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Coding of dynamical systems

Given a dynamical system and a partition, it is possibly to code the trajectory.

F is a Z?-action on X

Subshift as dynamical system Notion of coding



Configuration and patterns
Let A be a finite alphabet.
bx:Z9 > Ae A% is a configuration.

IS A SRCAE SAYAE Bn AR TN
Y[1]o]x]o]1]o[1]0[1
LloJ1]ofx]ofx]o[1]{
y[a{o[xo[T[o[T]o[} J
x = Yo[[o[Ilo[T[o[Tl{ € {0,1}*
)afo[x]o[x]o]x]o]3
L{of[1]o[x]ofx]o]x[{
Y[1[o[1]ox]o]1[0[}
Ljo[z]olx]ofz]o[1]¢
|NED Y ERGEEE NEY R
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Configuration and patterns
Let A be a finite alphabet.

d . , .
»x:7Z% - Ae A2 is a configuration.
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Subshift as dynamical system

Combinatory definition of subshifts

A subshift T is defined with a set of forbidden patterns F:

d d
Tr-= {x e A" . Dpatterns of F does not appear in X} c A”

Exemple:
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{X € {0, 1}Zd : there is at most one g € Z¢ such that x, = 1}

T<1
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Local rules vs colored local rules
zd . zd
Tr={xe A" : patterns of F does not appear in x € A

Some classes of subshifts invariant by conjugacy
T subshift of finite type <= 3F finite set such that T=Tx

The chessboard: Let A ={0,1} and F = {l - i€ A} Consider
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Local rules vs colored local rules
74 . 7d
Tr={xe A" : patterns of F does not appear in x € A

Some classes of subshifts invariant by conjugacy
T subshift of finite type <= 3F finite set such that T=Tx

Domino:

To={JmcC L

Subshift as dynamical system Subshifts of finite type




Local rules vs colored local rules
zd . zd
Tr={xe A" : patterns of F does not appear in x € A

Some classes of subshifts invariant by conjugacy
T subshift of finite type <= 3F finite set such that T=Tx

Algebraic subshift of finite type:
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T- 0,137 1V (i,j) € Z2, x(ijy + X(is1) + Xije1 =0 mod 2

x €{0,1}™ :V(i,j) € Z%, X(ijy + X(i+1,j) + Xij+1 mo

Subshift as dynamical system Subshifts of finite type



Local rules vs colored local rules
74 . 7d
Tr={xe A" : patterns of F does not appear in x € A

Some classes of subshifts invariant by conjugacy
T subshift of finite type <= 3F finite set such that T=Tx

Wang Tiles:

0 O
(g
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Local rules vs colored local rules
74 . 7d
Tr={xe A" : patterns of F does not appear in x € A

Some classes of subshifts invariant by conjugacy

T subshift of finite type <= 3F finite set such that T=Tx

Wang Tiles:

0 O
0

Proposition

If Tc AZJ is a SFT then is conjugate to a SFT defined by Wang tiles.

Subshift as dynamical system Subshifts of finite type



Local rules vs colored local rules

d d
Tr= {x e AZ" . patterns of F does not appear in x} c AL

Some classes of subshifts invariant by conjugacy

=Tz

T subshift of finite type <= 3F finite set such that T

{X € {0, 1}Zd : there is at most one g € Z¢ such that Xg = 1}.

Consider T,
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Local rules vs colored local rules
zd . zd
Tr={xe A" : patterns of F does not appear in x € A

Some classes of subshifts invariant by conjugacy
T subshift of finite type <= 3F finite set such that T=Tx

Consider T¢; = {X € {0, 1}Zd : there is at most one g € Z¢ such that Xg = 1}.

T<1 can be defined by local rules?
i

I~I<l=13

plofo]olo]o]o]o]o]o]o]s
plo|o]olo[o]oe]o]o]o]d

blo[o]o]o[o]o]oo]o]o]d
plo]o]o]o[o]o]olo]o]o]q
plo]o]o]o[o]o]olo]o]o]d
»lo]o]olo|o]olo]o]o]o]e
NEEEEEEEEEEE

blo[o]o]o]o[o]o]o]o]o]q
bo|o]o]o]o]o]o]o]o]o]d
plo|o]o|o]o]o]o[o]o]o]dq

blo[o|o]o|o|o]o]o]o]o]g

slalalalsle

blo[o]o]o]olo]c]o]o]o]d
ploolo]o]o]o]o]o|o]o]d

plo[ole]ololo]o]o]o]o]lq
plo]o]olo|o]olo]o]o]e]d

plo|o]o[o]o|o]o[o]o[o]q
blo|o|o[o]o]o]o[o]o[o]¢
plo|o]o|o]o|o]o[o]o]o]d
blolo]o]o]o[o]o]o]o[o]q
plo[o]o]ololr]olo]o]o
blo|o]o[o]o|o]o[o]o]e

