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We develop a combinatorial theory for the operation of forming the logarithm of
generating functions associated with covariant functors on the category of finite sets
and bijective maps. This leads to a rather general and flexible exponential principle
for labeled combinatorial structures. We also introduce the concept of a topos-like
category, which turns out to be a convenient framework for the discussion of a wide
range of applications a few of which are studied in detail. ~ © 1997 Academic Press

0. INTRODUCTION

The main purpose of the present paper is the construction of a com-
binatorial theory for a large class of enumeration problems leading to an
identity of the form

1+ ) a,Z"/n!=exp < Y b,,Z”/n!> (0.1)
n>0 n>0
or, more generally
1+ Y a,Z"Y*n!=exp (Y Y b,,Z”/n!>. (0.2)
n>0k>0 n>0

It has often been noted that the identity (0.1) arises in connection with
the problem of counting labeled combinatorial structures, which are com-
posed of a finite number of indecomposable substructures, and several
combinatorial models for (0.1) or its refinement (0.2) have been proposed
on the basis of this observation, cf. for example [BG, Section 3; F,
Chap. IV; or W1, Chap. 3]. It appears, however, that no satisfactory
definition has been offered so far for the most fundamental notion of such
a theory, the concept of decomposition of a labeled combinatorial struc-
ture. In [BG], a composition of combinatorial structures is introduced
axiomatically. The strength of Bender and Goldman’s prefab theory lies
largely in the fact that it can deal with completely labeled and completely
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DECOMPOSABLE FUNCTORS 189

unlabeled structures in a uniform way, an advantage, which at the same
time causes their list of axioms to be rather long and involved. Indeed,
their approach seems much too complicated and abstract if one is mainly
interested in the identities (0.1) and (0.2) and their interpretation in terms
of labeled combinatorial structures. On the other hand, both [F, W1]
introduce explicit set-theoretic constructions, thus only implicitly defining
the particular kind of decomposition underlying their respective construc-
tion and automatically ensuring decomposability, and then relate the
enumeration of the constructed objects to the enumeration of the set of
objects they started from.

Denote by Ens the category of finite sets and injective maps and by Ens
the subcategory consisting of finite sets and bijective maps'. It is natural to
think of labeled combinatorial structures as covariant functors on Ens.
Given such a functor F: Ens — Ens, the basic idea of our approach is to
study natural transformations # from the functor

Fx F: Ens? 5 Ens? —% Ens = Ens
to the functor
Fow: Ens® —2 Ens — Ens = Ens,

where x and v denote the cartesian product and disjoint union of sets.
Among such transformations #, a subclass is singled out by means of a cer-
tain rather natural reconstruction axiom, (D1), and any # in this subclass
is called a weak decomposition of F. The functor F is termed weakly
decomposable, if F# &, ie., if F(Q)#  for some finite set 2 and if a
weak decomposition # of F exists. The class of weak decompositions of F
is further reduced by imposing a second condition (D2), thus leading to the
concept of a decomposable functor F and its decomposition(s). Our main
result associates a general exponential formula of type (0.1) or (0.2) with
each such weakly decomposable or decomposable functor F, respectively.
This result and its conceptual framework are explained in more detail in
the first section. We also comment there on Wilf’s exponential formula
associated with exponential families which arises as a special case of our
result; and we demonstrate by means of an example that a decomposition
of a functor F, if it exists, is in general not uniquely determined by F. The
next section contains the proof of our main result. In Section 3, we concen-
trate on three specific applications of somewhat algebraic flavor: (i) the
connection between group actions and finite-index subgroups; (ii) the
equation X*= X’ in symmetric semigroups; and (iii) cyclic sets. Finally, in

!'Such functors are often called species; cf., for example, [J].
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Section 4, we introduce the concept of topos-like categories. These are
categories endowed with a canonical forgetful functor into the category of
sets, which generalize certain important aspects of the category of G-sets
for a given group G. Our theorem allows us to relate the problem of
counting objects in such a category, which lie over a given finite set and are
the coproduct of a given finite number of indecomposable objects, to the
enumeration of the indecomposable objects over a finite set (Proposi-
tion 4). In fact, these categories whose axioms are also discussed in the
theory of toposes (or, rather, topoi), turn out to be a convenient
framework for the discussion of a wide range of applications of our
theorem. In particular, all instances of a relation between two generating
functions of the type described in (0.1) and (0.2) which are discussed in the
present paper, turn out to be interpretable in the context of topos-like
categories, which, however, invites many further applications.

1. THE EXPONENTIAL PRINCIPLE

The crucial concept for our approach to the exponential principle is that
of a decomposition of a (combinatorial) functor F. This concept and the
exponential formulas it leads to are explained in the first subsection. In
Subsection 2 we introduce Wilf’s concept of an exponential family and
show how his exponential formula associated with such a family arises as
a special case of our result. Moreover, in Subsection 3 we demonstrate by
means of an example that the decomposition of a functor F, if it exists, is
in general not uniquely determined by F.

1. Decomposition of Functors

Denote by Ens the category of finite sets and injective mappings and by
Ens the subcategory consisting of finite sets and bijective maps. For a given
(covariant) functor F: Ens — Ens we want to study natural transforma-
tions # from the functor

Fx F:Ens®— Ens® —% Ens —— FEns
to the functor
Fow: Ens? —2 Ens —%— Ens —— Ens.

Here x and v denote the natural product and coproduct in the category
of sets, i.e., the Cartesian product and disjoint union, respectively; and

1: Ens — Ens is the inclusion functor. Given F and such a transformation
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n we define a map F,: |Ens| — |Ens| on the class |Ens| of all finite sets as
follows:

FQ)— U nFI)xFJ)), Q#J
F (Q):= 1V J=0Q (22 € |Ens|)

. Q=
(n(F(I)x F(J)), of course, denotes the image of the injective map
Nan: FU)x F(J) = F(Q) for Q=1 J). Furthermore, using this map F,

we define a sequence of mappings Fff): |Ens| — |Ens| (k=0, 1, ...) with the
property that F!")(Q) = F(Q) by induction on k:

(0) .: K@), Q=9
By {@, Q+
F;’”(.Q):: U n(F”(Ql)xF;k*“(Q—QI)), k>=1.

An immediate induction on #£ shows that
FfI")(Q)=®, k> #Q. (1.1)

Denoting by Z, the set of nonnegative integers, we associate with such
a pair (F,#) three arithmetic functions ¢%:Z -7, Y% Z,  xZ  —
Z, ,and Y Z, — 7, as follows:

@h(n):=#F,({1,..,n})
Wi(n, k)= #FP({1, ... n})
Yp(n) = #F({1,..,n}).
By (1.1) we have that
Wi(n, k)=0, k>n.

The functions ¢%, Y%, and ¥, in turn give rise to (formal) generating
functions:

Given F, we call a natural transformation #: FxF— Fou a weak
decomposition of F if the following condition (D1) holds.
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(D1) For each finite set 2 and any two partitions Q=0Q,0VQ, =
Q1v Q) of Q into disjoint parts we have that
N(F(Q,) x F(Q25)) nn(F(21) x F(25))
=n(n(F(21,) x F(213)) X n(F(2,1) X F(25,))), (1.2)

where Q,:=Q, N Q) for i, je {1, 2}.

A weak decomposition # of F is termed a decomposition of F if it satisfies
in addition the following condition.

(D2) For each finite set Q the sets F"(Q), F{'(Q), F)(Q), ... are
pairwise disjoint.

