Drawing solution curve of differential equation

Farida Benmakrouha, Christiane Hespel, and Edouard Monnier

Abstract—We develop a method for drawing approximated
solution curves of differential equations. This method is based
on the juxtaposition of local approximating curves on successive
intervals [t;, t;+1]o<i<n—1-
The differential equation, considered as a dynamical system, is
described by its state equations and its initial value at ¢t = .
A generic expression of its generating series GG; truncated at any
order k, of the output and its derivatives 4/ (¢) expanded at any
order k, can be calculated. These expressions are obtained from
the vector fields, from the observation of the state at time ¢, in
the state equations [3], [7].
We get an expansion of yU )(t) as a linear combination of
differential monomials indexed by some colored partitions.
At every initial point of the present interval, we specify the
previous expressions of G; and y9(t) for t = ;. Then we
obtain an approximated output y(¢) at order % in every interval
[ti,ti+1]o<i<n—1. We present an example from physics: the
Duffing equation.
By using Maple system, we have developed a package corre-
sponding to the creation of the generic expression of G and
yU )(t) at order k and to the drawing of the local curves on
every interval [t;, ¢;1]o<i<n—1, by iterations on the initial points
t = (ti)o<i<n—1-

Index Terms—analysis of dynamical systems, symbolic algo-

rithm, generating series, colored partitions, rational approxima-
tion

I. INTRODUCTION

The usual methods for drawing curves of differential equa-
tions consist in an iterative construction of isolated points,
connected by straight lines (Runge-Kutta). Rather than calcu-
late numerous successive approximate points y(¢;);cy, it can
be interesting to provide some few successive local curves
{y(t)}te[ti»ti+1]0§1§7t—1'

Moreover, the computing of these local curves can be kept
partly generic since a generic expression of the generating
series Gy, of the system can be provided in terms of ;.
The expression of the local curves {y(t)}¢c, ¢, ,,] is only a
specification for ¢t = ¢; at order k of the formula given in the
proposition of section 3.

We consider a differential equation

y ™M) = ot y(t), -y (1), ult) (1)

with initial conditions

y(o) = Y0,0," " 7y(N)(O) = Yo,N

We assume that é(t,y(t),-- -,y =1 (¢),u(t)) is polynomial
in y’ e 7y(N_1)_
Then this differential equation can be viewed as an affine input

F. Benmakrouha, C. Hespel, E. Monnier are with the Department of
Computer Science, INSA-IRISA, 20 avenue des Buttes de Coesmes, 35043
Rennes cedex, France, e-mail: Benma@insa-rennes.fr, Hespel @insa-rennes.fr,
Monnier @insa-rennes.fr.

Manuscript received March 27, 2009.

(u(t) = (u;(t))1<j<m) dynamical system.

By derivating, in the Fliess’s formula, the expression of y(t)
in a neighborhood of ¢ = t,, we get an expansion of y(™ (t).
This expression can be written as a linear combination of
differential monomials ®1§j§m(u§“))€1 . (uglq))eq indexed
by some colored partitions p = @y, for u# = uf* - - ubim,
And then there exist some polynomials g,, in noncommutaive
variables such that

y™(to) = (Guolgn) )

w

For the partition (u;) = (uyl))‘i1 --~(u§i“))67, the weight

wgt(p;) and the length lg(y;) are

wgt(p;) =

> i<k<m Ckik
Sksm 3
lg(n;) = )

Zlgkgm €k

II. PRELIMINARIES

A. Affine system, Generating series

We consider the nonlinear analytical system affine in the
input:

®) { y(t()j =

e (fj)o<j<m being some analytical vector fields in a neigh-
borhood of ¢(0)

o g being the observation function analytical in a neighbor-
hood of ¢(0)

Its initial state is ¢(0) at ¢t = 0. The generating series G is
built on the alphabet Z = {zg, 21, - -, zm }, 20 coding the drift
and z; coding the input u,;(t). Generally Gy is expressed as a
formal sum Go = ) . (Go|w)w where (Golzj, -+~ 2;,) =
Fio - F30(@)] o) depends on g(0).

fo(qz + Z;nzl fj(Q)Uj(t) 4)

9(q(t))

B. Fliess’s formula and iterated integrals
The output y(t) is given by the Fliess’s equation ([3]):
t
vty = 3 (Golu) [ ow) ®
weL* 0
where G is the generating series of (X) at ¢ = 0:
Go = XYyez (Golw)w

= 9@l ©)
ZZZO Zji=0 f]O T leg(Q)|q(O)ZJO T2y

and fot 0(w) is the iterated integral associated with the word
w e Z* ={20,21,  , 2m "



Remember that the iterated integral fo ) of the word w for

the input u is defined by

fo = 1
fo %) fo (fo ) T)dT 7
Vz; € Z Yv E Z *
where ¢ is the empty word, ug = 1 is the drift
and u;, 1 <7 < m is the ¢th input.
We define the Chen’s series as follows ([2])

Z ®)

wezZ*
From the previous definitions, we obtain the following expres-
sion of y(t)