P‘v-a'w'\/—wvvv'o
plo]olo]o[o]o]o|o]o]o]d

Subshift as dynamical system Sofic subshifts



Local rules vs colored local rules
zd . zd
Tr={xe A" : patterns of F does not appear in x € A

Some classes of subshifts invariant by conjugacy
T subshift of finite type <= 3F finite set such that T=Tx

Consider Toy =4{x ¢ {

Assume that T
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Local rules vs colored local rules
zd . zd
Tr={xe A" : patterns of F does not appear in x € A

Some classes of subshifts invariant by conjugacy
T subshift of finite type <= 3F finite set such that T=Tx

Consider T¢; = {X € {0, 1}Zd : there is at most one g € Z¢ such that Xg = 1}.
Assume that T<; = T with F c AB». Then
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Local rules vs colored local rules
zd . zd
Tr={xe A" : patterns of F does not appear in x € A

Some classes of subshifts invariant by conjugacy
T subshift of finite type <= 3F finite set such that T=Tx

Consider T¢; = {X € {0, 1}Zd : there is at most one g € Z¢ such that Xg = 1}.
<1

Assume that T<; = T with F c AB». Then
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Local rules vs colored local rules
zd . zd
Tr={xe A" : patterns of F does not appear in x € A

Some classes of subshifts invariant by conjugacy
T subshift of finite type <= 3F finite set such that T=Tx

Consider T¢; = {X € {0, 1}Zd : there is at most one g € Z¢ such that Xg = 1}.
Assume that T<; = T with F c AB». Then
[o]

PIYUTOTOTYTIU SARARARANARA AR AR A A A nandh
)|oJoJoJo]ofofofo]ofofo]o]o[o[ofofofofofo[o]o]d
Y[oJo[o]o[o]o]o]o[o]oJo]oJo]o]o]ololofofo]o]o]d
)[o]oJo[o[o]o]o]oJo]o]ooo]o]ofelefofolo]o]o]{
plofofofofofo[o[o[o]o[o[o[o]o]o]oo[o[oo]o]0]d
olofolofoloolo[1]olo[ololo]o[1]ololololo]oo][§ € T contradiction!
ploJofoJofofo]o]o[o]oJo]oJo]o]o[o]ofo]o[o]o]0]q
D[oloJofofo]o]ofo[o]ofo[o]o]o[o]o]o]ofo]o]of0]¢
9]oJoJo]o]ofofofofofofo]o]ofofo[o[o[o[o[o[0]0[d
ploJoJoofoJoJoloJo]o]olofofo]o]ofofofo]o]ofo]4d
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Local rules vs colored local rules
Zd ) Zd
Tr={xe A" : patterns of F does not appear in x € A
Some classes of subshifts invariant by conjugacy

T subshift of finite type <= 3F finite set such that T=Tx
T subshift sofic < 3F finite set and 7 : A — BB such that T =7(Tx)

Let B= {E, ,} and F forbid the matching between two different colors.

- Jolfoforoofio] --- < T~ —T+ ..JoJo[o[i]o]o]0] - €T
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Local rules vs colored local rules
74 . 7d
Tr={xe A" : patterns of F does not appear in x € A

Some classes of subshifts invariant by conjugacy

T subshift of finite type <= 3F finite set such that T=Tx
T subshift sofic < 3F finite set and 7 : A — BB such that T =7(Tx)

Let B= {E, ,} and F forbid the matching between two different colors.

- Jolfoforoofio] --- < T~ —T+ ..JoJo[o[i]o]o]0] - €T

Every configuration can be seen as an infinite path in the following graph:

N

o o
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Local rules vs colored local rules
7d . 74
Tr={xeA” : patterns of F does not appear in x; € A

Some classes of subshifts invariant by conjugacy

T subshift of finite type <> IF finite set such that T=Tx
T subshift sofic < 3F finite set and 7 : A — BB such that T =7(Tx)

Let B = {, ,, ,,, } and F forbid the matching between

two different colors.