A functor F will be called weakly decomposable if F+# (J, i.e., F(Q)# &
for some finite set 2, and if F admits some such weak decomposition 7.
Similarly, F will be called decomposable if F+# ¢ and if F admits a decom-
position 7. We shall see that for a weakly decomposable functor F and a
weak decomposition # of F in particular the following is true:

#F(Z)=1. (1.3)

FW=F, (14)

For each finite set Q we have F(Q)= {) F{(Q). (1.5)
k>0

Hence, for such a pair (F, 7)
Yi0,0) = #F (D) = #F(J)=1
and
Yi(n, 1) =o%(n),  n=0.

If in addition to (D1) # also satisfies condition (D2), i.e., if F is decom-
posable and # a decomposition of F then for each finite set Q the set F(Q)
is the disjoint union of the family {F{(Q)} 7.

The main objective of the present paper is to establish the following
exponential principle.

THEOREM. Let F be a covariant functor on the category Ens and
n: FxF— Fow a natural transformation.

(a) If Fis weakly decomposable and n a weak decomposition of F, then
the generating functions ®@(Z) and WY(Z) are connected by the transformation

P(Z) = exp(P(2)). (1.6)
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(b) If F is decomposable and n a decomposition of F, then

(i) ¥(Z, Y)=exp(Y®(Z)) W)
(i) W(Z 1)=%2). '

It is often convenient to view Eq. (1.7)(i) in a slightly different (but
equivalent) way. For a set T<Z . of nonnegative integers put

Tn, T) =Y Wih(n k)
keT
and
Y7(Z)= 'P&m(Z) = Z Yi(n, T) Z"/n!.

n=0

Moreover, for a series f(Z)=>Y,-,a,Z" and a set S=Z, we denote by
(Z)s=,csa,Z" the truncation of f(Z) corresponding to S. Given
a functor F:Ens— Ens and a natural transformation #: FXF— Fo ©
Eq. (1.7)(1) is then equivalent to the following assertion:

For every set T<Z, of nonnegative integers we have
YT (Z)=e (D(Z)), where e (Z) :=exp(Z) ;. (1.8)

Indeed, define for fixed k=0
SUIC(Z) = Z lp;}(”! k) Zn/”!'
n=0

Assuming Eq. (1.7)(i) we have

1
V(Z, V)= Y Y2 Y=Y — YH®(2))

k=0 k=0 k'
Comparing coefficients we find that
1 B
YZ) = (2(2)), k=0, (1.9)

from which (1.8) follows by summing over the set 7. Conversely, using
(1.8) with T={k} gives (1.9) from which Eq. (1.7)(i) results upon
multiplying by Y* and summing over all k>0. We shall freely use this
equivalence whenever it is convenient.



194 DRESS AND MULLER

Remarks. 1. Condition (D1) can be rephrased in terms of pullback
diagrams. Recall that pullbacks always exist in the category Ens and are
constructed in an obvious fashion. Denoting by P the right-hand side of
(1.2) it is then easy to see that Eq. (1.2) is equivalent to the statement that

(i) P=n(F(Q,)xF(£2,)) nn(F(Q)x F(£53)) and
(i1) the diagram

1
Q). @)

P————F(Q) xF(£,)

—1
Q. 25) J J @y, @)
@y, 2y

F(Q)) x F(Q5) ——— F(Q)

is a pullback diagram in the category Ens.

2. Given a functor F: Ens — Ens with associated generating function
VYi(Z)=3,-0 #F(n) Z"/n! our theorem supplies a (not necessarily canoni-
cal) combinatorial interpretation of the function log ¥, ie., a functor
F,: Ens — Ens such that

Y. #F,(n) Z"n! =log(¥(2)),

n=0

provided that F is weakly decomposable. Obviously, the functor F can be
reconstructed from F, and the defining weak decomposition 7 of F. More
general, given an arbitrary functor H: Ens — Ens (rather than F,), consider
a functor G= G4: Ens —» Ens with

GQ)= @ [] HX) QelEns|.

neEq(R2) XeQ/n

Then an immediate calculation shows that

Y. #G(n) Z"n! =exp(¥y(Z) — #H(0));

n=0

i.e., one always has a (canonical) combinatorial interpretation of the image
of >,,~1 #H(n) Z"/n! under the exponential map.

2. Exponential Families

In his recent book [ WI1] on generating functions, Wilf introduces the
concept of an exponential family and associates an exponential formula
with each such family. Unfortunately, Wilf’s proof of his exponential prin-
ciple is not entirely correct; cf. [ M4]. However, the result itself is valid and
is in fact a special case of our theorem. We briefly review the definition of
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an exponential family and state Wilf’s exponential formula before deducing
it from our result.

Given a set 2 the elements of which are called “pictures” Wilf defines a
card € =%(S, p) as a pair consisting of a finite set S of positive integers
(the label set) and a picture p € 2. The weight of a card €(S, p) is #S and
a card of weight n is standard if its label set is {1, .., n}. By hand H he
means a set of cards whose label sets form a partition of {1, ..., n} for some
n; 1.e., these label sets are nonempty, pairwise disjoint and their union is
{1, .., n}, where n is the sum of the weights of the cards in the hand. This
n is called the weight of H. A relabeling of a card € =%(S, p) with a set
S’ is defined if #S= #S’, in which case it is the card €' =%(S’, p). If
S'={1, .., #S} then € is the standard relabeling of €. A deck % is a finite
set of standard cards whose weights are all the same. This common weight
of the cards in & is called the weight of . Finally, an exponential family
Z is a sequence of decks &, &,, ..., where for each n=1, 2, ... the deck 2,
is of weight n. Given an arbitrary exponential family & put d, := # <, and
define /i(n, k) to be the number of hands of weight n consisting of precisely
k cards, each of these cards being a relabeling of some card in some deck
of #. Moreover, introduce the generating functions %(x)=3, ., d,x"/n!
and A (x, y)=3, «=0h(n, k) x"y*/n!. Then Wilf’s exponential principle
[WI, Theorem 3.4.1] asserts that

H(x, y)=e”?™), (1.10)

In order to reveal (1.10) as a special case of our theorem we have to
slightly generalize Wilf’s concepts so as to allow arbitrary finite sets as
label sets. Hence, a card in our sense is of the form ¥ =%(£2, p) with an
arbitrary finite set Q (the label set). The weight w(%) of € =%(L, p) is
#. A hand H(Q) on a (finite) set 2 is a set of cards whose label sets form
a partition of Q. Note that there exists precisely one hand on the empty
set, the empty hand H(J)= . The weight of a hand H(Q) on Q is
Y wcma W(E)=#Q. Finally, a relabeling of a card %(£, p) is a card
€(Q', p) with #Q = #Q'. Call a hand admissible if each of its cards is a
relabeling of some card in |J,~; %,. For a finite set 2 denote by F(Q) =
F(Q) the set of all admissible hands on Q. Since by definition of an
exponential family each deck 2, is finite F - (£2) is again a finite set. Hence,
with the obvious definition of induced maps, F=F, is a functor on the
category Ens and the disjoint union of hands defines a natural transforma-
tion y=n,:F,XF,; > F,ow. The fact that F, () ={H(J)} #
shows that F 5 is not the empty functor. Let

H(Q)= {(51(4'1; DP1)s o G4y, Pk)} €N (Fz(Q,)xF 5 (2,))
NN (Fz(27) X F 5 (2%))
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be an element of the left-hand side of (1.2). Then we can partition the index
set {1, .., k} in two ways, {1, .., k} =I,0I,=I1vI,, such that

Q=U4, (i=1,2), =14, (j=12)

nel; ,uel,’-

For i, je {1,2} put I;;:=1, nI;. By definition we have

U 4.€9Q; (je{l2})

pel

and since () /’j _, 4,,=Q we must in fact have equality. This shows that H(Q)
is contained in the right-hand side of (1.2), and since the other inclusion is
clear, we have verified condition (D1) for the pair (¥, 775 ). By definition
F, (L) is the set of all admissible hands on £ consisting solely of one card, and
for Q # (¥ there is an obvious bijection between F,(£2) and & ,,. Moreover,
by an immediate induction on k, F 57" )(Q) is the set of all admissible hands on
Q consisting of precisely k cards; in particular, condition (D2) holds. Hence,
F is decomposable and # , is a decomposition of F . Wilf’s result (1.10)
now follows from our theorem since ¢%(n) = #F,({1, .., n})=d,(n>1)and
Yi(n, k)= #Ffv")({ 1,..n})=h(n, k) (n k=0).

