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Main message

Quantum physicists love

spectral problems
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There are important problems in QM

which are NOT spectral
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Quantum entanglement — pure states

Composite system

Htotal = HA & HB

1 € Hiotal 1S separable iff

Y = Ya®Yp

Yva€eHas & YpeHB

entangled = not separable
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Quantum entanglement — mixed states

p mixed state in Ha®@Hp

pz0 (= p'=p) & Trp=1

p separable <— p = Zapap&A)(X)p&B)
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To be or not to be a separable state

Is it spectral property ?

YES if it is pure (%)

NO if it is mixed (p # |¢){2)])
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Pure states

Y€ Hi®Ho
€1, €2, ..., €q; € Hl

fla f2a ey fdg S H2

di da

Y = Zzwiaei(@fa

i=1 a=1

da
F:Mi — Ha; Fei =) tiafa

a=1

Y = Zei@)Fei

7
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Schmidt rank

¢:Z€a®F€a
Y o F

SR(¢) := rank F’

1 < SR(®) < d:=min{dy,ds}

¢ separable <= SR(¢) =1
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Conclusion:

separability properties of ) are fully encoded in the spectral
properties of F.
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Mixed states

p mixed state in  H; @ Ha

p = Zpa |¢a®¢a><%®¢a‘

Warning: it does not need to be a spectral decomposition !!!
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Positive linear maps

M,, — algebra of n x n complex matrices

A linear map

D My, — Mg,

is positive iff

X>0 = ¢(X)>0

It is unital iff

o(I;) = I

It is trace preserving iff

Tro(X)=TrX
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Example: transposition
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Positivity of matrices

X € M, is positive iff

W Xlp)=z0, »eC”

spectral condition

WXy >0 = X*=X

Al,..., An — eigenvalues of X

X>20 < \2>0
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Positivity of maps

o Md1 — Md2
() () >0, o eCh

(@le(v) (@) o) >0, peCh, ¢eC®
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WIX[y) =0, ypeC”

spectral condition
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X € M, is positive iff
Wl X[) =0, ypel”
spectral condition
® : My, — My,
(@l 2([V)(W))]g) >0, ¢eCh, ¢peC®

non — spectral condition
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k—positive maps
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idy®® Mk®Md1 — Mk®Md2

is positive
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k—positive maps

idp + M — Mg; idg(X)=X

A positive map @ : My, — My, is k—positive iff
dp P : Mk®Md1 — Mk®Md2

is positive

® is completely positive (CP) iff it is k—positive for k = 1,2, ...
(Actually, it is enough to check for d-positivity (d = min{d;, d2})).
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k—positive maps

P — convex cone of k—positive maps

positive maps = P; O Py D ... D Py = CP maps

d : =min{dy,ds}

unital CP = quantum channel
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CP maps — fully characterized

Stinespring, Krauss, Choi
o My, — My,
DX) = ) VuXVr

(6%

Vo : CH — C*
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CP maps — fully characterized

Stinespring, Krauss, Choi
o My, — My,
DX) = ) VuXVr
Vo : Ch a—> C
O isunital <= Y VuVi=1I

® trace preserving <= Z VoVe =14
[e3%
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CP maps
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CP maps

(X)) = ) VuXVy
di=dy=d, V:UGU(d)
®(X)=UXU" Heisenberg unitary evolution!

Any quantum operation (evolution, measurement, ...) can be
described by some CP map.



Spectral Properties of Positive Maps

CP property is spectral

{e1,...,eq, } «<— ONBinH;

eij := lei)(ej] € Mg,



Spectral Properties of Positive Maps

CP property is spectral

{e1,...,eq, } «<— ONBinH;
eij := lei)(ej] € Mg,

Choi—Jamiotkowski matrix

di
d — o= Z 6@'@@(6@') S Md1®Md2
ij=1

disCP «— & >0
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disCP «— & >0

(p|®|g) > 0, @eH @Hy (positivity)
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disCP «— & >0

(@|B|p) > 0, peHi@Hy (positivity)
® positive but not CP — o 0

WRo|®|Y®d) > 0, eH, pcHy (block positivity)
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Entanglement Witness
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Entanglement Witness

A block positive (but not positivel) operator W is called an
Entanglement Witness