ooy oQolyolJroloyo[jo! OJOJO[O[UJO0[0[0[0][T
fof{[o{{Jo{[To{llofllof}[o{{Jo{{[o{{[o{[[o lofofofofofofofo]o]o]0
offolirofroffrotlofrofffolo([of[o Wlolofofo[ofo]o]o]o]o0]
ofJoJloffloloflofloffJoffJofffoffla _  (o[ofofofofofofofofo]Q
of[[ollof{Tollfof{lloflo{l[of[[oll[c; — (o [o[o[ofo[1]o[o]o[0]0}
‘of{[of{[o{{[o{[To{{o{[To{[To{lTo{llo{l[o, olofofofofofofofo]o]qf
of[of{[ofllof{fof{[o{|[o1{[o{[[o{[Tol][o Jolofofofofofo]o[o]o]0q
of[[of{of{Jof{Jof{[o{[To{[To{lTol[lollo’ olofofofofof[o]o[o]o]0
raliolTolTo irat{olIatTo1lo][[ollo ©oloJololololololololo
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Exemple 2: The even shift

d
Xoven = {x € {0, 1}Z : Finite connected component have even size }

The even shift is sofic.

For d =1, consider B = {E,, } one has
(...

Proposition J

) € Xeven

Subshift as dynamical system Some examples of local rules



Exemple 2: The even shift

d
Xeven = {x € {0, 1}Z : Finite connected component have even size }

The even shift is sofic.

Proposition J

Consider the alphabet Agyen = { D E E} + rotation

ﬂ(D)=0andﬂ'(m)=ﬂ'(E):1

T~~~ T N T~ T—T

1

1
1 1111

A S N B BN B

——o ?
J |

=== =
=== =

-
?
I TH
(
f
L

LTI

.
)
\
!
J
L)

e I

L1 1 L 1

Green components have even size (handshaking lemma)=—= 7(X4....) € Xeven

Subshift as dynamical system Some examples of local rules



Exemple 2: The even shift
Xeven = {x € {0, 1}Zd : Finite connected component have even size }

Proposition J

The even shift is sofic.

@ Consider x € Xoyen

[y
=== =
[y Y PR RN

Subshift as dynamical system Some examples of local rules



Exemple 2: The even shift

d
Xoven = {x € {0, 1}Z : Finite connected component have even size }

The even shift is sofic.

Proposition J

@ Consider x € Xoyen

@ There exist trees which cover each connected TTTTTTT 11
component | i (
BE )

] 2 )

| |42 |22 )

O L D B I

Subshift as dynamical system Some examples of local rules



Exemple 2: The even shift
Xeven = {x € {0, 1}Zd : Finite connected component have even size }

Proposition J

The even shift is sofic.

@ Consider x € Xoyen

@ There exist trees which cover each connected [T TIT T T 1T 1)
component 3 Lan] )

o If all verices of a tree have odd degree, then we JHE |
done. } an 1 %
(/——’\—‘/‘-ﬁ_\/—\——/\—ﬂ(

Subshift as dynamical system Some examples of local rules



Exemple 2: The even shift
Xeven = {x € {0, 1}Zd : Finite connected component have even size }

Proposition J

The even shift is sofic.

@ Consider x € Xoyen

@ There exist trees which cover each connected (T T T 17T 11T 1)
component ( [ SR |
o If all verices of a tree have odd degree, then we BB |
done. \) — f_g I g
@ Otherwise, delete a vertex v with even degree L/:,:/:,\,—W.,\,_]

@ In 7 N v, odd number of trees with odd
cardinality: connect v with them.

Subshift as dynamical system Some examples of local rules



Exemple 2: The even shift
Xeven = {x € {0, 1}Zd : Finite connected component have even size }

Proposition J

The even shift is sofic.

@ Consider x € Xoyen

@ There exist trees which cover each connected ITT T TT1TT1 T 13
component ( Lan] )

o If all verices of a tree have odd degree, then we Wiz {
done. H an 1 )

. . (e Hel )

@ Otherwise, delete a vertex v with even degree AN RNENEER

@ In 7 N v, odd number of trees with odd
cardinality: connect v with them.

Subshift as dynamical system Some examples of local rules



Exemple 2: The even shift
Xeven = {x € {0, 1}Zd : Finite connected component have even size }

Proposition J

The even shift is sofic.

@ Consider x € Xoyen

@ There exist trees which cover each connected
component

s
5
o If all verices of a tree have odd degree, then we )
done. i =
Ul

@ Otherwise, delete a vertex v with even degree

1 | 1 | o
|

L &

SR

@ In 7 N v, odd number of trees with odd
cardinality: connect v with them.

Subshift as dynamical system Some examples of local rules



Exemple 2: The even shift
Xeven = {x € {0, 1}Zd : Finite connected component have even size }

Proposition J

The even shift is sofic.

@ Consider x € Xoyen

T~~~

@ There exist trees which cover each connected
component

o If all verices of a tree have odd degree, then we
done.

L 3

NN

S A
1
| [rotre:

@ Otherwise, delete a vertex v with even degree

@ In 7 N v, odd number of trees with odd
cardinality: connect v with them.