Y (Golw){Cult)lw) ©)

weZ*

y(t) =

C. Iterated derivatives y(”)(O) of the output
Gyp being the generating series of the system, the ith
derivative of y(t) is
y () = (GolCL (1))
We prove the following lemma ([6]) based on the Picart-
Vessiot theory ([4])

(10)

Lemma :
Let be > ., uj.z; = A. Then the derivative of the
Chen’s series is %Cu =Cy,.A

From it, results the following recurrence relation:

C{)=CuAi, Ar=A, Ay =AA+ DA (1)
D; being the operator of time derivation.
Since C,,(0) = 1 and C{”(0) = A;(0) then
y(0) = > (Golw)(CP(0)Jw) = (GolAi(0))  (12)
weZL*
Let wus remark that the successive derivatives

y(0),y™M(0),---,5*)(0) are obtained from the coefficients
(Go|w) associated with the words whose length is < k.

It results that the Taylor expansion of y(¢) up to order k only
depends on the coefficients of G truncated at order k.

For instance, for a single input u(t) with drift ug(t) = 1, the
derivatives are the following

y(0) = (Gole)

yM(0) = (Golzo) + (Golz1)u(0)

y@(0) = (Golz3) + ((Golz021) + (Golz120))u(0)+
( + (Golz1)utM(0)

Golzt)u(0)* +

(13)
This method allows us to compute recursively the successive
derivatives of y(t) at ¢t = 0.
The derivation law D of the partitions, producing the effect of
the time derivation D, of the differential monomials satisfies

D(ix) =

Tk+1 )
eq eq\ jOR—1 0k 1T sed
D(Zl P Z(] ) — 1 e

D ke ek X (i1, k41 q
(14)

For a single input u(¢) with drift ug(¢) = 1, the bicolored

multiplicity is p = po ® v with

Ho = 17
wgt(p) = p+wgt(v) (15)
D(1P®v) = 1P® D(v)
III. APPROXIMATE VALUE OF (") (t)
The Fliess’s formula can be written
y(t) = (Gole) + > (Golw)(Cu(t)lw)  (16)
weZ*—{e}

An approximate function yi(t) de y(t) up to order k in
a neighborhood of ¢ = 0 is obtained by expanding this
expression up to the same order k. Then we have

ly(t) — yu(t)] = O(**1) (17)

For instance, at order k = 1, y(t) has the following approxi-
mate expression for a single input with drift

y1(t) = (Gole) + (Golz0)t + (Golz1)&1(t)

where & (t) denotes the kth primitive of w(t).
This computing can be generalized to the successive
derivatives of y(t).

(18)

Proposition
Given the expression of (") (0) in terms of the coefficients
of GGy and of the derivatives of order < n — 1 of the input
u(t);=o obtained recursively according to the previous
section, we can deduce the expression of y(™ (t) by
executing in y(™ (0) the following transformations

1) We substitute u(") (t) to () (0) for 0 <i <n—1

2) For every occurrence of a coefficient (Gy|v) where

v € Z*, we add the following corrective term

> (Golwo){Cu(t)w)
w#e

The proof is based on the following properties

{ft@u(t)lvz» = (Cu(®)]v)ui(t)
(Cu(®)le) = 1

For instance, for a single input with drift, we compute from

19)

y™M(0) = (Golz0) + (Golz1)u(0)
the expression of 31 (t) :
y () = (Golzo) + X, (Golwzo)(Cu(t)|w)+
((Golz1) + 2 ee (Golwz1)(Cu(t)|w) )u(t)

(20)

By restricting the sums to the words w whose length |w| satis-
fies 1 < |w| < k, we obtain a function y,(c”)(t) approximating
y™(t) up to order k. And then

() — y ™ (6)] = O(t*+Y) 1)



A. Generalization at time t = t;

For a single input with drift, the system (X) can be written
att =t;:

{ q(ti+h) = folg(ti+h))+ fi(q(t; + h))u(t; + h)
y(ti+h) = g(q(ti+h))
(22)
By setting
Ui(h) = wu(t;+h)
Yi(h) = y(t;+h) (23)
Qi(h) = q(ti+h)

we obtain the following system

(X3) { Qi(h) fo(Qi(h)) + f1(Qi(h)Ui(h)

Yi(h) = g(Qi(h))

And G; is the generating series of (%;).

By setting ¢ x(h) = &(t; + h), then 1); ,(h) is the kth
primitive of u(t; + h) or the kth primitive of U, (h).

(24)

We have the equalities

t;+h h
€(ti+h) = / u(r)dr = / Ui(t)dt = i1 (h) (25)
ti 0

And then, we can prove recursively that the Chen’s integral
ftt‘ﬁh d(w) can be computed as an integral fot 5(W) by
considering U, (t) instead of u(¢; + t).

