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INFINITESIMAL I?&RAID RELATIONS
STRUCTURE OF POLYLOGARITHMS



Infinitesimal braid relation & Knizhnik-Zamolodchikov syst.

In 1986, Drinfel'd introduced the differential system associated to
the Lie algebra of pure braid groups 7}, :

t; t; ;i d(Z,‘ — Z')
Qn(Zl,...,Zn): Z ﬁWi’j(Zl,...,Zn): Z 2T AT

— —~ _ 2m z — z
1<i<j<n 1<i<j<n

The flatness condition, dQ2, — Q, A Q, = 0, is equivalent to the
infinitesimal braid relation generated by {t;j}1<jj<n :

tij=0 for =/

tij =t for i # ],

[tij,tik+tix] =0  for distinct ij, k,
[tij, tk ) =0  for distinct i,j,k,I.

Hence, the differential system KZ,
dF(z1,...,2p) = Qu(z1, ..., Zn)F (21, .-, 2Zn)

is completely integrable over {(z1,...,2,) € C"|z; # z; for i # j}.



Examples
o THr= {t1’2}.

t10 d(Zl — 22) o /0
Q = s - 47 F — _ 1,2/ i
2(2) %r -2z (z1,22) = (21 — 22)

o T3={tis t13,t3}, [tz tio+ 3] =[ta3 t1o+t13] =0.

1 d(zy — z d(zy — z d(z, — z
Q3(Z) — 2i7r|:t172(12)+ t173M+t273u .

Z1 — 22 Z] — Z3 Zy — Z3

21— 2 t1 o+t 3+t 3)/2i
F(z1,22,23) = G( )(21 — z3)(Bathate)/AT,

71— 73
where G satisfies the following differential equation

(DE)  dG = (x0 wo(z) + x1 w1)G,

. t12 dz
with  xp = . wo(z) := ~
t d

and  x = — =2 wi(z) := z

2im



lterated integral along a path and dilogarithms
Let wo(z) = dz/z et wi(z) = dz/(1 — z). The iterated integral
over wy,w; associated to w = x; - - - x;, € X™ is defined by

z Zk—1
az(e)=1 and aio(xil...x;k):/ / wiy (z1) ... wi, (z«)-
20 20
z S
Example  ad(xox1) — / / wo(s)wi(t)
o Jo
B /Z Sf dt
- 0 o S 1—t

st/s k
= —_ dt t
ISy

k>0
z sk—l
= Z ds K
k>170
= =
k>1

= Liz(Z).



Polylogarithms, harmonic sums and polyzétas

Classic cases (N € N, r >0and |z| <1):

n

N
: z(, n— z 1
Li,(z) = o (x§ ') = E pr and H,(N)= E e

n>1 n=1
Generalization on multi-indices s = (s1,...,s/) :
ny
z(. s1—1 s—1 . 2 : Z
aO(XOI X1- XOr ) = LlS(Z) - nst ns,a
m>.>n>0 L
N
Lis(z 1
Ps(z) = (2) E Hg(N) 2", where Hg(N) = pe <
1—~ ny ... ny’
N>0 n>..>n=1

If s; > 1, by an Abel’s theorem, then one has

. . ) 1

fim Lis(2) = fim B(M)=<(9)= 3 e
n>..>n>0

else 7



Euler-Maclaurin sommation formula

N k—1
1 B 1 1
Zn:'%“’*”‘zuwo(m)'

n=1 j=1
N k—1

1 N=T Bi_r+1 (k—1\ 1 1

—_— = - T - — O — 7 .
anl Ol s JZ:rj—r+1<j—1>NJ+ (Nk>

Are v and ((r) algebraically independent ?