So m(Xa,...) € Xeven-

even

Subshift as dynamical system Some examples of local rules



Exemple 3: The odd shift

d
Xoaa = {x € {0,1}*" : Finite connected component have even size }

Proposition
The odd shift is sofic if d =1 or 2. J

@ For d =1, consider B = {,, ,, } one has

7'('( " -u)eXeven
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Exemple 3: The odd shift

d
Xoaa = {x € {0,1}*" : Finite connected component have even size }

Proposition
The odd shift is sofic if d =1 or 2. J

@ For d =1, consider B = {,, ,, } one has

7T( " -u)EXeven

@ The construction is quite hard for d =2
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Exemple 3: The odd shift

d
Xoaa = {x € {0,1}*" : Finite connected component have even size }

Proposition
The odd shift is sofic if d =1 or 2. J

@ For d =1, consider B = {,, ,, } one has

7T( " -u)EXeven

@ The construction is quite hard for d =2
@ It is conjectured that it is not sofic for d > 3.

Subshift as dynamical system Some examples of local rules



Exemple 4: Election of a leader shift

d
XLeader = {x €{0,1, Z}Z : Finite connected component have exactly one 2 }

Proposition
The election of a leader shift is sofic if d =1 or 2. J
Proposition
The election of a leader shift is not sofic for d = 3 but it is effective. J

Subshift as dynamical system Some examples of local rules



Exemple 4: Election of a leader shift
XLeader = {x €{0,1, Z}Zd : Finite connected component have exactly one 2 }

Proposition J

The election of a leader shift is sofic if d =1 or 2.

The election of a leader shift is not sofic for d = 3 but it is effective.

Proposition J

Tr-= {x € A® : patterns of F does not appear in X} cA®

Some classes of subshifts invariant by conjugacy

T subshift of finite type <= IF finite set such that T=T#
T subshift sofic <= 3F finite set and 7 : A — B such that T = 7(T )
T effective subshift < 3F recursively enumerable set such that T=T#

Subshift as dynamical system Some examples of local rules



Exemple 5: Miror shift

Let A={O,m, l}Zz and consider the following effective subshift:

XMiror = {D7 .}Zz U

S===<="

Subshift as dynamical system Some examples of local rules



Exemple 5: Miror shift

Let A={O,m, l}Zz and consider the following effective subshift:

XMiror = {D7 .}Zz U

o~

e S

Assume that Xy;ror is sofic, that is to say Xuirer = 7(T(B,2,F))

T(B,2,F
s
XMiror c z

Subshift as dynamical system Some examples of local rules



Exemple 5: Miror shift

Let A={O,m, l}Zz and consider the following effective subshift:

XMiror = {D7 .}ZZ U

T~~~

Assume that Xy or is sofic, that is to say Xuirer = 7(T(B,2,F))

y 4

T(B,2,F
( ntr IB[*"("+") red corona

' 5
-+
2 n
Xitiror € A%
tiror ~|A|"™ patterns

Some examples of local rules
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Exemple 5: Miror shift

Let A={O,m, l}Zz and consider the following effective subshift:

XMiror = {Da .}Zz U

= ————

~

I~

Assume that Xy ror is sofic, that is to say Xuirer = 7(T(B,2,F))

L7

—— —Z

B e EE—
T(B,2,F A2t
IB[*"("+") red corona
' 5
>
2 n
XM' C Z 2
e ~|A|™ patterns
Subshift as dynamical system Some examples of local rules




Exemple 5: Miror shift

Let A={O,m, l}Zz and consider the following effective subshift:

~——

XMiror = {Da .}Zz U

[ Sy

SeSESES =)

Assume that Xy;ror is sofic, that is to say Xuirer = 7(T(B,2,F))

g =7 Z
T(B.2,E

| =

Subshift as dynamical system Some examples of local rules




Exemple 5: Miror shift

Let A={O,m, l}Zz and consider the following effective subshift:

XMiror = {D7 .}Zz U

et A

Assume that Xy;ror is sofic, that is to say Xuirer = 7(T(B,2,F))

@
T(B,2,F

| =

Subshift as dynamical system Some examples of local rules




The domino problem

Subshift as dynamical system ome examples of local rules



Domino problem for Wang's tilings

Tiles set An associated tiling

L1

Domino problem
Does a given finite set P of Wang prototiles admit a tiling ? J

Subshift as dynamical system Wang's tiling problem



Domino problem for Wang's tilings

Tiles set An associated tiling

Jm

Domino problem
Does a given finite set P of Wang prototiles admit a tiling ? J
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Domino problem for Wang's tilings

