to grading

shifts. We define a crystal structure on Irr(%,,).

Theorem (Kashiwara-N)
ForX e Irr(fgv), we define as follows:
&(X) = d7AQW (). X),  &(X) = d7 A(X, Qi)
@i(X) = &:(X) + (i, Wi(X)), @} (X) = £(X) + (i, wt(X)),
FX =@ ®0,nVX,  FiX =4 XV0,(0)),
EX =q¢"Y"'xv20,()., EX=q¢"“"270,(i)VX,
Ifiel\l, = Fi(X) = E(X) = 0, &(X) = &(X) = —co.

where d; = (a;, a;)/2 and K(M, N) := (A(M,N) + (wt(M), wt(N)))/2. Then these
operators define a crystal structure on Irr(%,,).
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-
Crystal Structure on fw v

Let w = iji - - - i; be a reduced word of w € W and B,, be the cellular crystal

associated to w. For M € Irr(%,,), we define K,.(M) € Z' by

M, =M, ¢, = E?k(Mk) forl <k<l,
My = (E})“(My) = K,(M) = (cy,..., ).

We regard K, (M) as an element of B,, by (ci,...,c;) + ffl‘(O)i, ®: - ®fij'l(0),-,. We
extend K,, : Ire(6,,) — Z' to K, : Ir(6,,) — Z' by

Cy! o 0,(M) = K,(M) — K,,(Cp)

for A € P,.

Theorem (Kashiwara-N)

K, : It (%,) — 7! ~ B,, is an isomorphism of crystals.

|
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Crystal Structure on % \"

The following thorem is neccesary to define & on B;,

Theorem (Kashiwara-N)
Letw e W andi € I satisfy w = ws; <w. DefineE;, Irr(?;) — Irr(?}) by

(CA) " 0 Qu(M) > Qu(E;™CA)™" 0 Qu (E;™ M).
Then we obtain a bijective map
Ie(%,) — I(6,) X Z (X - (B} ,,(X), £ (X))
And indeeed, for X € Irr(‘gw) we also get

Ku(X) = K (B, (X)) ® 772 (0),
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Definition of £; on B,, I

On the set of reduced words of w € W, we define braid moves.

..ij..._)...ji...(al.jajizo)’ ...iji..._)...jij...(aijajl.: 1),

ceefijeee > e jijice (@ag = 2),

which are called 2-move, 3-move, 4-move, respectively.

In the sequel, let g be of type A,,, B,, C,, D, and wy be the longest element of W.
Then, for any wy, any i € I can be moved to the rightmost position of the reduced
longest word by the braid moves, and each braid-move induces the braid type
isomorphism ¢gf). Thus, for wy = w’s; this procedure induces an isomorphism of
the crystals

¢:By, 0By ®B (x— ¢(x) = b ®(a))

where ¢ is the composition of the braid type isom. ¢gf)‘s, which is induced by K,
For x € B, we then define &;(x) = —a.
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Explicit formula for £ |

&7 depends neither on the choice of the reduced word nor on the process of the
braid moves.

| A

Proposition (Matsuura-N)

LetB,, be the cellular crystal associated to the reduced longest word wy.
Type A, @ Fixwo = (1)(21)...(n—1...21)(n...21) as a reduced longest word. For
x € B,, expressed as

X=(@,01® @228 @)1 8@ @i @ ®(Zn-12)2 ® (Zn, 1)1 € By,
&1(x) is given by
£/ (x) = Max(Zp—is2h-1 — Zn-isp) (1 <i<n).
1<k<i

We understand z;; = 0, if k= 0.
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Explicit formula for &7 Il

Proposition (Matsuura-N)

@ Type B, : Fix wo = (12...n)" as a reduced longest word. For x € By, expressed as

X=@11)1® 21228 21 ® (22,1 ®** ® (Znn-1)n-1 ® Zunln € Bwis

&/ (x) is given by

g(x) = e (=& Ziskr ik — Ziskrip-i-1) (1 ST < n=2), £, 1 (X) = L1, €,(X) = —Zpp,
i)

{i = —max(=Zit1,0-1 + Zixt> —Mis Zistn-1 — Zin)y (1 ST <n—1)

L @isvipe1 —2ik)-(<i<n—1)

@ TypeC, : Fix wo = (12...n)" as a reduced longest word. For x € B,,, with the same
expression as in type B,, &;(x) and n;(x) are the same as those in type B,. ¢; is given
by

& = —max(=2zi, + Zist -1 —Mis Zivln—1 — 2Zi+10)- (1 ST <n—1)
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Proposition (Matsuura-N)

@ Type D, : Fixwy = (12...n)""" as a reduced longest word. For
x= @118 @122 ® @) ® (21 @ ® (Zn-14-1n-1 ® (Zu-1.)n € Buyys
&l (x) is given by

& (x) max  (—Kj, Zitk+1nk-1 — Zirk+lnk-2)> (1 <i<n—3)

1<k<n—i-2

Ki = —max( =01, Zisln-1 = Zips> Zitln—2 = Zin—1 = Zins
Zixln = Zin-1> Zitln T Zitlpn-1 — Zi+1,n—2)7 (I1<i<n-2)

0; = — max (Zir1x-1 —3Zix), (1 <i<n-2)
I<k<n—2

8;72(){) = —Knp-2, szfl(x) = —Zn-1n-1, 8;(){) = —Zn-1,n-
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Characterization of the unit object

Now, let us state the characterization of the unit object.

