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Combinatorial Optimization Layers

We want introduce a way to use two kinds of layers:
» Machine Learning layers,

» Combinatorial Optimization layers.

Input = Objective @ Solution y Qutput
P (ML layers | ——2 % 10O oracle | ——2 Y [More ML layers | ————

Here we find two main challenges:

» Transform a C.O. problem in an useful layer (by defining meaningful
derivatives),

» Find a good loss.

Input = Objective 0 = pu () Solution y = f(6) i
PP T (ML layer @, | —— "= #2211 CO oracle f | =22 =7 [ Loss function £



f:0— argmax,c, 0 v
where:

» 0 c R? is the objective direction.

» 1 C RY is a finite set of the feasible solutions.
Any MILP and LP can be written in this way.
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Setting

f:0— argmax,. 0 v

vEVr
where:

» 0 c RY is the objective direction.

> v C RY is a finite set of the feasible solutions.

Any MILP and LP can be written in this way.
Similar arguments can be made for:

10— argmax,, 0" g(v)

for any g : v — RY.
We consider this formulation as the objective function is linear ans so it
makes no difference to optimize over v or conv(v).



Shortest path on a map.

Map image

Conv. Neural| Negative cell costs
zerkaxksxa’ | Network o,
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Map image
I

zERksxksx3

Network ¢, DRk XK

using Flux, Metalhead, Statistics

resnetl8 = ResNet (

18; pretrain=false, nclasses=1
)

warcraft_encoder = Chain(
resnet18.layers[1] [1:4],
AdaptiveMaxPool ((12, 12)),
x —> mean(x; dims=3),
x -> dropdims (x; dims=(3, 4)),
x -> -softplus. (x)

)

Code sample 1: CNN encoder for Warcraft

Conv. Neural| Negative cell costs
Negative cell costs,

argmax, ¢p, v

Dijkstra’s
algorith Shortest path
m _—

YyEPk

using Graphs, GridGraphs, LinearAlgebra

function warcraft maximizer (theta)
g = GridGraph (-theta)
path = grid dijkstra(g, 1, nv(g))
y = path_to_matrix(g, path)
return y

end

function warcraft_cost(y; theta ref)
return dot(y, theta_ref)
end

Code sample 2: Dijkstra optimizer for Warcraft

x, theta ref, y ref = images[l], cells[l], paths([1]

theta = warcraft_encoder (x)
y = warcraft_maximizer(theta)
c =

warcraft_cost (y; theta_ref=theta_ref)

Code sample 3: Full pipeline for Warcraft. shortest paths
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Shortest path on a map.
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Lack of useful derivatives

In order to handle with the lack of useful derivatives we consider
approximate derivatives.
Let be:

> p(v]0) = d¢e(v),
» p the smooth and differentiable (w.r.t. §) approximation of p,
> We define the probabilistic layer as

F(6) = Epio)[V] = _ vi(v]6).

vev
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We assume that the expectation must be tractable, e.g. with Monte
Carlo.

We assume also that all the computations must only require calls to the
CO oracle f.

f is differentiable as

Jgﬁ(@) = J@Eﬁ(. g)[V] = Z VV@/S(VW)T

vev



If p(e;]0) = e ¢ = €% then the probabilistic layers is:

d 0;

F(0) = Esi0)[V] = Z i softmax ()
i=1 Zj:l e

Cer s = = = s g



We consider a regularized version of the CO problem:

fo:0— arg Max,, gom(a) 0 1 — Q)

with Q : R? — R smooth and convex penalization function, and
w € dom(2) C conv(v).
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Distributions and regularization

We consider a regularized version of the CO problem:
fo:0— arg MaX,,e dom(e)f 1 — Q1)

with Q : RY — R smooth and convex penalization function, and

w € dom(2) C conv(v).

It is easy to see that any feasible i is the expectation of some
distribution over v, hence regularization is just another way to define
probability distributions.



n

How compute p and f

We will see three possibilities:
» Additive Perturbation
» Multiplicative Perturbation

» General Regularization



1 (0) = Elargmax, (0 + €2)"v] = E[f (0 + €2)] = Z vp(v]0)
where p(v|0) = P(f(0 + €Z) = v).

ver
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1 (0) = Elargmax, (0 + €2)"v] = E[f (0 + €2)] = Z vp(v]0)
where p(v|0) = P(f(0 + €Z) = v).

ver

> Vb (v]0) = LE[S¢(g1ez)=0 2]

> JpfH(0) = LE[f(0 + eZ)ZT]
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£7(0) = Elarg max, ¢, (0 + Z)"v] = E[f(6 + €2)] = Y vp/ (v[0)
ver
where p(v|0) = P(f(0 + €Z) = v).
> Vop!(v]0) = tE[dr(p+ez)=vZ]
> JpfH(0) = LE[f(0 + eZ)ZT]

Let be FH(0) = E[max,e, (0 + €Z)Tv] and
Qf(v) = (FF)*(v) = supy (07 v — F1(0)).
QF (v) is convex, dom(Q2F(v)) C conv(v) and
€+(9) =arg maxpeconv(u)o-ru - Qj(y)

u]
v
o)
v
it
v
i

v
it

DA g3



iQ = ]E[arg maXvey(GQ e

eZ 52/2)7- ] ]E[f(9®eez 6/2]_2‘/
where p2(v]0) = P(f(0 © 4~ /2) )

(v|9)
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70 = Elarg max,c, (0067 ~/%)Tv] = B[00 ¢~/ = Y v (vIo)
where p@(v|0) =

P(F(0 @ eZ</2) = v).