Tiles set An associated tiling

B

Jm

Domino problem
Does a given finite set P of Wang prototiles admit a tiling ? J
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Tiles set An associated tiling
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Domino problem
Does a given finite set P of Wang prototiles admit a tiling ? J
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Tiles set An associated tiling
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Domino problem
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Domino problem for Wang's tilings

Tiles set An associated tiling

Jm

Domino problem
Does a given finite set P of Wang prototiles admit a tiling ? J
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Domino problem for Wang's tilings

Tiles set An associated tiling

Jm

Domino problem
Does a given finite set P of Wang prototiles admit a tiling ? J

@ The complement of the tiling problem is semi-decidable.
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Domino problem for Wang's tilings

Tiles set An associated tiling
Domino problem
Does a given finite set P of Wang prototiles admit a tiling ?

@ The complement of the tiling problem is semi-decidable.
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Domino problem for Wang's tilings

Tiles set An associated tiling
Domino problem
Does a given finite set P of Wang prototiles admit a tiling ?

@ The complement of the tiling problem is semi-decidable.
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Domino problem for Wang's tilings

Tiles set An associated tiling

Domino problem
Does a given finite set P of Wang prototiles admit a tiling ? J

@ The complement of the tiling problem is semi-decidable.
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Domino problem for Wang's tilings

Tiles set An associated tiling

Domino problem
Does a given finite set P of Wang prototiles admit a tiling ? J

@ The complement of the tiling problem is semi-decidable.
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Domino problem for Wang's tilings

Tiles set An associated tiling

o E

Domino problem
Does a given finite set P of Wang prototiles admit a tiling ? J

@ The complement of the tiling problem is semi-decidable.
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Domino problem for Wang's tilings

Tiles set An associated tiling

B

Domino problem
Does a given finite set P of Wang prototiles admit a tiling ? J

@ The complement of the tiling problem is semi-decidable.
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Domino problem for Wang's tilings

Tiles set An associated tiling
Domino problem
Does a given finite set P of Wang prototiles admit a tiling ?

@ The complement of the tiling problem is semi-decidable.
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Domino problem for Wang's tilings

Tiles set An associated tiling
Domino problem
Does a given finite set P of Wang prototiles admit a tiling ?

@ The complement of the tiling problem is semi-decidable.
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Domino problem for Wang's tilings

Tiles set An associated tiling

==

Domino problem
Does a given finite set P of Wang prototiles admit a tiling ? J

@ The complement of the tiling problem is semi-decidable.
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Domino problem for Wang's tilings

Tiles set An associated tiling

HEHS

Domino problem
Does a given finite set P of Wang prototiles admit a tiling ? J

@ The complement of the tiling problem is semi-decidable.

Subshift as dynamical system Wang's tiling problem



Domino problem for Wang's tilings

Tiles set An associated tiling

Domino problem
Does a given finite set P of Wang prototiles admit a tiling ? J

@ The complement of the tiling problem is semi-decidable.
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Domino problem for Wang's tilings

Tiles set An associated tiling
Domino problem
Does a given finite set P of Wang prototiles admit a tiling ? J

@ The complement of the tiling problem is semi-decidable.

o If there exists a periodic tiling, finding “algorithmically" a configuration is
easy!

Subshift as dynamical system Wang's tiling problem



Domino problem for Wang's tilings

Tiles set An associated tiling

Theorem (Berger-66, Robinson-71, Mozes-89, Kari-96...)

@ There exists tiles sets which produce only aperiodic tilings.
@ The domino problem is undecidable.

Subshift as dynamical system Wang's tiling problem



Domino problem for Wang's tilings

Tiles set An associated tiling

SER

Theorem (Berger-66, Robinson-71, Mozes-89, Kari-96...) }

@ There exists tiles sets which produce only aperiodic tilings.

@ The domino problem is undecidable.

Subshift as dynamical system



Domino problem in dimension 1

Tile set: Tile set:

{0 D I I O {00 I I

Subshift as dynamical system i i



Domino problem in dimension 1

Tile set: Tile set:
{0 I {2 e D ) T

Every configuration can be seen as an infinite path in the following graphs:

o—J1——o o—

u( i (

Subshift as dynamical system Case of the dimension 1



Domino problem in dimension 1

Tile set: Tile set:
{0 I {2 e D ) T

Every configuration can be seen as an infinite path in the following graphs:

o—J1——o o—

u( i (

O

Tile the line Do not tile the line

Subshift as dynamical system Case of the dimension 1



My first aperiodic tiling:
Robinson's tiling




Alphabet of the tiling of Robinson

There exists different means to define the Robinson tiling. Consider Robi the next
set of tiles modulo the rotation

tt

b

My first aperiodic tiling: Robinson’s tiling Local rules of the Robinson'’s tiling



Local rules

Incoming and outgoing arrows must be respected:

] ¥
i !
Allowed Not allowed

We add the forbidden patterns F which impose the alternating of the colors:

ou [ { = B 8 )

Denote Tropi the SFT described by these rules.