3. An Example

Given a decomposable functor F: Ens — Ens, its decomposition # will, in
general, not be uniquely determined by F. As an example consider the
functor F: Ens — Ens given by

(%)
F(Q):=2V2/, Q e |Ens]|,
which maps a finite set 2 onto the set of all subsets of (§)={{w, ®'}: w,
w' e, w#w'}. For Q,, 2, € |Ens| put

”(QI,QZ)(EIB E))=E,VE,

/ Q,v0Q, Q, Q,
Nie, o) Ers Ey) :=E,OE;, 0 X -5 )-(5)):

where E; = (). F(2) can, of course, be interpreted as the set of all un-
directed combinatorial graphs with vertex set Q. In this language
N, o) E1, E,) is the disjoint sum and 77(q, o, (E,, E>) the bipartite com-
pletion of the disjoint sum of the graphs corresponding to E;, and E,.
Clearly, ; is a decomposition of F with F{)() consisting of those graphs

and
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on Q2 which have exactly k connected components. Our theorem then tells
us that, for every set T=Z ,, the exponential generating function Y7 (Z)
of the number /.(n, T) of all those graphs on n labeled vertices with num-
ber of connected components in 7 is given by

‘I/T(Z)zer<log< + ) 22 Z”/n'>>

n=1
A moment’s thought will also convince you that the transformation 7’
satisfies condition (D1). Essentially, one only has to observe that in the
notation of (1.2) a graph corresponding to a set Een'(F(Q,) x F(2,))n
7' (F(2)) x F(Q2%)) is in fact of the form

@ — @y
@‘@

(a straight line denotes the bipartite completion of the two disjoint graphs
it connects). By definition, a graph E on the set Q2 # (J is indecomposable
with respect to 7’ (i.e., belongs to F,(£)) if and only if for every partition
Q=0,00, of 2 into two nonempty disjoint parts the graph E does not
contain all #Q, - #€, possible diagonal edges between @, and Q,. But
this is equivalent to saying that the complement (%) —E is a connected
graph on Q. By induction on k, F 57’,‘ )() is then identified as the set of all
those graphs on £ whose complement has exactly k& connected com-
ponents, whence (D2) for the transformation 7.

How far then is the decomposition of a decomposable functor F deter-
mined? If # and #' are two decompositions of some functor F: Ens — Ens
then by our remark above for every set Q€ |Ens| the set F(Q) is the dis-
joint union of the family F{/'(2) as well as of the family F{(Q) and by
our theorem we must have that #F!"(Q)= #F!"(Q) for every k>0.
However, these two partitions of F(Q) may still look very different from
each other. Returning to our example, if we take for instance @ = {1, 2, 3},
we find that

3 3 3 3

wanf P A

271 271 271 2

wa-{\ A/
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FOQ)=@ if k=0 or k>4

2. PROOF OF THE THEOREM

We are going to analyze the situation in a sequence of 12 steps. Our
general assumption will be that F is weakly decomposable and that # is a
weak decomposition of F' (although condition (D1) is not always needed
in each of these steps). Axiom (D2) will only come into play in steps (x)
and (xii).

(i)  Functoriality of F,. Let 2 and Q' be finite sets and f: Q — '
a bijective map. Then

F(f)(F,(2))=F,(2); (2.1)
ie., putting F,(f):= F(f)IF)](Q) we get a functor F,: Ens — Ens.

Proof. This follows straightforward from the naturality of the transfor-
mation #, the functoriality of F and the fact that the map f'is bijective. ||

(ii) Functoriality of F\", k>0. For each bijection f:Q— Q'
between finite sets Q and Q' and every integer k>0 we have

FU)(F(Q) =F Q) (22)

Proof. This follows by induction on k, using the functoriality of F,
already proved. |

(i) #F@)=1

Proof. By the injectivity of # g g F(J)x F(J) - ), F(J) is
either empty or a 1-set. Suppose that F(J)= . Choose a set 2, with
F(2,)#  and a set Q, such that Q, " Q,=¢ and #Q,= #£,, and
consider (D1) for the partition Q :=Q, U Q,, Q)= Q,. By the functoriality
of F we also have F(Q,) # J and, consequently, the left-hand side of (1.2)
is nonempty, whereas the right-hand side of (1.2) would be empty in case
F()= —a contradiction. ||
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(iv) Commutativity of n. Given any two disjoint finite sets £, and
Q, we have

n(F(2,) x F(25)) = n(F(2,) x F(2,)). (23)

Proof. Applying condition (D1) to the decompositions 2 :=Q, U 2, =
Q, U Q, we find that

I = n(F(Q,) x F(2,)) nn(F(L,) X F(2,))
=n(n(F(2, N Q) x F(2,)) xn(F(2;) x F(2, N 2)));

(1.3) ensures that the map
Nz, o)+ FJ)x F(Q,)— F(2))

is surjective, i.e., #(F(2, N 2,)x F(Q2,)) = F(2,), and, similarly, n(F(£,) x
FQ,nQ,))=F,). Thus we have

I =n(F(2,) x F(2,)).

By an analogous application of (D1) and (1.3) to the decompositions
Q=0,u0Q, =02, uQ, we find that

S =n(F(Q,) x F(2,)),

and (2.3) is proved. ||

(v) Associativity of 5. For any three pairwise disjoint finite sets Q,,
Q,, and 2, we have

n(n(F(2,) x F(2,)) x F(25)) = n(F(2,) xn(F(Q2,) x F(25))).  (2.4)
Proof. We show that both sides of (2.4) equal the intersection
Ji=n(F(2, 02, X F(23)) nn(F(£2,) x F(2, u2;))

By applying (D1) to the decompositions Q:=(2, UR,)uR;=0Q, U
(2, U Q;) we obtain that

S =n(n(F(2,) x F(2,)) xn(F(2, N Q23) X F(2;)))
and as in the proof of (iv) we find that #(F(Q2, N Q) X F(2,)) = F(25), i.e.,

I =n(n(F(2,) x F(2,)) x F(25)).



200 DRESS AND MULLER
The same argument when applied to the decompositions =0, U
(2,UQ;)=(Q,UQ,) U Q, yields
I =n(F(Q,) xn(F(Q,) X F(23))),
whence the claim (2.4). ||
(vi) The functors F{" and F, coincide.

