One-parameter groups and combinatorial physics

G Duchamp^{§§}, K A Penson^†, P Blasiak^{†‡}, A Horzela^‡ and A I Solomon^{†§}

†Université Pierre et Marie Curie, Laboratoire de Physique Théorique des Liquides, CNRS UMR 7600 Tour 16, 5^{ième} étage, 4, place Jussieu, F 75252 Paris Cedex 05, France

‡H. Niewodniczański Institute of Nuclear Physics, Polish Academy of Sciences Department of Theoretical Physics ul. Radzikowskiego 152, PL 31-342 Kraków, Poland

§The Open University Physics and Astronomy Department Milton Keynes MK7 6AA, United Kingdom

§§Université de Rouen Laboratoire d’Informatique Fondamentale et Appliquée de Rouen 76821 Mont-Saint Aignan, France

E-mail:

blasiak@lptl.jussieu.fr, gduchamp2@free.fr, andrzej.horzela@ifj.edu.pl,
penson@lptl.jussieu.fr, a.i.solomon@open.ac.uk,
(31.12.03 19:46)

Abstract.

1. Introduction

...\...

In the preceding articles the cases a^r(a^+)^s were studied.

2. Bonson string matrices

Let w ∈ {a, a^+}^∗ be a word in the letters {a, a^+}, and define e = |w|_a+ − |w|_a (the excess), then the normal form of w^n reads

N F(w^n) = (a^+)^{ne} (_∞ ∑ k=0 S_w(n, k)(a^+)^ka^k ) (1) when e is positive (i.e. there is more creations than annihilations). In the opposite case (i.e. there is more annihilations than creations) the normal form of w^n is

N F(w^n) = (_∞ ∑ k=0 S_w(n, k)(a^+)^ka^k ) (a)^{n|e|} (2) in each case, the coefficients S_w are well defined by the corresponding equation (1 and 2). Now, for any boson string u one has N F(u) = (a^+)^{|u|a+} a^{|u|a} + ∑ |v|<|u| λ_vv. (3) It has been observed that the numbers λ_v which can be easily computed from the string u‡. Let us give, as examples, the upper-left corner of these (doubly infinite) matrices. For w = a^+a, one gets the usual matrix of Stirling numbers of the second kind. 0 1 0 0 0 0 0 · · · 0 1 0 0 0 0 0 · · · 0 1 1 0 0 0 0 · · · 0 1 3 1 0 0 0 · · · 0 1 7 6 1 0 0 · · · 0 1 15 25 10 1 0 · · · 0 1 31 90 65 15 1 · · · . . . . . . . . . . . . . . ...

(4)

‡ This remark is due to Mark van Leeuwen

For w = a^+aa^+, we have 1 1 0 0 0 0 0 · · · 1 1 0 0 0 0 0 · · · 2 4 1 0 0 0 0 · · · 6 18 9 1 0 0 0 · · · 24 96 72 16 1 0 0 · · · 120 600 600 200 25 1 0 · · · 720 4320 5400 2400 450 36 1 · · · . . . . . . . . . . . . . . . ..

(5)

For w = a^+aaa^+a^+, one gets 4 1 0 0 0 0 0 0 · · · 60 54 14 1 0 0 0 0 · · · 1296 2232 1296 306 30 1 0 0 · · · 40320 109440 105120 45000 9504 1016 52 1 · · · . . . . . . . . . . . . . . . . ... (6)

Remark that, in each case, the matrix S_w has a staircase form and the “step” depends of the number of a’s in the word w. More precisely, due to equation (3) one can prove that the ones ending each row are have (n, nr) as addresses (where r = |w|_a). Thus all the matrices are row finite and unitriangular iff r = 1, which case will be of special interest in the following.

3. Sequence transformations

In this section, we deal with sequence transformations performed by means of row-finite matrices with complex coefficients. These matrices will be indexed by N × N and hence such a matrix is a double sequence (M(n, k))_{n,k≥0} such that, for every n ∈ N the sequence (M(n, k))_{k≥0} has finite support. Their set RF_C is exactly the algebra of continuous endomorphisms of the vector space of complex sequences C^N endowed with the Frechet product topology. For a sequence A = (a_n)_{n≥0}, the transformed sequence B = MA is given by B = (b_n)_{n≥0} with

b_n = ∑ k≥0 M(n, k)a_k (7) The combinatorial coefficients S_w defined above are indeed row-finite matrices.

3.1. The group of regular triangular transformations 3.2. Substitutions with prefunctions 4. Unipotent transformations 4.1. Definition and Lie group structure 4.2. Examples 4.2.1. Provided by the exponential formula

4.2.2. Provided by linearization of powers of boson strings

4.3. A criterium 5. One-parameter subgroups of UT_∞(C) 5.1. General form of the exponential functions 5.2. Link with local Lie groups : Straightening vector fields on the line 5.3. Another conjugacy trick and a shocking formula 5.4. Characteristic series ↔ one parameter group correspondence 6. Conclusion and remaining problems Acknowledgments We thank .... for important discussions.

References

[1] Blasiak P, Penson K A and Solomon A I 2003 The general boson normal ordering problem Phys.