My first aperiodic tiling: Robinson’s tiling Local rules of the Robinson'’s tiling



Existence of the tiling (level 1)

The Robinson tiling is based on a hierarchical structure. Nine of these tiles can be
assembled to form a super-tile of level I

My first aperiodic tiling: Robinson’s tiling Existence of a configuration



Existence of the tiling (level 1)

The Robinson tiling is based on a hierarchical structure. Nine of these tiles can be
assembled to form a super-tile of level I

L

[

b
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Existence of the tiling (level 1)

The Robinson tiling is based on a hierarchical structure. Nine of these tiles can be
assembled to form a super-tile of level I

My first aperiodic tiling: Robinson’s tiling Existence of a configuration



Existence of the tiling (level 2)

Super-tiles of level 1 can be assembled to form super-tiles of level 2:

s e
sk ety f
g i
Ly wld

My first aperiodic tiling: Robinson’s tiling Existence of a configuration



Existence of the tiling (level 2)

Super-tiles of level 1 can be assembled to form super-tiles of level 2:

>

i st
st el

Fi
skl
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Existence of the tiling (level 2)

Super-tiles of level 1 can be assembled to form super-tiles of level 2:

>

i st
st el

Fi
W W

My first aperiodic tiling: Robinson’s tiling Existence of a configuration



Existence of the tiling (level 2)

Super-tiles of level 1 can be assembled to form super-tiles of level 2:

o

il st
st el

Fi
skl f
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Existence of the tiling (level 2)

Super-tiles of level 1 can be assembled to form super-tiles of level 2:

o

il st
st el

Fi
iHakrisl
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Existence of the tiling (level 2)

Super-tiles of level 1 can be assembled to form super-tiles of level 2:

s e
sk ity f
g 8 e
st il
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Existence of the tiling (level 2)

Super-tiles of level 1 can be assembled to form super-tiles of level 2:

s e
sk ity f
g 8 e
ifhat i
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Existence of the tiling (level 2)

Super-tiles of level 1 can be assembled to form super-tiles of level 2:

s e
sk ity f
g 8 e
St it

My first aperiodic tiling: Robinson’s tiling Existence of a configuration



Existence of the tiling (level 2)

Super-tiles of level 1 can be assembled to form super-tiles of level 2:

in
o
5
i

s S shee
iz AE, gbia
B gt

My first aperiodic tiling: Robinson’s tiling Existence of a configuration



Existence of the tiling

Iterating the operation, super-tiles of level n can be formed and by compacity we

conclude that Trop = @.

16 / 35
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Existence of the tiling

Iterating the operation, super-tiles of level n can be formed and by compacity we

conclude that Trop = @.
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Force the presence of super-tiles (of level 1)

> | >
e
b ] - ]
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Force the presence of super-tiles (of level 1)
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Force the presence of super-tiles (of level 1)
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Force the presence of super-tiles (of level 1)
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Force the presence of super-tiles (of level 1)
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Force the presence of super-tiles (of level 1)
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Force the presence of super-tiles (of level 1)
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Force the presence of super-tiles (of level 1)
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Force the presence of super-tiles (of level 2)
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Force the presence of super-tiles (of level 2)
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Force the presence of super-tiles (of level 2)
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Force the presence of higher levels super-tiles
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Force the presence of higher levels super-tiles
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| | | | | | | |
Theorem (Robinson 1971) J

The SFT Txropi is not empty and all configurations are aperiodics.

My first aperiodic tiling: Robinson’s tiling Aperiodicity
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Rectangular substitution

Let A= {., ., .7 .} Consider the next substitution:

After iteration, we obtain:

Define the substitutif subshift:
Ts= XEAZZivaX Jae A, neN, tel que pcs"(a)

Generalization: Multidimensional substitutions Definition 24 / 35
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Substitution of polygons

5 mnlls

Theorem (Goodman-Strauss 1998)
The tiling space defined by substitution on polygon can be defined by local rules. J

Generalization: Multidimensional substitutions Substitution of polygons 26 / 35



Little historic of aperiodic tilings
and perspectives

26 / 35



Little historic of aperiodic tilings

Auteurs Number of | Nombre de tuiles | Nombres de tuiles
Wang a translation prés | & isométrie prés

