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Main message

Quantum physicists love

spectral problems
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There are important problems in QM

which are NOT spectral
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Quantum entanglement – pure states

Composite system

Htotal = HA⊗HB

ψ ∈ Htotal is separable iff

ψ = ψA⊗ψB

ψA ∈ HA & ψB ∈ HB

entangled = not separable
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Quantum entanglement – mixed states

ρ mixed state in HA⊗HB

ρ ≥ 0 (=⇒ ρ∗ = ρ) & Tr ρ = 1

ρ separable ⇐⇒ ρ =
∑

α pα ρ
(A)
α ⊗ ρ(B)
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To be or not to be a separable state

Is it spectral property ?

YES if it is pure (ψ)

NO if it is mixed (ρ 6= |ψ〉〈ψ|)
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e1, e2, . . . , ed1 ∈ H1
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ψ =
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d2∑
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F : H1 −→ H2 ; Fei =
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α=1

ψiα fα

ψ =
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i
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Schmidt rank

ψ =
∑
α

eα⊗Feα

ψ ←→ F

SR(ψ) := rankF

1 ≤ SR(ψ) ≤ d := min{d1, d2}

ψ separable ⇐⇒ SR(ψ) = 1
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i
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separability properties of ψ are fully encoded in the spectral
properties of F .
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Mixed states

ρ mixed state in H1⊗H2

ρ =
∑
α

pα |ψα⊗φα〉〈ψα⊗φα|

Warning: it does not need to be a spectral decomposition !!!
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Positive linear maps

Mn — algebra of n× n complex matrices

A linear map

Φ : Md1 −→ Md2

is positive iff

X ≥ 0 =⇒ Φ(X) ≥ 0

It is unital iff

Φ(I1) = I2

It is trace preserving iff

Tr Φ(X) = TrX
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Example: transposition

Φ(X) = XT

IT = I

TrXT = TrX



Spectral Properties of Positive Maps

Positivity of matrices

X ∈Mn is positive iff

〈ψ|X|ψ〉 ≥ 0 , ψ ∈ Cn

spectral condition

〈ψ|X|ψ〉 ≥ 0 =⇒ X∗ = X

λ1, . . . , λn – eigenvalues of X

X ≥ 0 ⇐⇒ λk ≥ 0
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Φ : Md1 −→ Md2

Φ(|ψ〉〈ψ|) ≥ 0 , ψ ∈ Cd1

〈φ|Φ(|ψ〉〈ψ|) |φ〉 ≥ 0 , ψ ∈ Cd1 , φ ∈ Cd2
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k–positive maps

idk : Mk −→ Mk ; idk(X) = X

A positive map Φ : Md1 −→Md2 is k–positive iff

idk⊗Φ : Mk⊗Md1 −→ Mk⊗Md2

is positive

Φ is completely positive (CP) iff it is k–positive for k = 1, 2, . . .

(Actually, it is enough to check for d-positivity (d = min{d1, d2})).
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Spectral Properties of Positive Maps

k–positive maps

Pk — convex cone of k–positive maps

positive maps = P1 ⊃ P2 ⊃ . . . ⊃ Pd = CP maps

d : = min{d1, d2}

unital CP = quantum channel
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CP maps – fully characterized

Stinespring, Krauss, Choi

Φ : Md1 −→ Md2

Φ(X) =
∑
α

VαXV
∗
α

Vα : Cd1 −→ Cd2

Φ is unital ⇐⇒
∑
α

VαV
∗
α = I2

Φ trace preserving ⇐⇒
∑
α

V ∗
αVα = I1
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CP maps

Φ(X) =
∑
α

VαXV
∗
α

d1 = d2 = d , V = U ∈ U(d)

Φ(X) = UXU∗ Heisenberg unitary evolution!