Let Z be the Q-algebra generated by convergent polyzétas.
Let Z’ be the Q[v]-algebra generated by convergent polyzétas.
How to determine the asymptotic expansion and the constants
associated to the divergents harmonic sums of the form

1
= I
Hiayr (V) > PR
N>n1>...>n,>0 r
N
N E L ?
H{l}k,5k+17~-,sr( ) = Skt1 s
\ , n...ngn R
N>ny>...>n>0 k+1

>1

Do there exists a generalization of + 7



Encoding the multi-indices by words

Y={wlkeN;} ((rh<y<...)and X ={x0,x1} (x0 < x1).
Y* (resp. X*) : monoide generated by Y (resp. X).

sp—1 s,—1
S=(S1,...,8) S W=yg ...¥s, O W=X3" Xi...Xg X1

u and v are convergent if s; > 1. A word divergent is of the form

({l}k,sk+1,...,sr) — ylkysk+1 A xfxgk“_lxl .. .xg’flxl, for
. . z™m
Li, :w +— Li,(2)= Z R
n...n;
n>...>n.>0
1
Gwiw = ((w)= Z Poam—
m>..>n>0 1 0
1
Hy:w = Hy(N)= Z popm—E
N>m>..>n>0 1 "0
Li
Py:w — P,(2)= ZHW(N)ZN = 11W(z).
—z

N>0

Let Mx : C{Y) — C{X) and My : C{X)) — C{Y)) denote the
“change” of alphabets over C{(X)) and C({(Y)) respectively.



Structure of polylogarithms

Let C=Clz,z 1, (1 - 2)71]
Theorem (HNM, van der Hoeven & Petitot, 1998)
Putting Liy,(z) = log z, Li : w — Li,, becomes an isomorphism

from (C(X),m) to (C{Liy }wex~,.)

» Li,, w € X*, are C-linearly independent.
Then {Li, }wex~ is universal Picard-Vessiot extension of
fuchsian differential equations with three regular singularities.

» Li;, | € LynX, are C-algebraically independent.
> ((I),1 € LynX \ {x0,x1}, are generators of the algebra Z.



More about structure of polylogarithms

Hoffman proved that Vu,v € Y*, H,H, = H, 4.
Therefore, Vu,v € Y*\ y1 Y*, C(u)(( ) =C(uwv).

Pu( ZHu(n n)z" _ZHUMV mz" =Py (2).

n>0 n>0

Theorem (HNM, 2003)
(C{Pw}wey+, ®) = (C(Y), =) = (C{Hw }wey=,.)-
» P,,w € Y* are C-linearly independent.
Then Hy, w € Y*, are linearly independent.

» P, | € LynY, are C-algebraically independent.
Then Hy,/ € LynY, algebraically independent.

> ((/),! € LynY \ {y1}, are generators of the algebra Z.



Towards the structure of polyzétas
Corollary
Yu,v € X* Li, Li, = Liym, = Vu,v € xoX*x1, ((v)((v) = {(umv).
Example XOXIXEX] = Xoxxax1 + 3xgxixox1 + 6x3xF,
LipLis = Lips+3Lisz+6Lig1,
¢(2)¢(3) = <(2,3)+3¢(3,2) +6¢(4,1).

Corollary
Yu,v e Y HH, = Hywy = VYo, v € Y5\ y1 Y, C(u)¢(v) = ((uw v).
Example yawlys = yayzs+ysy2 + s,
P)’2 © P)/3 = 'Dyz)’3 + P}/3Y2 + P)’57
HpH; = Hy3+ Hzp + Hs,
C(2)¢(3) = <(2,3)+¢(3,2) +¢(5).
€(2)C(3) = ¢(2,3) +3¢(3,2) +6¢(4,1) } _
{2)CE) = (2.3)+ 3.2 +¢E)  f 7 B =X,



Polynomial relations among {((/) }recynx\ (x5}
2,1 = <3

¢(2,1,1)
¢(4,1)
€3,2)
€B3,1,1)
€(2,2,1)
¢(2,1,1,1
¢(6

~

)
)
¢(5,1)
¢(4,2)
¢(4,1,1)
€(3,2,1)
¢(3,1,2)
¢(3,1,1,1)
¢(2,2,1,1)

¢(2,1,1,1,1)

2

glc(z)2

E<(2>2

2cer

26(5) - @K
~20(5) +36C)0O)
20(5) - ¢(2)C3)
—2C(9) +36(2)¢)
o)

5oy

35



Irreducible polyzétas by computer

in Axiom at weight 10 (avec Petitot),

in Maple at weight 12 (with Bigotte, Jacob, Oussous, Petitot),
in C++ at weight 16 (with El Wardi, Jacob, Oussous, Petitot).