Proof. 1Tt suffices to show that

FIN(Q)=F,(Q)

n

holds for every finite set 2. By (1.1) this is true if Q = ¢, so assume that
Q # . Then, using the injectivity and associativity of #, together with the
observation (1.3), we have

F Q)= U nF,(Q)xF(Q-Q)))

Qs

—W(F,(Q)x F(D))

=f7<<F(Q)— U n(F(I)XF(J))>><F(®)>
o5

—WRQx @)~ U n(FI)x FT)) x F())

B
_RQ) — U n(FDxFI)=F Q). |
R

(vil) For a finite set Q and any fixed element w e Q we have

FQ)= U n(F(2)xFQ-Q,)). (2.5)

weR =N
Proof. Let xe€ F(Q) be an element and consider all sets 2, such that
weR,<=Q and xen(F(R2,)x F(Q—Q,)). Such sets exist, for example
@, = Q has these properties since the map 7 ) : F(Q) x F(J) = F(Q) is
surjective. Of these sets we whose one of minimal cardinality, say, Q,(x).
Now suppose that x ¢7(F,(2,(x)) x F(2 —€,(x))). Then by the injectivity
of # and the choice of Q,(x) we must have that

x €n((F(2,(x)) = F,(2,(x))) x F(Q2 —2,(x)))

= U 1R x FUJ) x F(Q — 2,(x)).
TuJ=Q(x)
I+ +J
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Consequently, there exists a decomposition I, wJ, =Q,(x), I, # B #J,,
such that x e n(n(F(I,) x F(J,)) x F(2 —Q,(x))). Using (iv) and (v) we see
that #(n(F(I1,)x F(J,))x F(2—Q,(x))) is contained in both #n(F(I,)x
F(Q—1,)) and 5n(F(J,)x F(2—J,)). The element w is contained in I, or
J,, to fix ideas, say, w e I,. Hence we arrive at the assertion that

xen(F(I,) x F(Q2—1,)), # 1 < #Q,(x),

contradicting the choice of ,(x). We conclude that x is indeed contained
in n(F,(2,(x)) x (2 —Q,(x))) and (2.5) is proved. |

(viii) The right-hand side of (2.5) is a disjoint union.

Proof. 1In the context of (vii) let 2, and 2, be two finite sets with
weR, =2 and Q, #Q,, say, 2, nQ, #Q,. It is enough to show that

I =n(F(2) x F(Q —2,)) nn(F(2,) x F(2 —£5))

has an empty intersection with #(F,(£2,) x F(2 —£,)). But, by (D1), we
have that

I Sn(n(F(Q, N Q) x F(Q,—Q,)) x F(Q—Q,))

and, by definition of F, and the fact that we Q, N Q, # J#Q, —Q,, we
have

F Q1) 0n(F(Q) 0 Q) x F(Q,—Q,))= .

n

So, by the injectivity of # we must indeed have
nE,(Q,) x F(Q —Q,)) nn(F,(2,) x (2 —Q,)) =D,

as claimed. |

(ix) Given any finite set 2 we have

AQ)= | FP(Q). (2.6)

k=0

Proof. We use induction on #£. By (1.1) and the definition of F 270’ the
statement holds if 2 = 7. So let 2 # ¢ and suppose that (2.6) holds for all
sets of cardinality less than # Q. Then
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U F(@)=U F(Q)

k=0 k=1

=U U nFQ)xFf "(Q-2)

= U f7<F,,(Ql)x U Fif—”(g_gl))

Q<=0 k=1

- U ;7<F,7(.Ql)><UF§7k)(-Q—Ql)>

k=0

where we have used (vii) for the last equality. ||

For our next step we have to assume that F is decomposable and that
n is a decomposition of F.

(x) For a finite set Q, any fixed element w € 2 and an integer k> 1
we have
FRQ)= () n(F(Q)xFf (Q—y)). (2.7)

we1=Q

Proof. The fact that the terms on the right-hand side of (2.7) are
pairwise disjoint follows from (viii) since a term #(F,(2,)X
Fi'~D(Q—Q,)) is contained in the larger set n(F,(Q,) x F(Q—Q))).
Denote the union on the right-hand side of (2.7) by F{*)(2). It remains to
show that F(Q)=F"(Q). By definition of F!*’ we have that F{*(Q) =
F\1(Q). Moreover, using (ix) and (vii) we see that

UFP@=U U nF@Q)xFf Q-0

k=1 k=2l weQ,=Q
- U <F,1(.Q]) < U F;H(g—gl))
weQ,cQ k=0

U n(F(2)xFQ-Q,))

we =

=FQ).

In the presence of axiom (D2), i.e., the disjointness of the sets F ff (Q) for
different , this implies F(Q) = F () for every k> 1, whence (x). 1
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(xi) Proof of (a). By (vii), (viii) and the injectivity of # we have that
Yr(n)=#F{1,.,n})
= Y #FEQ)XA(Lan}—2)).  (28)
leQ ={l,..n}

Using the functoriality of F and F,, each subset Q, with 1€ Q, = {1, .., n}
and of cardinality # Q, =y contributes ¢%(u) ¥ (n—pu) to the right-hand
side of (2.8). Observe that this number does not depend upon €, itself but
only on the cardinality x of Q,. Therefore the (},_}) u-subsets of {1, ..., n}
containing the element 1 contribute (%~}) @’(x) xp #(n—u) to this sum dnd
we obtain

"o n—1
b= (07 orin—p). nx129)
w=1

Multiplying both sides of (2.9) by Z"~!/(n—1)! and summing over n> 1
gives

V(Z)=d'(2)-V(Z),
from which (1.6) follows in view of (1.3). ||

(xi1) Proof of (b). By (ix) and (D2) we have
n)= 73 Yink), n=0 (2.10)
k>0
and, hence,
PZ, )= > Yink)Z'/nl=Y Yp(n) Z"/n!=¥Y(Z),
n=0 k=0 n=0

whence (1.7)(ii). In order to prove (1.7)(i) we use (x) instead of (vii) and
(viil). Arguing as in the last step except that, instead of the functoriality of
F, one has to use (ii), we obtain

" /n—1

Yi(n k)= 3 <ﬂ_1>(ﬂ7v(ﬂ)l//7v("—ﬂ,k—1) (n,k=1). (2.11)
w=1

Multiplying both sides of (2.11) by Z"~'Y*/(n—1)! and summing over

n>=1and k=1 gives

Y Y WHn k) Z Y (n—1)!

n=1 k=1

1
= X Z( 1>¢”F(u)lﬁ’}(n—u,k—1)z"IY'»'/(n—l)!. (2.12)

n=zl k=1 u=1
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In view of the definition of F{” the left-hand side of (2.12) equals
(0/0Z) ¥Y(Z, Y). The right-hand side can be rewritten as

anl anl ) B o
Sy e (e P @ e (2)) = § D @)

= Y®'(Z) Y Y'¥(Z)

k=0

=Y®'(Z)V(Z, 7).
The resulting relation,

G :
57 V2 V)= YO () V(Z Y),

in view of (1.3) now obviously implies Eq. (1.7)(1) and the proof of the
theorem is complete. |

3. SOME APPLICATIONS

As we saw in Section 1, Wilf’s exponential formula for exponential
families is a special case of our theorem. We therefore feel freed from the
usual obligation to demonstrate the existence of a multitude of interesting
applications for our method, since Chapter 3 of [W1] provides an
excellent such collection with respect to Wilf’s formula and, hence, mutatis
mutandis, also for our result. Instead, we concentrate here on three topics
of somewhat algebraic flavor, namely (i) the connection between group
actions and finite-index subgroups, (ii) equations in one variable in sym-
metric semigroups, and (iii) cyclic sets.

1. Group Actions and Subgroups of Finite Index

Let G be a group, 2 < G a normal subset with 1 ¢ 2, and S<N a set of
positive integers. For a set Q we denote by Hom5(G, S(2)) the set of all
G-actions 7 on Q with the following two properties:

(1) 7 induces a fixed-point-free action of (the elements of) X' on Q.
(i1) The lengths of the orbits into which £ decomposes under 7 are

contained in the set S.