A@(
veEr
> Vop2(vI0) = 20 O Eld¢poecz—c2/2), 2]
> 4f20) = %

LE[f(0 © e?~</%)ZT]
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£ = Efargmax, e, (00 eZ~</2)Tv] = E[f(00eZ/? = 3" vp? (v]0)
ver
where p2(v]0) = P(f(0 @ e=<'/2) = v).
> V@ﬁE@(Vm) ES %0 @E[(wa@eez,ez/z)zvz:l
> JpFO(0) = SEIF(0 © e?=/2)ZT]

Let be FO () = E[max, e, (§ © eZ=/2)Ty] and Q2(v) = (FO)*(v).
Q2 (v) is convex and satisfies

fe@(e) =arg max;chonv(V)oT:u - Q?(V) = ;‘29(9) but

dom(Q2(v)) € conv(v).
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Starting from an explicit regularization €2 smooth and convex we can
obtain an approximate fq(6) using the Frank-Wolfe algorithm.
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General regularization

Starting from an explicit regularization €2 smooth and convex we can
obtain an approximate fq(0) using the Frank-Wolfe algorithm.
The Frank-Wolfe algorithm is interesting for two reasons:

» Requires only the access to the C.O. oracle f and the gradient of Q.

» The algorithm provides both a solution fo(6), but also a sparse

probability distribution ﬁgw (this one is not uniquely specified by Q).



General regularization

Starting from an explicit regularization €2 smooth and convex we can
obtain an approximate fq(0) using the Frank-Wolfe algorithm.
The Frank-Wolfe algorithm is interesting for two reasons:

» Requires only the access to the C.O. oracle f and the gradient of Q.

» The algorithm provides both a solution fo(6), but also a sparse

probability distribution ﬁgw (this one is not uniquely specified by Q).

Differentiate

Jofa(6) = vVepd™ (vI6)"

ver



If we consider the quadratic penalty Q(u) = %||p/|> we find the Sparse
Map Method with:

fo = arg maxp,éconv(u){e

1 .
Tﬂ‘ - 5”#”2} = arg mlnp,econv(u)”u - 6”2
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If we consider the quadratic penalty Q(u) = 4||11/|? we find the Sparse
Map Method with:

~

1 .
fo = arg maxueconv(u){eT/'L - E”N’”z} = argmln,uéconv(u)”“ - 0”2

using InferOpt

perturbed _add = PerturbedAdditive (
warcraft_maximizer;
epsilon=0.5, nb_s les=10 .
) pad —sangp. using InferOpt
perturbed_mult = PerturbedMultiplicative ( KT N O AR R eI
warcraft_maximizer; varcraft_maximizer;
0 omega=y -> 0.5 * sum(y .~ 2),
omega_grad=y —> y

epsilon=0.5, nb_samples=10
)

)
Code sample 5: Probabilistic CO layers defined by

perturbation Code sample 6: Probabilistic CO layer defined by

regularization
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Two main paradigms:
» Learning by experience

» Learning by imitation
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Learning by Experience and Reinforcement learning
learning

Similar to reinforcement learning, but there are few
differences, as in RL:

» is based on Markov decision processes,
» the available actions are elementary,

» the policy update is local (depends to the state and to the
action),

» The Bellman fixed point equation is used explicitly to
derive parameter updates



N
min > L(ew(x1")
i=1

0 = pu(x).

For simplicity we consider a single point input x and the gradient for
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Learning by experience

Learning Problem

For simplicity we consider a single point input x and the gradient for

0 = pu(x).

We can assume that exists ¢ : ¥ — R a cost function for the problem. A
natural loss could be R(6) = c¢(f(#)) and so we can have the impulse to
take R(A) = c(f(#)) but also this is not smooth and it could be defined
only in v.



Learning by experience

Learning Problem

For simplicity we consider a single point input x and the gradient for

0 = pu(x).

We can assume that exists ¢ : ¥ — R a cost function for the problem. A
natural loss could be R(6) = c¢(f(#)) and so we can have the impulse to
take R(A) = c(f(#)) but also this is not smooth and it could be defined

only in v.

Solution : Expected regret

Rs(60) = Ep(.j)[c(V)]
this is as smooth as the probability mapping 5(:|6).