T 1 2 3 4 5
n
2 ¢(2)
3 ¢(3)
5 ¢(®)
7 ¢
8 (6,2
9 ¢(9)
10 ¢(8,2)
11 [ ¢(iD) ¢(,2,1)
2 ¢(10,2) ¢, 2,1,1)
3 |[C(13) ¢(9,3,1)
€10,2,1)
14 (10, 4) ¢(10,2,1,1)
¢(12,2)
15 |[ C(15) ¢(1,3, 1) ¢(10,2,1,1,1)
¢(12,2,1)
6 ¢(12, %) ¢(10,4,1,1)
¢(14,2) ¢(11,3,1,1)
¢(12,2,1,1)




NONCOMMUTATIVE GENERATING SERIES
TECHNOLOGY



Noncommutative generating series

Definition
= ) Liy(z2)w and H(N):= ) Hu(N)w
weX* weyY*

Let LynX and | € LynX (resp. {7}/E£yny and {7}/65},,,\/) be the
transcendence basis of (C(X),m) (resp. (C(Y), w)) and its dual
basis respectively. Then

Theorem
L and H are group-like and

L(z) = '8 5L, , ()exologz and H(N) = eV N, (N),

/ .
where Lieg(z) = H L)1 4ng Hyeg(N) = H et (N) I

leLynX leLynY
I#x0,x1 I#y1

Definition
Zm = Lieg(1l)  and  Zuy := Hyeg(00).



Double regularization to 0

Proposition

Let (y : C{(X)) — C be the shuffle algebra morphism defined by
> Cu(X0) = Cu(x1) =0,
» foranyr >1, (m(xélflxl .. .xé“lxl) ={(r,...,rn),
> for any u,v € X*, (m(umv) = (u(u)Cm(v).

Then > (u(w) w = Zp.

weX*
Proposition
Let (.o : C(Y)) — C be the algebra morphism defined by
> Qi (y1) =0,

> forany ri >1,Cu(Vr - ¥r) =C(r, ..., 1),
» forany u,v € Y*, (m(uwv) = (s (u)C s (v).
Then Z Cw(W)w="Zu.

weyY*



Results a /a Abel
Theorem (HNM, 2005)

lim e '8 = zI'IyL(z I|m [ZH }H(N) =My Zy.
z—1 k>0
= H(N) exp{ ZHW )t ]l_lyZm.

k>1
Theorem (Costermans, Enjalbert & HNM, 2005)

There exists algorithmically computable coefficients b; € Z’, the
Q-algebra generated by Z and by v, k; € N and n; € Z such that
“+00

Yw € Y* Hy(N) i~ > biN" log™(N)

Example
w1 ™ 1 1 2 2\ 1 1
H472(N) = <(472)_6N3+<12+4)N4_<18+5>N5+O<N6
- 4
Hi4(N) = — In(N)+ —1 4.1) —
La(V) = o In(N)+ 2~ C(4,1)~ ((5)

+ W4l_ii+li+ i_i i+o i
180 N 1080 N2 = 9 N3 10800 24 ) N* N5 <



Generalized Euler constants

Theorem (HNM, 2005)
For any k > 0 and for any w € Y* \ {1}, let v, be the constant

associated to Hyx,,. Let G := Z Y W.
weyY*

R
Then G is group-like and G = exp [ﬁ,/yl — Z C(k)(}:)] My Zm.
k>2
Let bpk(t1, ..., tk) be the Bell polynomials. By specializing at t; =~
and for | > 2, t) = (—1)'71(/ — 1)1¢(/) and by using the identity, for any
k

u € X*, xfxou = Zx{m(xo[(—xl)k_lmu]), we get

Corollary i
k Xol(—Xx1 k=i xw i
mw—;“ (o) ) [;b,-,,-(%—az),zc(s),...)}.

