Feynman Graphs and related Hopf
Algebras

GERARD DucHAMP and KAROL A. PENSON

August 13, 2005

Abstract

We consider two aspects of the product formula for formal power
series applied to combinatorial field theories. Firstly, we remark that
the case when the functions involved in the product formula have a
constant term is of special interest as often these functions give rise
to substitutional groups. The groups arising from the normal order-
ing problem of boson strings are naturally associated with explicit
vector fields, or their conjugates, in the case when there is only one
annihilation operator. We also consider one-parameter groups of op-
erators when several annihilators are present. Secondly, we discuss
the Feynman-type graph representation resulting from the product
formula. We show that there is a correspondence between the packed
integer matrices of the theory of noncommutative symmetric functions
and these Feynman-type graphs.

We obtain new Hopf algebra structures over the space of matrix quasi-
symmetric functions : a natural cocommutative Hopf algebra struc-
ture on the space of diagrams themselves which originates from the
formal doubling of variables in the product formula and an infinitesi-
mal Hopf structure.

The two coproducts are specialisations of a one-parameter deforma-
tion.