Lett. A 309 198 [2] Blasiak P, Penson K A and Solomon A I 2003 The boson normal ordering problem and generalized Bell numbers Ann. Comb. 7 127 [3] Blasiak P, Penson K A and Solomon A 2003 Dobiński-type relations and the log-normal distribution, J. Phys. A: Math. Gen. 36 L273 [4] Blasiak P, Penson K A and Solomon A I 2003 Combinatorial coherent states via normal ordering of bosons Lett. Math. Phys., in press, Preprint arXiv:quant-ph/0311033 [5] Penson K A and Solomon A I 2002 Coherent states from combinatorial sequences Proc. 2nd Internat. Symp. on Quantum Theory and Symmetries (Cracow, Poland) July 2001 eds E Kapuścik and A Horzela (Singapore: World Scientific) p 527, Preprint arXiv:quant-ph/0111151 [6] Penson K A and Solomon A I 2003 Coherent state measures and the extended Dobiński relations In: Symmetry and Structural Properties of Condensed Matter: Proc. 7th Int. School of Theoretical Physics (Myczkowce, Poland) September 2002 eds Lulek T, Lulek B and Wal A (Singapore: World Scientific) p 64 Preprint arXiv:quant-ph/0211061 [7] Katriel J 1974 Combinatorial aspects of boson algebra Lett. Nuovo Cim. 10 565

One-parameter groups and combinatorial physics 5

[8] Katriel J and Duchamp G 1995 Ordering relations for q-boson operators, continued fractions techniques and the q-CBH enigma J. Phys. A: Math. Gen. 28 7209 [9] Wilf H S 1994 Generatingfunctionology (New York: Academic Press) [10] Lang W 2000 On generalizations of the Stirling number triangles J. Int. Seqs. Article 00.2.4, available electronically at: http://www.research.att.com/~njas/sequences/JIS/ [11] Pitman J 1997 Some probabilistic aspects of set partitions Amer. Math. Monthly 104 201 [12] Constantine G M and Savits T H 1994 A stochastic process interpretation of partition identities SIAM J. Discrete Math. 7 194; Constantine G M 1999 Identities over set partitions Discrete Math. 204 155 [13] Blasiak P, Duchamp G, Horzela A, Penson K A and Solomon A I 2004 Normal ordering of bosons - combinatorial interpretation, in preparation [14] Mendez M M, Penson K A, Blasiak P and Solomon A I 2004 A combinatorial approach to generalized Bell and Stirling numbers, in preparation [15] Klauder J R and Skagerstam B-S 1985 Coherent States; Applications in Physics and Mathematical Physics (Singapore: World Scientific) [16] Luque J-G and Thibon J-Y 2003 Hankel hyperdeterminants and Selberg integrals J. Phys. A:

Math. Gen. 36 5267 [17] Shapiro L W, Getu S, Woan W J and Woodson L 1991 The Riordan group Discrete Appl. Math.

34 229 [18] Zhao X and Wang T 2003 Some identities related to reciprocal functions Discrete Math. 265 323 [19] Stanley R P 1999 Enumerative Combinatorics vol 2 (Cambridge: University Press) [20] Aldrovandi R 2001 Special Matrices of Mathematical Physics (Singapore: World Scientific) [21] Flajolet P and Sedgewick R 2003 Analytic Combinatorics - Symbolic Combinatorics, Preprint http://algo.inria.fr/flajolet/Publications/books.html [22] Roman S 1984 The Umbral Calculus (New York: Academic Press) [23] Bernstein M and Sloane N J A 1995 Some canonical sequences of integers Linear Algebra Appl.

226-228 57 [24] Morse P M and Feshbach H 1953 Methods of Theoretical Physics (New York: McGraw Hill) [25] Krasnov M, Kissélev A and Makarenko G 1976 Equations Intégrales (Moscow: Editions Mir) [26] Sixdeniers J-M, Penson K A and Solomon A I 1999 Mittag-Leffler coherent states J. Phys. A:

Math. Gen. 32 7543; Klauder J R, Penson K A and Sixdeniers J-M 2001 Constructing coherent states through solutions of Stieltjes and Hausdorff moment problems Phys. Rev. A 64 013817 [27] Quesne C 2001 Generalized coherent states associated with the C_λ-extended oscillator Ann. Phys.

(N.Y.) 293 147; Quesne C 2002 New q-deformed coherent states with an explicitly known resolution of unity J. Phys. A: Math. Gen. 35 9213; Popov D 2002 Photon-added Barut- Girardello coherent states of the pseudoharmonic oscillator J. Phys. A: Math. Gen. 35 7205; Quesne C, Penson K A and Tkachuk V M 2003 Math-type q-deformed coherent states for q > 1 Phys. Lett. A 313 29 [28] Sloane N J A 2003 Encyclopedia of Integer Sequences,

available electronically at http://www.research.att.com/~njas/sequences [29] Prudnikov A P, Brychkov Y A and Marichev O I 1986 Integrals and Series: Special Functions vol 2 (Amsterdam: Gordon and Breach) [30] Schork M 2003 On the combinatorics of normal ordering bosonic operators and deformations of it J. Phys. A: Math. Gen. 36 4651 [31] Sloane N J A and Wieder T 2003 The number of hierarchical orderings

Preprint arXiv:math.CO/0307064