In particular,



Regularization to v
T,1 = [“/2 - C(Q)]/Z
Y11 = [* —3¢(2)y +2¢(3)]/6,
M1 = [80¢(3)y —60¢(2)7* + 6((2)* + 1077]/240,
71,7 = C(7)7 + ¢(3)¢(5) — 54¢(2)* /175,
.16 = 4¢(2)°77/35 + [¢(2)¢(5) + 2¢(3)¢(2)?/5 — 4¢(T)]y
+€(6,2) +19¢(2)*/35 + ¢(2)¢(3)? /2 — 4¢(3)¢(5),
3¢(6,2)  14¢(3)¢(5) N 3¢(2)¢(3) N 809¢(2)* N ¢(5)7*

Y1,1,1,5 =

4 3 4 1400 6
2 3 2
N {C(i) ~ C(E) }/2_ {24(7)_3«2%«5) +C(?>)1<O(2) N

Theorem
e realizes the morphism from (C{Y)), w) to (C,.) verifying

» for any word u,v € Y* v,y = YoV
> for any convergent word w € Y* — y1 Y*, v, = ((w),
> Iy = 7-

Then G = e™MZ,,, .



The meaning of the double regularization to 0

The constant «y,, =~ is obtained as the finite part of the
asymptotic expansion of Hy(n) in the scale {n?log®(n)}.cz pen-

In the same way, since for any n € N, n and Hj(n) are algebraically
independent then {n?H?(n)},cz pen constitutes a new scale for
asymptotic expansions.

Let GG = Q@ xQ(X)x1 and G =Q & (Y \ {y1})Q(Y). By the
Radford theorem and its generalization over Y (due to Malvenuto
& Reutenauer), one has respectively

(@(X),HI) = Q[EynX] = Cl[X07X1]7
(Q(Y), w) = Q[LynY] = C[n].

Thus, (u(x1) =0 and (u (y1) = 0 can be interpreted as the finite
part of the asymptotic expansions of Li; and Hj in the scales

{(1—2)?log(1 — Z)b}aez,beN and {naH’f(n)}aez,beN respectively.



Differential Galois group of polylogarithms

LI¢ is the smallest algebra containing C closed by derivation, by
integration w.r.t. wp and wi. It is the C-modulus generated by

{LiW}WEX* .

\
Let o € Gal(LIe). Then > oLi, w= [] "™ S

weX* leLyn
Since do Liy, = od Li, = w; then o Li,, = Li,; +c,;.
O'Lig O’Lilék
. I /
More generally, o Lig = [ wy——" - ——— + ¢
! "ol ! !

N\
Consequently, Z ocLi, w=1L H e = LeCe.
weX* 1€Lyn

The action of o € Gal(LI¢) over {Liy, }wex+ is equivalent to the
action of e € Gal(DE) over the exponential solution L. So,

Theorem (HNM, 2003)
Gal(LI¢) = Gal(DE) = {e€ | C € Liec{(X)}.



Action of Gal(DE) on the asymptotic expansions

Theorem (Group of associators theorem)

For any commutative Q-algebra A, let ® € A(X)) and W € A(Y)) be
group-like elements such that W = B(y;)[Ty®. There exists an unique
C € Liea((X)) such that ® = Zize® and W = GMyeC.

If C € Liea{(X)) then L' = LeC is group-like and e® € Gal(DE). Let
H'(N) be the n.c.g.s. of the Taylor coefficients, belonging the harmonic
algebra, of {(1 —z)7'L/,(2)}wey~. Then H'(N) is group-like.