IV. APPLICATION TO CURVES DRAWING

We present an application to the curve drawing of the
solution of differential equations. We consider a differential
equation

y N (t) = ot y(@), -y (), u(t)  (26)
with initial conditions
¥(0) = 0,0, -,y (0) = yov

It can be written for y = q;:

q%l) q2

(1) _

D) = g3 (27)

QE\}) = ¢(taQ17"'7QN)
We assume that
d)(ta(hv"',qN) = Po(qlv'”qu) +ZPJ(Q1,an)u](t)

j=1

for Py, Pi,---, P, polynomials in commutative variables
q1," " ,4N-

For an analytical affine single input system (X) then
m = 1 and the vector fields are fy, fi1, corresponding to
Py, Py.

We propose a curve drawing of the output y(¢) of this
system in [0,7] = U[t,tit1]o<i<n—1 according to the

following algorithm:
Firstly, we compute a generic expression of the generating
series Gi.
e Initial point £y = 0:
y(0) = 1 (0), -+, y™ =1 (0) = g (0) are given.
The vector fields fo, f1 applied to g(g) evaluated in ¢
provide (Gol|w) for |w| < k
o Step ¢:
Knowing y(t;—1) @ (tiz1), -y (tio1)
qn(ti—1) and (G;_1|w) (for |w| < k), we compute
y(t;), -,y =D (t;) according to section 3 and (G;|w)
(for |w| < k) by applying the vector fields fy, f1 to g(q)
at q(t;).
We draw the local curve of the function ¢;_; + dt —
y(t;—1 + dt) on the interval [t;_1,%;].
o Final point t =T =t,:
stop at ¢ = n.

A. Genericity of the method

The computing of the coefficients

(Gilzjo - 250) = Fio -+ [19(@lges)
is generic.
The computing of the expressions of
Yi(h) = y(ts +h) = y(t:) + Y (Gilw)(Cu, (h)|w)
lw|<k

and of

V) = (Gilzo) + 21 <jul <k (Gilwz0)(Cu; (h)|w)+

(Gilz1) + 21 <<k (Gilwz1)(Cu, (B) |w)) Ui (h)

(28)
are generic too.
We use the previous algorithm by specifying ¢; at every step
in the previous expressions.

B. Example: Duffing equation
Its equation is the following:
y D (t) + ayM (1) + by(t) + cy®(t)

y(0) = yo,
yM(0) = y1,0

It can be written as a first order differential system

u(t)

¢t (t) 4o (%)

a5" (t) = —aga(t) — bai (t) — cqd(t) + ult)
= F(q(t)) +u(?)

y(t) = q(t)=g9(q)

Q1(0> = Yo, 42,0 = Y1,0

(30)
The vector fields are
0250 — (aga + bq1 + cqf) 52
P25, t F (Q)a%z
0

0q2

fo(q1,q2)

fi(q1, q2) =



1y

2)

3)

We write generic equations describing the generating
series G; att =1t; :

Vit (Gilzj oz = (Fin o Fa9(@)|gces)
Let us remark that
(Gilwz) =0 Yw € Z*, (Gilwz120) =0 Yw € ZT

For instance, for order k£ = 3, we have only to compute
6 coefficients of (G; instead of 15 coefficients.

(Gile) = qt)

(Gilzo) = a2(ti)

(Gil23) = F(qt:))

<Gi|Z1ZO> = 1 )

Gil) = (e Pla) + F(@) 5 F@)ate
(Gilz125) = -—a

(€29)
We write generic approximate expression of the output
y(tir1) and its derivative y)(t;,1) for every t =
ti+1 =t; + h at order k:

Y(tiv1) = (Gile) + X1 <)<k (Gilw)(Cu, (h)|w)

y W (tiy1) = (Gilzo)+

Zl§|w|§k (Giwzo)(Cu, (h)|w)+

(Gilz1) + X1 <puj<i (Gilwz1)(Cu, (h)|w>)Ui(h()32)

For instance, for order k = 3

Yi(h) = y(ti+h)
= y(t:i) + (Gilzo)h + (Gi|z5)h* /2+
(Gilz120),2(R) + (Gilz5)h® /(31)+
(Gilz128)¢i3(h)
(33)
and
v ) = yOt+h)

= (Gilz0) + (Gi|28)h+
(Gilz120)i1 (R) + (Gl 28)h? /2+
(Gilz128)vi2(h)
(34
And we use the algorithm of section 4 by specifying t;
at every step. So we obtain the drawing of y(¢).

C. Contribution of symbolic computing

The symbolic computing allows us to profit from the
genericity and from the precision.

1y

2)

Genericity : We propose that one uses the formal expres-
sion of the generating series GG; and of the output y(t;)
and its derivative y(!)(¢;). Then we replace successively
the expressions by their values at every step.

Precision : We can choose any order k for approximating
the output and its derivative. The error is on the order
of k+ 1.

D. Comparison with other methods

The main interest of this method consists in choosing the
precision, not only by the size of the time interval h but by
the order of the approximation.

The quality of any approximation depends on the order, the

size of the interval but also depends on the roughness of the
curve and the stability of the system [1]. When the system
is stable, the drawing of the curve is suitable, by using our
method, for a large period of time and a small order. In this
case, our method is favourable. Otherwise we have to reduce
the period of time in order to follow the true curve.

In comparison with Runge-Kutta methods, this method con-
sists in selecting a much smaller number of steps, the local
curve being acquired on every interval.
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