The elements of Hom$(G, S(£2)) will be called (X, S)-admissible G-actions
on Q. A triple (G,Z,S) is termed admissible if h(n)=hg. s 5(n):=
#Hom3(G, S,) <o for all n>0. If, for instance, the group G is finitely
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generated or of finite Priifer rank, then the triple (G, 2, S) is admissible
for each normal subset = G\{1} and every set S of positive integers.
A subgroup I of index n in G induces a G-action by left multiplication
on the n-set G/I" of left coset which, after suitable renaming, becomes a
G-action on {1, .., n} with the property that stab (1) =7 Thus we have an
injective mapping from the set of all subgroups of index » in G into
Hom(G, S,), and if n=[G : I'] € S and [ is such that I'n 2 = (J then the
image of I will be contained in the subset Hom3(G, S,). Hence,
admissibility of (G, 2, S) implies that the number

sen):=#{I:T'<G,[G:T']=nTnX=}

is finite for all ne S.

Let (G, 2, S) be an admissible triple. For a finite set Q put F(Q)=
F. 5 5(2):=Hom?%.(G, S(2)). With the obvious definition of induced
maps F is a functor on Ens and the disjoint sum of G-actions defines a
natural transformation 7: Fx F— Fow. It is clear that F# (J and that the
pair (F, n) satisfies (D1). By definition we have for a finite set Q that

set of all transitive X-free G-actions on £, #Q¢ecS,

F,(Q) ={

<, otherwise,

and the set F Ef )(2) consists of all those (X, S)-admissible G-actions on Q
which have exactly k orbits. This implies in particular that the pair (F, #)
also satisfies (D2); hence, F is decomposable and # is a decomposition
of F. Suppose that ne S. The stabilizer of the letter 1 in S, acts freely by
conjugation on F,({1,..,n}), decomposing this set into orbits 7 in 1-1
correspondence with the subgroups of index »n in G avoiding X via
T+ stab_(1). It follows that

(n—1)!sg(n), nes,
n = =
@)= #F,({1,..n}) {0’ otherwise,
and, hence,
se(n)
D(Z)= D =, S)(Z) = Z GT Zz".

neS

Denoting by A(n, T) = h, 5, s(n, T) the number of those (X, §)-admissible
G-actions on an n-set whose number of orbits is in a given set T<Z,, our
theorem yields the following.
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ProposITION 1. Let (G, X, S) be an admissible triple and TS Z , a set
of nonnegative integers. Then we have

z
S hn, T) z"/nlzeT<Z SG}i’”Z) (3.1)
n=0 nesS
The special case
[e’e] ) z
Y #Hom, (G, S,) Z"/n! =exp < y SGn(”)z> (32)
n=0 n=1

of (3.1), where S=N and T'=Z_, appears to cover every result in the
literature relating subgroup numbers to the enumeration of permutation
representations or vice versa. Here Hom(G, S,) =Hom% (G, S,) denotes
the set of 2-free G-actions on {1, .., n}. For example, putting in addition
2= in (3.2) yields Wohlfahrt’s result connecting the number s;(n)=
s2(n) of all subgroups of index n in G with the enumeration of all
G-actions on an rn-set; cf. [ Wo]. Wohlfahrt’s formula in turn contains in
particular Hall’s recursion formula [ H, Theorem 5.2] for the number of
subgroups of index n in a finitely generated free group or Dey’s corre-
sponding formula [ D, Theorem 6.10] for a free product G. If we take G to
be a finite group of order # G =m then we find from Wohlfahrt’s result
that

i #Hom(G, S,) Z"/n! =exp < Y SG(dd)Z">. (3.3)

d|m
This formula, which exhibits the exponential generating function of the
sequence h(n) = #Hom(G, S,,) for a finite group G as a rather simple entire
function, was a starting point in [ M3] for the asymptotic enumeration of
finite group actions; cf. [ M3, Theorem 5]. Remarks concerning the history
of the latter problem can be found in [ W2] and the introduction of [ M3].
For G=C,, a cyclic group formula (3.3) was already proved in [ CHS]. If
we take G to be a finitely generated virtually free group and ' =tor G\{1}
as the set of torsion elements in G apart from the identity then after sub-
stituting Z =Z'"6 in (3.2), taking log and differentiating we recover the
identity [ M1, (3)] relating the number of free subgroups in G of given
finite index to the enumeration of torsion-free G-actions, i.e., G-actions
which are free when restricted to finite subgroups (m; denotes the least
common multiple of the orders of the finite subgroups in G). This relation
in turn was the starting point for a detailed analysis of the growth behavior
and the asymptotics of the number of free subgroups of given finite index
in a virtually free group G; cf. [ M1, M2].
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We conclude our discussion of Proposition 1 with the following two
remarks:

(1) When studying the arithmetic of finite group actions it is some-
times necessary to allow restrictions on the number and size of orbits.
Applying (3.1) with 2= ¢ and S, T arbitrary to a finite group G of order
# G =m we obtain the following refinement of (3.3):

The exponential generating function of the number A(n, T)=
h(G. s)(n, T) of G-actions on an n-set with orbits lengths in S and
total number of orbits in T is given by

Y hin, T) Z”/n!:eT< Y SG;‘i)Zd) m=#G. (3.4)
n=0 d|m
de S

(i1) An equivalent way of expressing Proposition 1 is as follows:

Let (G, 2, S) be an admissible triple. Then the number /(n, k)
of (2, S)-admissible G-actions on an n-set with exactly k orbits
can be expressed in terms of subgroups numbers as

Z Sé(”l)"'sg(nk)

n] ...nk

n
h(n, k) =—
mp+ - +n=n

nj-eS

(n, k>0). (3.5)

As an illustration let us calculate the number N of all fixed-point-free
SL,(Z)-actions on a 10-set with exactly four orbits. We have G = SL,(Z),
Y=, n=10, k=4, and we can take S={2,3,4}. We need to know
the subgroup numbers s;(n) for n<4. Using the presentation G =
(A, B| A*=B°=1, A>=B*) one finds that

# Hom

(G, S))
#Hom(G, S,)
#Hom(G, S5)

(G, S4)

# Homi 96

(only the last case requires a moment’s thought). Plugging this information
into formula (3.2) with 2 = &J and taking the log gives

2 SG(”)Zn: 2 (_1)/‘711(24_224—223—}—4244- c )
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from which we read off that s5(1)=s4(2)=1, 55(3)=4, and s5(4)=9.
Using these values in (3.5) gives

N=h(sr,2) . (2.3 4)(10,4) =573300.

2. The Equation X*= X" in Symmetric Semigroups

For a set Q denote by 7(Q) the symmetric semigroup on Q2 and put
T({1,..,n})=:T,. In their paper [HS] Harris and Schoenfeld study the
number U, of idempotent elements, i.c. the solutions of the equation
X?=Xin T,. They find the exponential generating function

Y. U,Z"/n! =exp(Ze?), (3.6)

n=0

from which they derive, among other things, some divisibility properties for
the U, and an asymptotic formula. In his survey [ S] on generating func-
tions Stanley after rederiving (3.6) poses the problem to find the number
s(n) of solutions in T, of the general equation

X =X,  0<a<p, (3.7)

in one variable. To our knowledge, this function s(n) was first determined
by Goulden and Jackson; cf. [ GJ, Section 3.3.15, Ex. 3.3.31]. Using our
functorial approach we shall derive a refined version of their result.