L'(1-
7( 6)N67(1+X1)IOgE¢KZeC = H/(N)Nf;goH(N)nyeC

£ e—0F

Let %, be the constant part of H/,(N). Then,

Z kw w = WizlyeS, or eqivalenty Mx Z Ky W = B*I(X1)¢Kzec.
weyY* weyY*

We put then ¥ := ZmMye€ and & := GMNye€.



Examples (action of the monodromy group)
For t €]0, 1[, the monodromies around 0,1 of L are given
respectively by (p = 2im)

MoL(t) = L(t)eP™ and M;L(t) = L(t)q’&e—’mdﬁ(z

= L(t)eP™,
~ iy
where mg=xp and my = H e_C(S’)adS/(—xl).

IE‘CynJ#XOle
» If C = pmg then ¢ = ZmerO and
\U—exp[wyl ZC ]I’I Zm = G.

k>2
» If C = pmy then & = e7 P17y and

W—eXD[(v Pyt =D ¢k (yl)]l'lem:e"’”G.
k>2

Hence, the monodromles could not allow neither to introduce the
factor € on the left of Z, neither to eliminate the left factor
e™ in G (by putting T = 0, for example).



Polynomial relations among generators of polyzétas

{Cu(N}iecynx and {Cui (/) }iecyny are also generators of the
algebras Z and Z’. One also gets

Theorem

(—x)*
N\ . ZC(k) Kk / .
H SNT — gk>2 My H eSO 1
1eLynX,l#xp,x1 1€LynY IZ£y1

Since VI € LynY <= Tx/ € LynX \ {xo} then identifying the
local coordinates, in the Lyndon-PBW basis, we get polynomial
relations among these generators which are algebraically
independent on .

Corollary

For any | € LynY \ {y1}, let P; be the decomposition of Mx1 in
the Lyndon-PBW basis, over X, and let P, be its dual. Then
Mx/ — P, € ker C. Moreover, Mx\ — Py is homogenous of degree
|\ and if x| = Py then ((I) is irreducible.



Structure of polyzétas

Theorem (Structure of polyzétas)

The Q-algebra generated by convergent polyzétas, Z, is isomorphic
to the graded algebra (Q & (Y — y1)Q(Y)/ ker(, w).

Proof.
Since ker ( is an ideal generated by the homogenous polynomials
then the quotient Q @ (Y — y1)Q(Y)/ ker ( is graded. O

Corollary

The Q-algebra of polyzétas is freely generated by irreducible
polyzétas.

Proof.

For any A € LynY, if A = Py then one gets the conclusion else
Mx\ — Py € ker¢. Since Py € Q[LynX] then Py is polynomial on
Lyndon words of degree < |\|. For each Lyndon word does appear
in this decomposition of P, after applying My, the same process
goes on untill having irreducible polyzétas. ]



Towards the transcendence of v over Z

By considering the commutative indeterminates ti, tp, ..., then let
A=Qlty, ta,...]
Lemma

For any ® € {®kzeC|C € Liea(( X))}, one get

Y = B(yl)I'IYCD < \Ul = B’(yl)l"lyd).

Theorem
For all & € {®xzeC|C € Lieg((X)}, the identies W = B(y1)Myd
vield all polynomial relations among convergent polyzétas.

Moreover, these relations are algebraically independent on . In
other words, under the hypothesis v ¢ Q, the constant ~ does not
verify any polynomial of coefficients in Z.

Corollary

If v & Q then it is transcendental over Z.