Any quantum operation (evolution, measurement, ...) can be
described by some CP map.
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CP property is spectral

{e1, . . . , ed1 } ←→ ONB in H1

eij := |ei〉〈ej | ∈ Md1

Choi–Jamiołkowski matrix

Φ −→ Φ̂ =
d1∑

i,j=1

eij ⊗Φ(eij) ∈ Md1 ⊗Md2

Φ is CP ⇐⇒ Φ̂ ≥ 0
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Φ is CP ⇐⇒ Φ̂ ≥ 0

〈ϕ | Φ̂ |ϕ〉 ≥ 0 , ϕ ∈ H1⊗H2 (positivity)

Φ positive but not CP =⇒ Φ̂ � 0

〈ψ⊗φ | Φ̂ |ψ⊗φ〉 ≥ 0 , ψ ∈ H1 , φ ∈ H2 (block positivity)
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Entanglement Witness

A block positive (but not positive!) operator W is called an
Entanglement Witness

A state ρ in H1⊗H2 is entangled iff there exists an
entanglement witness W such that

Tr ρW < 0

see Gniewko Sarbicki talk tomorrow
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Connection with Professor Lauck

Φ : Md −→ Md

positive, unital and trace preserving

{e1, . . . , ed} – ONB in Cd

Sij := 〈ej |Φ(|ei〉〈ei|) | ej〉 ≥ 0
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Φ unital

Sij := 〈ej |Φ(|ei〉〈ei|) | ej〉

d∑
i=1

Sij = ?

d∑
i=1

Sij =
〈
ej

∣∣∣Φ( d∑
i=1

|ei〉〈ei|

) ∣∣∣ ej〉
d∑
i=1

Sij = 〈ej | I | ej〉 = 〈ej | ej〉 = 1
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Φ – unital =⇒
d∑
i=1

Sij = 1

Φ – trace preserving =⇒
d∑
j=1

Sij = 1

Sij – doubly stochastic!!
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Connection with Professors Zak & Vourdas

{e1, . . . , ed} – ONB in Cd

{f1, . . . , fd} – ONB in Cd

Zij := 〈fj |Φ(|ei〉〈ei|) | fj〉

Zij – doubly stochastic!!

Does Zij possesses extra properties if

{e1, . . . , ed} & {f1, . . . , fd} MUBs ?
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Doubly Stochastic Matrices vs. CP maps

A ∈Md – doubly stochastic

A =
∑
π

aπPπ ; aπ ≥ 0 ;
∑
π

aπ = 1

π ∈ Sd

Φ : Md −→ Md

Φ(X) =
∑
π

aπPπXP
∗
π =

∑
π

VπXV
∗
π

Vπ =
√
aπ Pπ
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Φ is unital ⇐⇒
∑
α

VαV
∗
α = I

Φ trace preserving ⇐⇒
∑
α

V ∗
αVα = I

∑
π

VπV
∗
π =

∑
π
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∗
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∑
π

aπ I = I

∑
π
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∑
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∗
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∑
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aπ I = I

Φ – CP, unital and trace preserving
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The goal

I will construct a class of positive (but not CP!) maps using certain
spectral conditions.



Spectral Properties of Positive Maps

〈ψ⊗φ | Φ̂ |ψ⊗φ〉 ≥ 0

Φ̂ � 0

Φ̂ possesses at leat one negative eigenvalue

Φ̂ = Φ̂+ − Φ̂−

Φ̂+ > 0 & Φ̂− ≥ 0
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Φ̂ = Φ̂+ − Φ̂−

Φ̂+ > 0 & Φ̂− ≥ 0

Φ̂ =
D∑
α=1

λα|ψα〉〈ψα| ; D := d1d2

Φ̂− = −
L∑
α=1

λα|ψα〉〈ψα| ; λα ≤ 0

Φ̂+ =
D∑

α=L+1

λα|ψα〉〈ψα| ; λα > 0
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Main result: Φ = Φ+ − Φ−

Φ̂ =
D∑

α=L+1

λα|ψα〉〈ψα| −
L∑
α=1

λα|ψα〉〈ψα|

ψα =
d1∑
i=1

ei⊗Fαei

L∑
α=1

||Fα||2 < 1 =⇒ µ :=
∑L

α=1 λα||Fα||2

1−
∑L

α=1 ||Fα||2
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If λα ≥ µ , α = L+ 1, . . . , D

then Φ is an positive map
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Spectral Properties of Positive Maps

Example 1: transposition

Φ : M2 −→ M2

Φ(X) = XT

Φ̂ =


1 · · ·
· · 1 ·
· 1 · ·
· · · 1

 ∈ M2⊗M2

λ1 = −1, λ2 = λ3 = λ4 = 1

µ = 1

λα ≥ µ , α = 2, 3, 4
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· 1 · ·
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 ∈ M2⊗M2
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µ = 1

λα ≥ µ , α = 2, 3, 4
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Conclusions

1 Similar spectral property holds for k-positive maps
2 Multipartite systems

H1⊗ . . . ⊗Hn

d1 , . . . , dn
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