Given a finite set 2 and a map f: Q - Q, 2 decomposes into nonempty,
Jf-invariant subsets Q;, Q=0Q,v --- UQ, such that each Q; is indecom-
posable, i.e., Q; itself is not the union of two disjoint nonempty f-invariant
subsets. Th1s decomposmon of ©Q 1is uniquely determined by these
requirements and is nothing but the partition of Q given by vertex sets of
the connected components of f viewed as a directed graph on Q. The
equivalence relation inducing this decomposition of Q is given by

W, ~ w,:<>there exist integers k, />0 such that f*(w,) = f(w,).

We call Q,, ..., Q, the components of f, the numbers #Q,, ..., #Q, are the
decomposition numbers and k is the decomposition length of f. Given a set
S<N of positive integers, a map f: Q2 — Q is termed S-admissible if the
decomposition numbers of f are in S. For integers « and f, 0 <a < f5, and
a set S<N introduce a functor F: Ens — Ens with

HQ)=F, 4 5 (L) :=set of S-admissible solutions of (3.7) in T(£2)
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and obvious definition of induced maps. The disjoint sum of maps defines
a natural transformation 7: Fx F— Fo v and it is immediately verified
that F# ¢ and that the pair (F, ) satisfies (D1). By definition

F(Q)= {set of connected solutions of (3.7) in T(L2), #0Q¢eS,

g , otherwise,

and F'(Q) is the set of those S-admissible solutions of Eq. (3.7) in 7(£2)
which have decomposition length exactly &; in particular the pair (F,7)
satisfies (D2). Denoting by s(n, S, T) =5, 4(n, S, T) the number of those
solutions of Eq. (3.7) in T, whose decomposition length is in a given set
T<Z, and whose decomposition numbers lie in the set S, and by

c(n)=c, p(n) the number of connected solutions of (3.7) in T,, our
theorem yields
Y s(n, S, T)Z"/n! =eT< Y e(n) Z"/n!>. (3.8)
n=0 neS

It remains to evaluate the sum Y, .5 c(n) Z"/n!. To this end we first describe
the graph-theoretic structure of a connected solution f: {1, .., n} — {1, .., n},
n=1, of (3.7):

f consists of an oriented cycle ¢ of length dividing f —« with
(pairwise disjoint) trees of height at most o ( possibly 0) grow-
ing out of the vertices of c.

To see this we apply f to an arbitrary point a =a, € {1, ..., n} until we hit
(for the first time) a point already produced

a=a,
a; ap=a, a; = f(ay), a2=f(al)=f2(a0), R

a; a,=f*(ay), fla,)=a, (0<i<s) and a,#a, for
a; 0<j, k<sandj#k.

a

Since f'is a solution of (3.7) the length of the cycle ¢ must divide f — «; for
the same reason also i < a, for otherwise we would have f*(a) =a, # f*(a).
Hence, a reaches the cycle ¢ after at most a (possibly 0) steps. In particular,
since n> 0, there exists such a cycle ¢, and taking into account all points
in {1,..,n} which eventually run into ¢, we obtain a graph of the form



210 DRESS AND MULLER

described above. Since f is indecomposable the complement of this graph
in f'is empty; i.e., we have described the graph of f. Conversely, every map
fiA{Ll, ..n} > {1,.,n} of the structure described clearly is an indecom-
posable solution of Eq. (3.7). Using this description we now determine the
function c¢(n).

We have
n n—u
dn= 3 (1)1 S LTS TR ES)
w|p—a H n+ e+, =n—p U PR 14

>0 (3.9)

where T (n) denotes the number of labeled trees on n+1 vertices and of
height at most o growing out of a given root.

Proof. Suppose we are given (i) a number u|f —a, (il) a u-cycle ¢ in
S,, (iii) a partition n—u=n,+ --- +n, of n—pu into summands ;> 0,
and (iv) a partition of the remaining n — u points of {1, .., n} outside ¢ into
parts of length n,, n,, .., n,. The n; points above the jth cycle vertex v;,
together with v;, can be organized into a tree at height of most « growing
out of v, in exactly T,(n;) different ways; hence, there are a total of

Ta(nl) Toc(n2) e To((nu)

possible ways to complete the given situation into a connected solution of
(3.7). This number does not depend on the actual distribution of the n —u
points outside ¢ onto the vertices of ¢ but only upon the partition
n—u=n;+ --- +n, of n—u. Hence, if we start from x, a given u-cycle ¢
and a number-theoretic partition n —u =n, + --- +n,, there are precisely

(8 ) T Tm)

Byy s

possible ways of correctly completing the situation. Summing this number
over the (ordered) partitions of n —u into u parts we find that there are
exactly

< e )T“(nl)---Ta(n,l)

e o\, ey,

indecomposable solutions of (3.7) which contain the u-cycle c¢. Again, this
number does not depend on the cycle ¢ but only upon its cardinality u.
Hence, there are precisely

<Z>(ﬂ—1)! 5 (”‘“)Ta(m)mn(nﬂ)

(o b =n—p nl!"'an/l
;7/20



DECOMPOSABLE FUNCTORS 211

indecomposable solutions of (3.7) containing a u-cycle and summing this
last term over the divisors u of f —a we obtain the number c(n). |

It remains to determine the tree numbers 7,(n).
We have

T,(n)= Y <n ”n>n7zngs--.ngg, (n=0,0=1). (3.10)
1 s Tl

n+ - +n,=n
nj>0

Proof. We determine the number ¢,(n) of such trees which are precisely
of height /. Classifying the n nonroots by height and counting yields a par-
tition n=mn,;+ --- +n, with n,>1. Given such a partition of n and a
corresponding set-theoretic partition of the nonroots there are precisely

Hn™ ..o
ny=n, n,'

ways of drawing the edges from each level downward to the next lower
level. As this number does not depend on the set-theoretic partition of the
nonroots, there are exactly

n
Ny o ht ny,
< >n12n23 '“n/z/fl
Ny, .., Ny

such trees of height / realizing the same partition n=n,+ --- +n,. Hence,

n
nm= % ( e

nm+ - +n=n

and

" npen3---nle
1 2 a—12
2 o

s
/|

where the last sum extends over those a-tuples (n,, ..., n,) of nonnegative
integers with the property that Xn,=n and n,=0=n;, ,=0. Formula
(3.10) follows now since the extra summands correspond to tuples
(ny, ..., n,) such that n;=0, n;,, #0 for some j and therefore vanish. ||
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oo}

Define a sequence of functions {4,(Z)} 7, recursively by

A(2)=2Z
A4(Z)=Zexp(4, (Z)), o=l

(3.11)

An immediate induction on s shows that for fixed a>1 and every
s=1, .., « we have that

«© «© n"Zn"3 e nn>
AVIVAED) S bz (4, (Z)
n =0 n=0 Nyiny:---Ng!

Using this for fixed o« > 1 and s =« yields the identity

«© *© n’on;} ...n”a 1
Z'42)= Y el gz, (312)
M0 oo Mltmpl-on!

which in conjunction with (3.10) shows that for fixed « the exponential
generating function of 7, (n) is given by

S Tn) Z'nl=Z"'4,(Z), a>0. (3.13)

n=0

Now, by (3.9) and (3.13)

Y ) Z' =Y Y <Z>(”_1)!

nesS neS u|p—ao

-y Tz %

nesS ,u|/jfoclu ny+ .-

1
= Y 2N K22 AN 2

,u\/ffo(lu nesS

1

= Y =2 KZn(42)> 2"
nlp—a 'unES

1
= —((4,(2))")s.
#%‘Laﬂ(( A2)))s

Summarizing we have established the following.
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PROPOSITION 2.  Given integers a,  with 0 <a <pf and sets TS Z , and
ScN, the number s(n, S, T)=s, g(n, S, T) of solutions of the equation
X*= X’ in T, with decomposition length in T and decomposition numbers in
S has the generating function

Y s(n, S, T)Z"/n! =eT< > 1((411(2))”)5), (3.14)

n=0 wlp—a B

where A,(Z) is defined by (3.11).