COLOURED POLYLOGARITHMS,
HARMONIC SUMS AND POLYZETAS



Sommes harmoniques et polylogarithmes colorés

Let

b\ [bi,....b

s) \s,....s, )’
where by, ..,b, € {1,q,...,q" '} and g = e2im/n

bnl ce bnr
_ E 1 r
Hb(N) - S1 Sr )
s nge...ny
N>ni>...>n>0

pM ... pr
Lis(z) = Z ST m,

S
it (%) # (1) then

m>-sn>0 M
nLL pir
lim Ho(N) = lim Lis(z) = > % —C(b>-

N—oco s z—1 s ny...n S
m>..>n>0 1 r

Lis (2)
Py (z) = ZH:(n)z" ==

1—z°
n>0



Coloured alphabets

Let us consider the alphabets X = {xo, Xq, ..., Xxgn} and
Y - {yb}be{l AAAAA q"_l}
k kEN
bi,...,b _ _
( R PSP 1le--~x5’ . .
S]‘7 ceey Sr s1 Sr

where j=1,..,r, 7 = Hb,-.

Example

_1717_1 2 3 4
Let Z be the Q-algebra generated by convergent coloured
polyzétas.

Let Z’ be the Q[]-algebra generated by convergent coloured
polyzétas.



Harmonic algebra

For u,v € Y*, we have H,H, = H,,,, where ux v is defined by
exU=ux¢e=uand

(ybu)*(ngv) :yb(u*yjc_v) +yjc_(ybu*v) + yoe (U v).
i i i i+j
By consequent, P, ® P, = P .

Example
}/*21*)/*31 = )/*21)/*31“‘}/*31}/*21“'}/;’
H.:H: = H-1-1+H-11 —I—H17
2 3 2.3 32 5
PyaoPoy = Poiyoi+Poi —I—P1,
2 3 2.3 3.2 5

yoypxyr = yoalyasy)+yilyyaxe)+yaly o xe)
yolyayityiyatya)tyiyaya +yaya
= Yoy tyayiya dyiysiya Fyoiyatyay,
Hoi-H: = H-1-11+H- 11,1 +H1—1—1 +H- Lot +H- ~1o1
2,5 4 2,5,4 2,4
P7§,571®Pi = P11 +P- 1171+P17171+P 171+P Lot

1,
2,5,4



Structure theorems

Let O = {0} U{q" =1} and let C = C|z,{ai(z)}ico] where
a0(z) = z 1 and, for p € O\ {0}, a,(z) = p(L — pz)~ 1.
Theorem (Bigotte, Jacob, Oussous, Petitot, 2000)
(C{Liw}twex~,.) = (C[Ligynx]; -)-

Proposition

(C{Pw}wey+, ®) ~ (C{Hw}wey+,.) = (C(Y),%).

Theorem (HNM, 2003)

((C{PW}WEY*) ®) = ((C[Pﬂan]; Q),
(C{Hw}wev+,-) = (C[Hzyny], )-



Distribution relation

Proposition
Let g be a m-th root of unity. Let s and i be two compositions.
Assume that 0 < iy < ... < i, < m—1. Then,

m m—1 r . .
s 1 qZ/:l(’1+---+’l)b/ S
C<qi>:m’ 2 Sl ib o\ gi )
bi,...,br=1j1,....5r=0 q='=
or equivalently
Z"’: '”Zl HIr:qu?1(i1+...+i/)b,C<s> o
G==1(j + ... + i) by q

bi,...;br=1 " Jj1,..ir=0
AFEL e JrFr




Asymptotic expansions

Theorem (HNM, 2005)

(C{PW}WEY*a ®) = (C[PLyn(Y)]a ®) and for any g € C{PW}WEY*'

there exists algorithmically computable coefficients b; € C, the

Q-algebra generated by Z and by v, k; € N and n; € Z such that
+

z) ~ G(l—2)YP 5 for z — 1.
B(2)~ 351 =2)"P (2
By conssequence, there exists algorithmically computable

coefficients b; € C,nj € Z and k; € N such that
+o0o

[z"g(2) Z bin" log"™(n) for n — cc.
i=0
Corollary

There exists algorithmically computable coefficients b; € Z'.n; € Z

and k; € N such that
—+00

Yw € Y* Hy(N) ~ Y biN" log" (N) for N — +oc.
i=0
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