R. Breger 1966 20426 |

T =l A
012345 6780910111213 1415 0 12 34 56 T8 5101112131 _Ir |
] m M ul ° + T
o= gy i |58 may ' :
L ¢
=== H Sl .
M fas] 4 ! -+
18] ==} o 58] s [D = D i [D -
6
7
-Ei: M m fas] °
— L I.+— Ll 9
|HE | H 1 | .
L1 Lo " = = [ El [
m m faa] 12
=) J =4} o) 3 H +H
i 1|
15 :
Skeleton Signals Parity Signals B i I
- E -
Figure 24 Part of the Solution of § LJ __I

Little historic of aperiodic tilings




Little historic of aperiodic tilings

Auteurs Number of | Nombre de tuiles | Nombres de tuiles
Wang a translation prés | & isométrie prés

R. Breger 1966 20426

R. Breger 1966 104

D. E. Knuth 1966 92

Little historic of aperiodic tilings



Little historic of aperiodic tilings

wn
e
=
25
T2
oS
0 @
.mm
o
o2
Z o
8.8
=9
ERS
< oA > A
) ﬂ%u nﬂu(ﬂ(um“
S -2 OGS aGOnLE oLy _|>J.J>.w
03 LB s e AL £
a c LC 1T C TR TG HEGPENGIN)
ECQ ® a2y -
o & o~ A3 ~ ~ A ek
= ™ PR coRNdblRaRAIL: N e19  ¢
PERGALOLOTRGAS Oy C
AR e
K ek M It R i
LTI >UM..[F?Y>.?>U Ca Wva C
'_ Ajr > |_ 1
pgRaASrLe MR Q LD VA PP G
5 |lo WS NNQPENe N NP NN NN PN
o & < R F S > Nt
E ORI e B
e
NW mm%% LJ_ <A_|urka<A I_w< _I-rJ
Ui asas: C o'
A0 o (0 C i epNNasN)
et %% a4
~
S
O |~
Sls
S8|~|g
DS
Q2|
s |38
SRS
e | SFR1S
3 L . :
8 |u@wi|S
B o]
< X |x |Q |

27 / 35

Little historic of aperiodic tilings



Little historic of aperiodic tilings

Auteurs Number of | Nombre de tuiles | Nombres de tuiles
Wang a translation prés | & isométrie prés

R. Breger 1966 20426

R. Breger 1966 104

D. E. Knuth 1966 92

R. M. Robinson 1971 56 32 6

. Pensose 1978 20 2

Little historic of aperiodic tilings




Little historic of aperiodic tilings

Auteurs Number of | Nombre de tuiles | Nombres de tuiles
Wang a translation prés | & isométrie prés

R. Breger 1966 20426

R. Breger 1966 104

D. E. Knuth 1966 92

R. M. Robinson 1971 56 32 6

R. Pensose 1978 20 2

R. Ammann 1978 16 2

'-"1

Little historic of aperiodic tilings
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Auteurs Number of | Nombre de tuiles | Nombres de tuiles
Wang a translation prés | & isométrie prés
R. Breger 1966 20426
R. Breger 1966 104
. E. Knuth 1966 92
R. M. Robinson 1971 56 32 6
R. Pensose 1978 20 2
R. Ammann 1978 16 2
J. Kari 1996 14
K. Culick 1996 13

CLXPXTXPX XX 2

XX <.

®» LXPX1

CXPXTXPX

Little historic of aperiodic tilings




Little historic of aperiodic tilings

Auteurs Number of | Nombre de tuiles | Nombres de tuiles
Wang a translation prés | & isométrie prés

R. Breger 1966 20426

R. Breger 1966 104

D. E. Knuth 1966 92

R. M. Robinson 1971 56 32 6

R. Pensose 1978 20 2

R. Ammann 1978 16 2

J. Kari 1996 14

K. Culick 1996 13

M. Rao-E. Jeandel 2017 | 11

Problematic
There exists other type of aperiodic tilings?

Little historic of aperiodic tilings
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Domino problem in the SFT setting:
Given A a finite alphabet and F a finite set of 2-dimensional patterns.

Tf:{xeA22:Vpe]-', pt;tx}iz?
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Decision problem
Domino problem in the SFT setting:
Given A a finite alphabet and F a finite set of 2-dimensional patterns.

Tf:{xeA22:Vpe]—', pt;tx}i@?

There is an program which halts if and only if Tx =@

In dimension 1, it is decidable!

Theorem (Berger 1966, Robinson 1971) J

The domino problem is undecidable in dimension d > 2.