A state p in H; ® Hs is entangled iff there exists an

entanglement witness I such that

TrpW <0

see Gniewko Sarbicki talk tomorrow
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Connection with Professor Lauck

® : My — My
positive, unital and trace preserving
{e1,...,eq} —ONBin C¢

Sij = (ej [ ®(lei){ei]) |ej) = 0
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® unital

Sij = (ej | ®(lei)(eil) | e5)

d
> Sy =1

=1

d d
> Sy = <€j ‘ P < |€i><€i|) ‘€j>

i=1
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® unital

Sij = (ej | ®(lei)(eil) | e5)

iisij XCIE (i |ei><ei|) o)

d

> Si=(ejlLles) = {ejle;) =1
i=1
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® trace preserving

7j=1
d d
>S5 =3 les [ 0(len) (@) ;)
7j=1 7j=1

S Sy = Trd(le (el) = Teleq) (e = 1

J=1
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Sij = (ej | ®(lei){eil) | e5)

® - positive = §5;; >0

d
® — unital = ZSij =1
i=1
d
® — trace preserving = Z Sij =1
j=1
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Sij = (ej | ®(lei){eil) | e5)

® - positive = §5;; >0

d
® — unital = ZSij =1
i=1
d
® — trace preserving = Z Sij =1
j=1

Si; — doubly stochastic!!
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Connection with Professors Zak & Vourdas

{e1,...,eq} —ONBin C?
{fi,-..,fa} —ONBin cd
Zij = (f | ®(lei){eil) [ f5)

Z;; — doubly stochastic!!

Does Z;; possesses extra properties if

{617"‘7661} & {flu-"vfd} MUBs 7
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Doubly Stochastic Matrices vs. CP maps

A € My - doubly stochastic

A:Zaﬁpﬂ; ar > 0; Zawzl
i iy

T e Sy
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Doubly Stochastic Matrices vs. CP maps

A € My - doubly stochastic

A= "a:Pr; az>0;5 Y ar=1
™€ Sy
®: My — My
O(X) =) axPrXPr =) VXV

Vﬂ':\/aﬂ'Pﬂ'
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® isunital < Y VuVi =1
«

® trace preserving <— ZV;Va =1
(03
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® isunital < Y VuVi =1
>
® trace preserving <— ZV;Va =1
o
N ViV =Y aPPr =) a;1=1
D ViVe = arPiPr=) a;I=I
™ = =
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® isunital < Y VuVi =1
>
® trace preserving <— ZV;Va =1
o
N ViV =Y aPPr =) a;1=1
D ViVe = arPiPr=) a;I=I
™ = =

® — CP, unital and trace preserving
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Main problem

We do not know how to construct positive maps

17th Hilbert problem
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The goal

| will construct a class of positive (but not CP!) maps using certain
spectral conditions.
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W@ BlYed) >0
d#0

® possesses at leat one negative eigenvalue
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(Yeo|@lv@d) =0
d#0
o possesses at leat one negative eigenvalue

=0, —D_
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L
‘/ﬁf:*ZAawaMd’a‘ ; Aa <0
a=1

D
(/I;-l-: Z )‘a|¢a><¢a’§ Ao >0

a=L+1
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a=L+1

a=1



Spectral Properties of Positive Maps

Main result: ®

D L
EI\) = Z )\a‘wa><wa| - Z )\a|1/)a><1/)a’
a=L+1

a=1

di

wazzei(gFaei

=1
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Main result: & =&, — d_

D L
EI\) = Z )\a‘wa><wa| - Z )\a|1/)a><1/)a’
a=L+1

a=1

di
Yo = Zei®Faei
=1
L
_ Ea:l)‘aHFaW
= 17
1=3 o1 [1Fall?

L
SFIP <1 =
a=1
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Main result: & =&, — d_

D L
S= > dalthad(tal = D_ Aalta) (ol
=L+1

a=1

L
_ a1 AallFalP?
T L
1= 0o |1Fall?

MAIN THEOREM

If X >p, a=L+1,....D

then ® is an positive map



Spectral Properties of Positive Maps

Example 1: transposition
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Example 1: transposition

€ My® M>
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Conclusions

@ Similar spectral property holds for k-positive maps
@ Multipartite systems

H1®®Hn

dy, ..., dy
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