For T=7_ and S=N this result specializes to the formula of Goulden
and Jackson, but the right-hand side of (3.14) is readily calculated for every
choice of S and T. As an illustration let us consider the case a=1, f=2
of idempotents in 7, somewhat closer. Putting s, ,(n, S, T)=U,(S, T) we
find from (3.14) that

S ULS, T) Z"n\ =e(Zes \(Z)). (3.15)

n=0

Taking T=27Z_, and S=2N —1 the right-hand side of (3.15) becomes

L1, 13, 181, 3865
COSh(ZCOSh(Z))—1+?!Z +Z!Z +HZ +TZ + -,

while choosing T=27, +1 and S=2N gives

2 4 126 3368 95770
sinh(Zsinh(Z))=— Z*+—Z*+—Z°+——Z8 + ——

— 10
2! 4! 6! 8! 10! z0

As a final example let us take T=27_, and
S=Sy={neN:n=1mod 3 &n=>4}.

By (3.15) the exponential generating function of the number U, (S,,2Z )
of idempotent elements in 7, with an even number of components all of
whose lengths are congruent to 1 mod 3 and >4 is given by

z Un(SOS 2Z+) Zn/n!

n=0
_COSh i Lz3/\'+l
N (3k)!

k=1

560 9240 124124 672672000
— 1 - ZS = le Zl4 Zl6
* 8! * 11! * 14! * 16! *




214 DRESS AND MULLER

3. Cyclic Sets

Let A be an almost finite cyclic set, i.e., a set equipped with an action
of the infinite cyclic group I” such that (i) each orbit is finite and (ii) each
subgroup of finite index in /" has at most finitely many fixed points on A.
Denote by I, the subgroup of index » in /" and put

f.(A) := #fixed points of I", on A.

On the other hand, consider, for every m >0, the mth symmetric power

S™(A) = {s €Z4:) s(a)= m}
of A. With the induced I-action S”'(A) is, again, an almost finite cyclic set,
in particular

f1(S™(A))= #{seS™(A): s constant on I™-orbits}

is finite for every m.

ProposITION 3. For an almost finite cyclic set A the sequences f,(A) and
f1(S™(A4)) are related by

m

mf(S"(A4)) = Z Sl ) [((S"7K4)), m=1. (3.16)

Proof. Fix a generator y of the infinite cyclic group 7. Given a
permutation o€ S(Q) of the finite set 2 and a map feA® we call f
o-invariant, if

flo(w))=y-f(w) for all weQ.
Put
F(Q2):={(a, /)eS(2)x A?: fo-invariant}.

Clearly, F 4(-) is functorial and there is an obvious natural transformation
Ny FyxF,— F, oo such that condition (D1) holds (the pair (F,,#%,)
also satisfies (D2) but we will not use this here). To determine the
cardinality of F, () consider that map o: F,(Q)— S*2(A4), given by

a(o, f)=s,, where s;(a):=#f"'(a). If se S*?(4) is not shift-invariant
then «~'(s)= . Suppose, on the other hand, that s is constant on
T-orbits. There exist #Q!/IT, s(a)! functions f e A° with s,=s, and, given
such a function f, a permutation ¢ € S(Q) identifying the preimage f ~'(a)
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with f~!(ya) for every ae A can be chosen in precisely [],s(a)! many
ways. Therefore, we have in this case

#o (s)= ) #{0eS(Q):fla(w))=yf(w) for all w e Q}

fea?
.\‘f:S
#Q!

It follows that #F,(Q2)= #Q!-f,(S?2(A4)), in particular, F ,(£) is finite
for finite Q; that is, F, is a functor on Ens. Furthermore, we have for
Q#J

(Fq), (Q)={(0, f)eF4(Q): o a full cycle}

and for a given full cycle ¢ on Q the o-invariant functions fe A9
correspond in a 1-1 fashion to the fixed points of the group I, on 4.
Hence, #(F,),(Q)=(#Q2—1)!-f,,(A) and (3.16) follows from (1.6). |

In terms of the generating functions
RZ):= ) fulA)Z",  S(Z)=S.2):= ), fi(S"(4))Z",
n=0 m=0

Eq. (3.16) can be expressed in the form

d
-7 (log S(2)) =K Z),

or, equivalently,

S(Z) = exp <joz F(Q) dg).

Now note that if 4 is the disjoint union of two cyclic sets 4, and A4,, then
SAZ)=8,4(2)-S,(Z), since S"(A)=U7 oS (4,)xS" "(4,). More
generally, if we decompose A4 into its I-orbits, A =)=_, M(A, m)-T/T,,,

with M(A, m) the number of I™-orbits of type I'/I’,,, then we have

S.Z)= H Sr/r,,,(Z)M(A’m)'

m=1
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ObViouSIy: SF/[‘,,,(Z) = 1/(1 - Zm) and Zd\m dM(Aa d) = fm(A)’ i~e'n
M(A, m)=(1/m) 3 4,, u(d) f,,a(A) and, hence, we obtain

- 1 (1/m) g |y 1(d) fya(A) P
1-z" = F 1
ml_:[l <1 _Zm> exp <£) (C) dC)! (3 7)

an identity, which could also have been proved by first establishing it
directly for a transitive I-set A of type, say, I'/I",,, in which case both sides
coincide with 1/(1 —Z™), and then using the multiplicativity of both sides
to establish the general case of an arbitrary almost finite cyclic set.

In the special case where 4 = P(F) is the set of all periodic functions
from Z into a finite set F of cardinality ¢ with the infinite cyclic group
I acting on A4 by translations, we have f,(A4)=¢" for all ne N, since a
map Z — F of period n is completely determined by its values on, say,
{0,1,...,n—1}, which in turn can be chosen freely in F. Hence,
f1(S™(A)) =¢q™ is the unique solution of (3.16); i.e., we have in this case

1

S(Z) = Z fl(Sm(A)) z" :ﬁ,

m=0

and (3.17) yields immediately the so-called cyclotomic identity,

=e} 1 (1/m) 3>, |'m u(d) gmid 1
< > (3.18)

ml_:ll 1z 1—qZ
Of course, as is well known, this identity can also be proved quite easily
by taking logarithmic derivatives of both sides, and the “combinatorial”
proof of this identity, suggested by our approach, coincides essentially with
the proof given in [ VW] (in that both proofs give proper combinatorial
interpretations of the terms occurring in the logarithmic derivatives, only).
This is to be distinguished from the (much more demanding) combinatorial
proof by Metropolis and Rota (cf. [ MR]; see also [ DS 1-5]) which is
based on a combinatorial interpretation of the terms occurring in the
identity itself.

4. TOPOS-LIKE CATEGORIES

The example leading to Proposition 3 can be generalized in different
ways. A convenient framework for many such generalizations is the fol-
lowing one.