Theorem (Matsuura-N)

Let W be the Weyl group of classical finite type, wo =i, ---i; be a reduced
longest word, and B,,, be the cellular crystal associated to wo. For x € By, the
following are equivalent.

Q wt(x)=0andel(x) =0 (i €l).

Q x=(0);, ® - ®(0); € By,

A\

The following follows immediately from the fact that K., is an isom. of crystals.

Corollary (Matsuura-N)

ForX e Irr(‘évo) = Irr(R—’g—g\Jn"lod), the following are equivalent.
Q@ wiX)=0and&(X)=0 (Yiel).
@ X = 1(up to grading shifts).
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Comparison B,, to B(c)

It is known that for x € B(e0), £/(x) = 0 (Vi € I) without wt(x) = 0 implies
X = Us(= 1 mod gL(c0)). But, this is not true in the localized case. For example, in
case w = 121321 (type A3) we have for

X = (21,01 ®(z12)2 ® (22,11 ® (213)3 ® (222)2 ® (23,11,

1(x) = =231, &(x) = max(=z2,1,231 — 222), &€5(X) = max(=z1,1,22,1 — 212,222 — 213)-

Now, take
x=(1)1®1):®0)®(1); ®(1)2®(0),

this satisfies &7(x) = 0 for any i € 1, while x # (0); ® (0); ® (0); ® (0); ® (0)2 ® (0);.
Thus, we need the condition wt(x) = 0.
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Sketch of proof for type A, |

We exibit the procedure to move a given letter i to the rightmost position by the braid
moves. (with an example of moving i = 3 for type A4)

Step1

Step2

Step3

Step4

By applying 2-moves, move the i-th occurrence of the letter 1 (reading from right to
left) as far to the right as possible. Then we obtain the subword 121 and apply 3-move
2121 - 212.

1213214321 — 1231214321 — 1232124321

By applying 2-moves, move the right 2 appeared in (Step1) as far to the right as
possible. Then we obtain the subword 232 and apply 3-move : 232 — 323.

1232124321 — 1232142321 — 1232143231

Iterate (Step 2) successively for 3,4,...,i — 1 until the subword i(i — 1)i appears.
(Since the rank is small, Step 3 is not necessary in this case.)

Since there only exist letters strictly less than i — 1 on the right side of the right i
appeared in (Step3), one can move the letter i to the rightmost position by applying
2-moves.
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|
Sketch of proof for type A, Il

Then, the procedure above induces the following composition of the braid-type
isomorphisms.

Step? : (z1.1)1 ® (212)2 ® (22,11 ® (213)3 ® (222)2 ® (23.1)1 ® (21.4)4 ® (223)3 ® (232)2 ® (24,11
— (21,01 ®(212)2 ® (213)3 ® (A)2 ® (B)1 ® (—max(—z21,231 — 222)2 ® (214)4 ® - -+

Step2 : -+ @ (—max(—z2,1,23,1 — 222)2 ® (21.4)4 ® (223)3 ® (232)2 ® (241

- ®(214)1 @ (0)3 ® (D), ® (—max(max(—2z2,1,231 — 222), 232 — 223))3 ® (21.4)1

Hence, We obtain

&5(x) = max(—22,1,23,1 — 222,232 — 223) J
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|
Sketch of proof for type A, lll

Caluculating in this vein, we obtain the follwing:

g1(x) =—z41 =0,
& (x) =max(—z31, 241 —232) =0 = 231 >0, 241 <232,
s}‘(x) = max(—22,1,231 — 222,232 —223) =0
= 2,20, 231 <222, 132 < 223,
£,(x) = max(=z1,1, 22,1 — 212,222 — 213,223 — 214) = 0
= 21120, 221 <212, 220 £ 213, 223 < 214

S 21221,231 20, 0=241 <232 <223 < 214, 231 < 222 L 23, 22 S 2.

wix)=0 = zii+ 1 +B1tur =22t 22+ B2=23+223 =214 =0.

Then, we obtain z;; = 0 Yi, j.
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Merci beaucoup pour votre attention
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