Decision problem Domino problem 28 / 35
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Computation of Turing machine

An example of model of computation:
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Theorem (Turing 1937)

The halting problem is undecidable (but it is semi-decidable). J
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Combinatory monster

Starting from an empty tape, this Turing machine write 374 x 106 letters in
119 x 10*® steep of computation.
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From the behavior of a Turing machine to SFT

Completion problem
Given a SFT T and a pattern p, it is possible to find x € T such that p c x?7 J
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From the behavior of a Turing machine to SFT

Completion problem
Given a SFT T and a pattern p, it is possible to find x € T such that p c x?7 J

}
n

Consider

T(FaUFmiUFMmU{gr}) c Aa x Apm

can be completed in T <= M does not halt

Theorem (Wang 1961)

The completion problem is undecidable.

There is no links with the domino problem: by compacity there is no subshift
such that a tile appear exactly one times.
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Computation zone
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Space time diagram of a
Turing machine:
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Computation zone

Space time diagram of a
Turing machine:
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Computation zone

Space time diagram of a
Turing machine:
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Computation zone

Space time diagram of a
Turing machine:
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Theorem: Undecidability of the domino problem
The tile set without gf tiles the plane. <= The Turing machine does not halt. I
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Links between efFecti|ve subshift and local
rules
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Realization of effective subshifts by sofic
Tr= {x € AZd : patterns of F does not appear in x} c AZd

Some classes of subshifts invariant by conjugacy

T subshift of finite type <= 3F finite set such that T=Tx
T subshift sofic < 3F finite set and 7 : A — BB such that T =7(Tx)
T effective subshift <= 3F recursively enumerable such that T=T#
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Realization of effective subshifts by sofic
Tr= {x € AZd : patterns of F does not appear in x} c AZd

Some classes of subshifts invariant by conjugacy

T subshift of finite type <= 3F finite set such that T=Tx
T subshift sofic < 3F finite set and 7 : A — BB such that T =7(Tx)
T effective subshift <= 3F recursively enumerable such that T=T#

Theorem (Hochman-09, Durand-Romashchenko-Shen-2010, Aubrun-Sablik-2010)

Let X c AZJ be an effective subshift, then the following subshift is sofic:

zT—{xeAZ"“-a €T, VieTxgn = }
= 23y y VI€LX(7,iy=YZ (-
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An example
Let ¥ =T({a,b,8},1,{ba,8a"b"a:n+ m,« + a,3 + b}). Consider the subshift

Y'={xe({a, b,$}Z2 3y € X tel que x(_j) = y such that j e Z}

o1 <13
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s[s]s s[s[9
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s[s]s 5]s
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s[s]s B
HEE HEE
s[s]s 5[5 3
5)s]s s)s|{
| [c [d
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An example
Let Y =T({a,b,8},1,{ba,Ba"b"c: n+ m,« + a, 8 + b}). Consider the subshift
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An example
Let Y =T({a,b,8},1,{ba,Ba"b"c: n+ m,« + a, 8 + b}). Consider the subshift
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An example

Let Y =T({a,b,8},1,{ba,Ba"b"c: n+ m,« + a, 8 + b}). Consider the subshift
€ ({a,b,8)"

¥'={x
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Which vector spaces admit local rules?

Decorated local rules

Undecorated local rules
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Which vector spaces admit local rules?

Decorated local rules

Undecorated local rules
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Which vector space admits local rules?

o Some suffisant conditions suffisantes of algebraic nature:
Penrose-74, Burkov-88, Levitov-88, Socolar-89, Le-92...
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o Some suffisant conditions suffisantes of algebraic nature:
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@ Obstruction :
If a planar tiling admits local rules then its slope is computable.
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Which vector space admits local rules?

o Some suffisant conditions suffisantes of algebraic nature:
Penrose-74, Burkov-88, Levitov-88, Socolar-89, Le-92...

@ Obstruction :
If a planar tiling admits local rules then its slope is computable.

Theorem of realisation (Fernique-Sablik-12) J

The tiling associated to V ¢ R” admits local rules iff V is computable.

Links between effective subshift and local rules



How to realize such structure?

Structural problems
@ Alphabet of huge cardinal
@ It can be difficult to complete a patterns.
@ We need a hierarchical structure
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How to realize such structure?

Structural problems
@ Alphabet of huge cardinal

@ It can be difficult to complete a patterns.

@ We need a hierarchical structure

Formation of aperiodic structures

@ What happens under dynamical constraints?
o Self assembly

Socolar 1991.

Which rules admits this type of assembly?

Conclusion



How to realize such structure?

Structural problems
@ Alphabet of huge cardinal
@ It can be difficult to complete a patterns.
@ We need a hierarchical structure

Formation of aperiodic structures
@ What happens under dynamical constraints?
o Self assembly
@ Stocha-flip
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