Let € denote a category and assume that—as in the case where % is the
category of cyclic sets or, more generally, the category of G-sets for a given
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group G—we have a forgetful functor V: ¢ — Ens from % into the category
of (all) sets (and arbitrary maps between sets), such that

(T1) for any bijection a: Q, =3, between two finite sets and any
object C, in € with V(C,) =, there exists a unique pair (C,, y), consisting
of an object C,=C(Cy,a) in € with V(C,)=Q, and an isomorphism
y=9(Cy, a)elso,(C,, C,) with V(y)=

that is, & allows “transport of structure” relative to } and bijections

between finite sets in Ens. By uniqueness, we have C(C,,id, )= C, and
C(C,, p)=C(Cy, poa) as well as y(C,, foa)=9(C,, f)oy(C,, a) for every
bijection f: Q,Q;, where C,=C(C,,a). In particular we find that
C(C,,a~")=C,, whence it follows that the map C, — C(C,, «) defines a
bijection between the class V' ~!(R,) of objects in € with V(C,)=Q, and
the correspondingly defined class ¥ ~(Q,), which we denote by V~!(«)
and which satisfies V' ~'(idg,) =id -1, as well as V= '(foa)=V""(f)-
V~!(«) for any bijection f: .QZ_>.Q3 as above Hence, assuming that the
cardinal numbers ¢, (m) = ¢4 1,(m) = #V " '({1, .., m}) satisfy

(T2) c¢y(m)<oo for all m=0 and c,(m,) >0 for some m, =0,

we obtain a functor @f# V~!: Ens— Ens, Q> V" (Q) and ar V'~ Y(a).
Axiom (T2) holds for the category of G-sets at least if G is finitely
generated or of finite Priifer rank. Furthermore, let us assume that

(T3) € contains and V commutes with coproducts C, 1 C, of two
objects C, and C,.

Again, this holds for the category of G-sets for every group G. Using (T3),
together with (T1), we get a wunique natural transformation
n=n"=n": V-I1xV-!5Vy-1y by associating, for any two finite
sets 2, and Q,, to each pair (C,, C,)e V1(Q2,) x V1(2,) the coproduct
C,uC, in %, or, more precisely, the unique object C(C, uC,,a) in
V=4Q,v8,) (which we will identity with C, L1 C,), defined by applying
“transport of structure” to the coproduct C, L C, relative to the canonical
isomorphism o: V(C, U C,) 3 V(C)w V(C,) =R, v, whose existence is
guaranteed by our assumption that V' transforms coproducts in % into
coproducts in Ens (as 1 shows yet no sign of injectivity, ¥~ 'x ¥ ~' and
V~1o© have for the moment to be interpreted as functors Ens? — EHS).
Obviously, for any three (pairwise disjoint) sets Q,, 22,, and 25 we have

N ve, 0)° (77(91,92) X ldV’l(Q3)) =@, v, ° (ldV*‘(Q,) X 77(92.93)) (4.1)
and

Ma, o) o switch Vi@ x V=@, = n(€2y, 2,). (4.2)
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Finally, let us make the following further assumption which, again, is
satisfied for € the category of G-sets for an arbitrary group G.

(T4) € contains and V commutes with pullbacks and for every three
objects C,, C,, and C in € and every morphism y: C— C, L1 C, the object
C is the coproduct of the pullbacks C\ and C of C and C, or C,, respec-
tively, over C; u C,:

c C c,

L]

Cl f’ CII_IC2<I— C2

Note that this special property (T4) of a category is also discussed in the
theory of toposes (or, rather, topoi); cf. [G]. A category % together with

a forgetful functor V:% — Ens will be called a topos-like category, if the
pair (%, V') satisfies the axioms (T1)—(T4).

It follows from these assumptions that for any finite set £, any two parti-
tions Q=0,0Q2,=0 v Q) of Q into a pair of disjoint subsets 2, 2, and
Q,Q,, and any four objects C,, C,, C},C5 in ¥ with V(C,)=2,,
M(C))=Qjand C, 1 C,=C uC,=: C we have the diagram

Cll Cvl C21
C, C C,
Ci» &) Cx

of pullbacks and coproducts which, under V, transforms into the corre-
sponding diagram

Q, N Q) Q) Q, N Q|

| |

b
|

| |

Q,nQ), Q) Q,nQ,

and therefore guarantees in particular (i) that 7o, o, is injective (choose
Q) =0, and Q,=0Q,) and (ii) that  is a weak decomposition of V' ~! in
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the sense of Section 1 (one part of (1.2) follows from the remarks above,
for the other inclusion use Egs. (4.1) and (4.2)). For a nonempty finite set
Q the set (V“),? (2) consists precisely of those objects C in ¥ with
V(C)=Q which are indecomposable; ie., C=C, uC, implies C; = C or
C, = C. More generally, (V~")")(Q) consists of those objects C with
V(C) = which are coproducts of k indecomposable objects and the above
observation also shows that such a decomposition is uniquely determined
up to order and isomorphism by C; in particular the pair (V' ', ") also
satisfies (D2); i.e., the functor ¥ ~' is decomposable and 7" is a decomposi-
tion of V' ~'. Hence, denoting by ¢%(n) =cl, ,(n):= #(V "), ({1, ... n})
the number of these “simple” objects over the n-set {1, .., n} and putting
chnk)=cly p(nk):=#V"")P({1,...,n}) our theorem yields the
following.

ProrosITION 4. For a topos-like category € with forgetful functor V we
have

7 —1
C"v(”,k)=z<Z_1>C"V(ﬂ)c'¥/(”—ﬂ,k—1) (mk=1) (43

p=1

and

cp(m)=>Y cl(m, k) (m=0). (4.4)

Note that the examples leading to Propositions 1 and 2 correspond to
special choices of the category %.

In the first case ¥ has to be chosen as the full subcategory of the
category of G-sets, consisting of those G-sets 2 on which each element in
2 acts without fixed points and whose orbit lengths are in the set S, and V,
of course, as the forgetful functor into the category of sets. Obviously,
V—'() is finite for each finite set 2 if and only if the triple (G, X, S) is
admissible.

In the second case % has to be chosen as the category, whose objects are
maps f: Q - Q of an arbitrary set Q into itself with the properties that
(i) f*=f* and (ii) the component lengths of f are in S and whose
morphisms ye Morg,(f: 2, - Q,, f5: 2, _’9\2,) are maps y:0Q, > Q,
such that pof; = f,07y. The functor V:% — Ens is, of course, given by
V()= and V(y)=7.

Now consider objects A in % such that for every object C in ¥ with V(C)
finite there exist only finitely many #é-morphisms from C to A. With each
such distinguished object 4 in ¥ we associate a functor F,: Ens — Ens,
given by

F (2):={(C,y)e|€|xMor(%): V(C)=2R, yeMor,(C, A)}.



220 DRESS AND MULLER

The bijection F ,(a) induced by a morphism a: Q, = 2, in Ens is, of course,
defined via “transport of structure” as F,(a)(Cy,y,)=(C,,7,), where
C,:=C(C,,a) and y, :=7, op(Cy, «)~". Then

F (1) xF(25)3 ((Cy,71), (Ca, 7)) = (Cru Gy py Liyy) € Fi(2,025)

defines a decomposition #,: F,xF, > F,ou of F,; indeed the pair
(F 4, n,) is of the form (V~!, ") for the category /A of objects in ¢ over 4

and the forgetful functor V ,: €/4 - Ens defined by combining V: € — Ens
with the canonical forgetful functor é/4 — %. The example leading to
Proposition 3 fits into this setup: For € the category of cyclic sets, or, more
generally, the category of G-sets, G an admissible group (i.e., Hom(G, S,)
finite for all n), the almost finite sets are distinguished objects in the sense
above, and for an almost finite cyclic set A the pair (F,, 7 ,) is naturally
isomorphic to the corresponding data constructed in Section 3. Indeed, all
instances of a relation between two generating functions of the type
described in the theorem we have seen so far appear to be interpretable in
this framework which, of course, invites many further applications.
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