> VoRs: () = El(cof)(0 +€Z)Z]
> VoRyo() = LE[(co f)(0 + eZ-</2)Z]

| 4 V@RﬁFW(g) = ZVEV C(V)VQVQ[SS’;W(V | 9)
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using InferOpt

regret_pert = Pushforward(
perturbed_add, warcraft cost

)

regret_reg = Pushforward (
regularized, warcraft cost

)

Code sample 7: Expected regrets associated with
probabilistic CO layers

using Flux, InferOpt

gradient_optimizer = ADAM()

using Zygote

R = regret (theta)
Zygote.gradient (regret, theta)

Code sample 8: Supported operations for an
expected regret

parameters = Flux.params (warcraft_encoder)

data = images

function pipeline_loss(x)
theta = warcraft_encoder (x)
return regret (theta)

end

for epoch in 1:1000

train! (pipeline_loss, parameters,

end

data, gradient_optimizer)

Code sample 9: Learning with an expected regret
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N
1 NG
min > L(f(pu(xD)), T7)
i=1
We have two kinds of target:

» a good quality solution t =
> true objective direction §

Method Notation Target Base loss Regul. Loss formula
SSVM - LFSVM v “y.7) No max{(y,5) +60" (y - )
SPO+ L3P0+ 0.9 0"@-y  No max 0" (5 —y) + 20" (y - §)

YO 0 Y maxdTlr—9)- Q) - )

Generic Leen t Uy, t) Yes

qy@ﬁ+fw—w—m@—mm

Table 2: A common decomposition for loss functions in imitation learning
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Let be

£20,5,y) = Iy, ) + 0" (v — 7) — (2y) — 7))

L87(0,t) = max
y€E€dom

v (Q)C (0,%,y)
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Let be

£20,5,y) = Iy, ) + 0" (v — 7) — (2y) — 7))

L87(0,t) = max
y€E€dom

v (Q)E (0,%,y)

L8%" is convex w.r.t. 0 and

arg max, ¢ gom() L7 (0, t,y) — ¥ € 9oL5"(0, t)
The generic loss is a cross-over between the Fenchel-Young loss and the
problem specific base loss.
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using InferOpt
fyl_pert = FenchelYoungLoss (perturbed_add)
fyl_reg = FenchelYoungLoss (regularized)

spol = SPOPlusloss (warcraft_maximizer)

Code sample 10: Example imitation losses

using Flux, InferOpt

gradient_optimizer = ADAM()

using Zygote

L = loss(theta, y_ref)
Zygote.gradient (loss, theta, y_ref)

Code sample 11: Supported operations for an
imitation loss

parameters = Flux.params (warcraft_encoder)

data = zip(images, paths)

function pipeline_loss(x, y)

theta = warcraft_encoder (x)

return loss (theta, y)
end

for epoch in 1:1000

train! (pipeline_loss, parameters,

end

data, gradient_optimizer)

Code sample 12: Learning with an imitation loss




Name ﬁjoop;‘:’cl;‘)" Probabilistic CO layer mg“‘“‘ Loss

Cost perturbed multiplicative noise (s[‘;j”lf:tt‘a')’”“'“"‘g‘“'“’e costs Sertumaion o m'gﬂ Perturbed cost
Cost perturbed additive noise (sl‘; . ;‘:ﬁ;‘;w acyclic graph ?::K:ﬁm 5’;‘1‘;:? Perturbed cost
Cost regularized half square norm (Sl‘; ;’;‘_;:ﬁ:;’)‘d"‘d acyclic graph -y e ¢ uare norm ﬁz"::;::e Regularized cost
SPO+ (s; :’d“_];:lfm":z‘;d"'d acyclic graph N ogularization é“x&:‘:{;‘wh SPO-+ loss

MSE perturbed multiplicative noise (sgim?:ﬂ‘)’”“'“eg"“"e costs gi‘::f;‘:;::e {,“;t‘;““ Mean squared error
MSE regularized half square norm (sll:o :i;:ﬁ:‘)‘d"d acyelic graph e Cquare norm 'P“:t“l:‘“"“ Mean squared crror
Fenchel-Young perturbed multiplicative noise (S[l:;;f::;;mmpme costs Ii‘:lt'“‘f;‘:;::e ';‘;i‘l:‘""“ Fenchel-Young
Fenchel-Young perturbed additive noise (Sl‘; ;’;‘_;‘:ﬁ:')‘d“’ aeyelic graph g:iﬂ:tm paitation Fenchel-Young
Fenchel-Young regularized half square norm (sll; ;’;‘_;:"f:::‘;d‘?d acyclic graph e nare norm g‘;i;”“““ Fenchel-Young
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Contributions:

» Implemented InferOpt.jl
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Contributions:

» Implemented InferOpt.jl

» New perturbation technique that allows to accept objective
vectors with a certain sign.
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Conclusions

Contributions:
» Implemented InferOpt.jl

> New perturbation technique that allows to accept objective
vectors with a certain sign.

» Probabilistic regularization allows to differentiate through large
class of C.0O. layers, combining the Frank-Wolfe algorithm with
implicit differentiation.



Conclusions

Contributions:

>
>

Implemented InferOpt.jl

New perturbation technique that allows to accept objective
vectors with a certain sign.

Probabilistic regularization allows to differentiate through large
class of C.0O. layers, combining the Frank-Wolfe algorithm with
implicit differentiation.

Generic decomposition framework for imitation losses.



